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IIpegacaoBue

KayCTHKY ¥ BOIHOBbe (DPOHTH CHCTEM JY1ell H3YIAITCA C JABHAX HOP;} Ho
TOJHKO COBCEM HeJaBHO OBLIO YCTaHOBJEHO, YTO ocoéePHocmMn cHCTeM 1y-
weil yIpaBafeT TeOpUs IPYNN eBKIHJOBEX OTpaXKeHAd i rpynn Beius npo-
cTix aare6p Jlu. DTo HeoxuFaHHOE # B 1€M-TO 3arajJOIHOE COOTHOUICHUE
MeXJy reOMeTpUYecKoll ONTHKOH, BapHAIHOHHHM HCIHCACHHEM H TeOpH-
efl ONTHMAJIbLHOIO YIpaBleHus, C OJHOH CTOPOHHI, Teopuel HHBAPHAHTOB
rpynn Jlu u anre6p Jlu, arre6panieckoil Tonoxorued ¥ JuddepernHalb-
HO}l reoMeTpuel, C APYToil CTOPOHH, IPABENO K 3HAYHTEIbHOMY Iporpeccy
B Pa3BATHY TEODHH PacCIHPOCTPaHEHHS BOJH. _

BrepBhe 3Ta KHArA BHIILIA B CBET Ha aHIIHMiAckoM A3mike B 1990 roay.
B HacTofliee W3jaHHe BHECEH paj JI0o6aBiaeHHil, B KOTOPHX OCBELIAIOTCA
IOCTHXeHHUd Tocheqnux JeT. [IpuMevanus k raasaM 5 u 7 (pasgenss 5.7
1 7.8) namucann O.M.Msacrutenko. [Ipuioxenne k riase 8 (pasgex 8.5)
Hamucano M.A.BoraesckuM, pe3yIpTaTH KOTOPOIo 0 TPaHChOPMan il BOIH
ny6auKyoTCa 34ech C J106e3HOro cornacud X aBToOpa.

Mocksa,

nIexabpn 1995 B.H.Apnoand
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BBejgenue

HadHeM ¢ mpuMepa: PaCCMOTPHM PacCTOSHEE OT TOYKH eBKIMAOBOH IIOC-
KOCTH 4O JaHHOH KPHBOH; HampEMep, OT TOYKH, JeXalled BO BHYTPEeH-
HOCTH DJUIMICA O TpaHMHH dToro smimnca (puc. 1). CooTseTcTBylowHe
ay4n (dKCTpeMann >ToM BapHalMOBHOM 3afaiH) CYyTh HOPMaau K S.LIATCY.
MuHEAMalbHOE 3HAYeHHe (YHKHNHOHaAa (PACCTOAHHA) YJOBIETBOPAET Kak
GYHKIHA HadaJbHOH TOYKM ypaBHenuio I'amuibToHa~fAK06H (Vu)2=1 (8
roukax raagkoct). OmHako 5Ta QYHKIHEA HMeeT OCOGEHHOCTH (Ha OT-
peake, coeJHHAIOMEM (OKalbHEe TOYKH daaunca). CacreMa nyted Takxe
aMeeT ocobemrocTH. OHHE JeXAT Ha acTpodje, ABIfioliedica orubaouen
cucTeMH HopMaJeil K smrancy. Orubaiomas CACTEMB dKCTPeMaledl Ha3hi-
BaeTCA Kaycmuxot CHCTEMH. KayCTHKa Hauledl CHCTEMH HMeeT YeTHpe
TOYKH BO3BPATa. DTH OCOGEHHOCTH YCTOHYHMBH: M106as KpUBaf, JOCTATOY-
HO 6IM3KafA K DIAICY, HMEeT KayCTHKY, GMA3KYIO K acTpou e B HMEIOUyIo
yeTHPe NoIyKyGH1eckHe TOYKH BO3BPATA.

Puc. 1. Jly4d u GpoHTH BO3IMYIIERHA,
pacupoCcTpaHAIIIEroca BEYTPh 3/IHICA

JIMHAE YPOBHA pellleHus ypaBHenHs ['aMuibTOHa-fIKOGY Ha3HBAIOTCA
dponmanmu. B mamem npEmepe (PPORTH — ITO SKBHAMCTAHTH DJIIAICA.
DKBHIUCTAHTH, GI¥3KHe K DAAANCY, — raajkue kpuspie. OfHAKO, SKBH-
AMCTAHTH, JOCTATOYHO YAAJIEHHEIE OT DIJHAINCA, AMEIOT OCOGEHHOCTH. Ha
pHc. 2 uao6paxeHH YeTHPe noayxybuuecxue MouKu 603epama Ha SKBH-
AMCTaHTe DJIANCA. JTH OCOGEHHOCTH YCTOHYMBH: IKBUJHCTAHTH n1060i
KPHBOH, JOCTATOYHO GJIA3KON K DIIHICY, HMEIOT NOXOXAe 0CO6EeHHOCTH.

KoHe4HO, IMHAA YPOBHA KpaTYailllero pacCTOSHUA JO JLIANCA O6pa3y-
eT TONBKO YaCTh JKBUAUCTAHTH. OIHAKO, GOILIIAHCTBO CBOUCTB OCOGER-
HOCTell CHCTeM JTydeil, KayCTHK X (PPOHTOB CTAHOBHTCA Gojee HALLA JHEIM,
€CId MH PacCMOTPUM HE TOIBKO MAHAMYMBEL, HO I OCTAlbHEE SKCTPeMallb-
HEle TOYKHA ¢YHKIMOHaIOB. B Hallem mpuMepe MEI Ha9add C M3yti€HHA
SKBHIMCTAHT X aTeM BLIANWIN HYyXHEHE JacTH.

HanpuMep, pacCMOTPUM DAaCCTOAHHE A0 KPUBOM KaK (PYHKINIO HAaYalb-
HOil ToukHu. B8 ygo6H0 pacCMaTpHBaTh KaK MHOIO3HAYHYI0 QYHKIHIO, IPH-
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Puc. 2. KaycTuky xak ora6aommue
CHCTeM Jy4Yed M KaK MHOXECTBO
OCOBBIX TOYEK SKBH JUCTAHT

HEMaf BO Bnnumaﬂne He TOJBKO MHHUMAJIbHOE PACCTOSHHE, HO ¥ JJIUHEL APY-
TPHX HOPMaJieH K 3TOH KpHBOW.

I'pacpux MHOrO3HAYHON DyHKIHH PacCTOAHHA (OT TOYKHA U3 BHYTPEHHO-
CTH 3Jumnuca A0 TPaHANH DIIMICA) AMeeT 3aMevaTelbHyI0 0COGEHHOCTD B
¢PoxaabHOi TOUKe saannca. Eé rpapuk JoKalbHO JuddeoMmopden IIOBepX-
HOCTH, Hal3hIBAEMOH 4ACTNOUKUHBIM L60CTIOM (puc. 3). JlacToukmH xBOCT
€CTh N0BEPXHOCTH B TPEXMEPHOM IPOCTPAHCTBE MHOrOWICHOB

R3= {z* + az? + bz + ¢},

o6pa3oBaHHafi NOJXHOMAMH, HMEIOMAME (BeurecTBeHHBIA) KPaTHHH KO-
PeHb. JTa 0COGEHHOCTH IPpadiKa PYHKIHH PacCTOSHAS YCTORIHBA: IOCTe
MAaJOro BO3MYMEHUA DIIAICA OCO6EHHOCTD He HIMEHUTCH (C TOYHOCTBIO 4O
AapdeomopdrasMa IPOCTPAHCTBA B KOTOPOM JI€XKHT I PachpiK)

Puc. 3. llosepxnocTs
JIaCTOYKHHA XBOCTA
B IPOCTPaHCTBe MHEOT'OY/IEHOB

I‘paxpnvx bYHKNHE BpeMeH: (418 ABMXKEHHS C eJHHHYHOR CKOPOCTBHIO
OT RaHHOM HAYAIbHOH TOYKH OGIACTH AO FPAaHHNH STOH 061aCcTH) JeXKHT
B IPOCTPAHCTBE-BPeMEHH U IePeceKaeT W3OXPOHK IPOCTPAHCTBA-BPeMEHH
BAOAB OKBHJUCTaHT. ClefoBaTelbHO, IEPeCTPORKA DKBHIUCTAHT DLIAICA
(BO3HHKAIOmad B MOMEHT, KOI'Ja SKBUAHCTAHTA IPOXOAAT Yepe3 (POKalb-
HYIO TOYKYy) AH(GbeoMOpdHa IepecTpoiiKe CedeHHH JaCTOYKHHA XBOCTA
TIOBEPXHOCTAMU YPOBHA (PYHKUHHM BPEMEHH B TPEXMePHOM IPOCTPAHCTBe-
BPEMEHH.

Tenuynas ¢dynxnus f(a,b,c) B >ToM TPEXMEPHOM NPOCTPAHCTBE, CO-
AepxalileM JaCTOIKHH XBOCT, IPHBOAUTCA K HOPMAIbHOH dopme f = ta+

YA i v
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+ const COXPAHAIIIAM JaCTOYKAH XBOCT JOKAJIbHEM Ju(deoMophuaMoM
(B OKPECTHOCTE TOYKH G = b = ¢ = 0; yciosue TunuiHocTu: df/da jo# 0,
cM. [1]). CaegoBaTenpHO, IePECTPORKH JKBHAUCTAHT TaKHe Xe, KakK M Ie-
pecTPOKH IIOCKAX CeYeHHi JaCTOYKHHA XBOCTa a = const (puc. 4). May-
geHne dTHX cedeHHH — ropasjgo 6olee nmpocTas npobreMa IO CPABHEHHIO C
IepBOHAYANBLHON — M3YYeHHeM THIOMYHEX mepecTpoek pponTos. [lig Toro
9TO6H H3yIaTh TOYKH MUHUMYMA, JOCTATOYHO yIAlXTh YacTh JACTOYKHHA
XBOCTa, & HMEHHO IMUpaMuy, pe6pa KOTOPOH COCTOST H3 IOIYKYOH 1eCKHX
TOYeK BO3BpaTa d JHHAHH CAMONEpecedeHHs JaCTOYKAHA XBOCTA.

Puc. 4. TlepecTpoiika cedeRHl 1aCTOYKHHA XBOCTA

[IpUENAIE NpAMeHeHNA TeOPHH OCOGEHHOCTell K U3y YeHHI0 CACTEM Jy-
4eif, BOJHOBLIX (PPOHTOB, KayCTHK H MX mepecTpoek B OOIIMX BapHalHOH-
HHIX Dajadax Te e, YTO MBI BUJeNH B Ipeju IylieM mpUMepe.

1. CywiecTByeT COECOK CTaHJAPTHHX OCOGEHHOCTEH (TaKHX KaK MOTy-
Ky6Hd9ecKas TOYKa BO3BDATA H JACTOYKUH XBOCT B IPeAHylieM IPAMepe).
OTH 0co6eHHOCTH (JOBOJBLHO 3arafOYHHIM 06Pa30M) CBA3AHK! C F€OMETpH-
eil TPYNIN, NOPOXJEHHHX OTPaXeHAAMH. MX MOXHO H3y4aTh HCIOJB3YA
COOTBeTCTByIOIHE airebpandeckue cpegcTsa (rpynnul JIu, TeopHio HHBA-
PHAHTOB, CACTeMH KOpHeH, fuarpaMMsl JsiHKHHA X T. 1.).

2. Jloka3niBaeTCH, YTO CTaHJ apTHHE O0COGEHHOCTH YCTOHYHBH, H 4TO
B o6meM cilydae IOSBAAIOTCA TOAbKO OHK. Hampumep, KayCTHEKA OKDPYXKHO-
CTH COCTOMT TOJBKO H3 OJHOH TOUKH — €€ HeHTpa. Takad 0cOGEHHOCTD He
THIOHYHA, HO €CId HeMHOro KedopPMHDPOBATHL OKPYXKHOCTb, 3Ta BHIPOXJEH-
Haf KayCTHKa B IEHTDe TPaHCHOpMEPYeTCA B HeGoablIyI0 KPHBYIO, IbH
0COGEHHOCTH CTAaHOBATCA THIMYHBIME: NOAyKyOH4YecKHe TOYKH BO3BpaTa H
TOYKH caMolepecedeHHd.

3. Taknum 06pa3oM, u3y4eHne 0COGEHHOCTeR i MepecTPoeK TaKuX 06%b-
€KTOB, KAK BOIHOBHE (PPOHTH, KAyCTHKH, CHCTEMEL Jy4eit # T. A., CBEIaH~
HHBIX ¢ THIAYHEIMA BapHalHOHEBIMHE 32 Ja9aMH, CBeleHO K H3y1eHHIO CTaH-
JapTHBIX 0COGERHOCTell CooTBETCTBYIOWAX 06bekToB. Hanpumep, nayie-
H¥e IepecTpoeK ABHXYIUUXCA BOJHOBHX ()POHTOB CBeJeHO K H3y1€HHUIO Ce-
YeHH#l rUNepnoBepXHOCTAMHA (0606IEHHBIX) JACTOYKHHBIX XBOCTOB.
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B >Toil KHUMre COGpaHHl IMaBRLE Pe3yIbTATH, nony4YeHnHhie IPH Peanu-
3ald¥ ONUCAHHOH BHILIIE IPOrpaMME, HaYWHad ¢ 1972 roja, Korjga 6niia oT-
KPLITa CBA3b MeX Y OCOGEHHOCTAMH CHCTeM JLydell, HX KayCTHK, BOAHOBHIX
$ponToB, npeobpasoBanyil JlexaHipa, PPy, NOPOXKASHHKIX OTpaKeHns-
My, ¥ rpynn Beitas (2]. Tpynnut A, D, E (ameomyge Toabko IIPOCTHIE PE6Pa.
B AuarpamMax [IbHK#HA) TOABHIMCH B NePByio odepesb. BrocieicTsuu,
B 1978 rony, 6Bl1a OTKPHITA B3aMMOCBA3M MexJy IpynmaMu ¢ KBOMHHEMHU
pé6pamu (B, C, F) u 0cOGeBHOCTAMH Ha TpaHHIe (Hanpumep, ocoberno-
CTAMH QYHKIMH PACCTOSHAA O MHOr0O0Gpa3nd c kpaem) (cm. [3]).

Hemesnenso navaincs momck Apyrux rpynn (Hp, H3, Hy; I2(p)), mo-
POXJEHHHX OTPaXEHHIMH. B Teuennme ocenu 1982 r. coBMeCTHEie ycuaus
O.B.Jlawko, A.B.I'uBenTans, O.I1.1lep6aka @ aBTOPa IPHBENH K UCTOJKO-
BaHUIO TPYNIH CHAMMETPHi #KOcadgpa H3; OHa KOHTpOJHpYeT 0COGeHHO-
CTH CACTeM fy4eidl # (POHTOB B BAPHALMOHHON 3ajate O CKopeiueM o6-
Xo/ie TIOCKOTO NPeNiTCTBHA, OTPAHHYEHHOIO THNUYHOK KPUBOMH C TOYKOH
neperu6a ([4], [5]). Apyrumu cioBamu, 5Ta rpynna yupaBifeT ceMelicTBOM

9BOJBLBEHT ILIOCKOK KpHUBOH, HMelomek TOYKY meperu6a (mogo6HO KyGuye-
cKoil mapaGoue), puc. 5.

Puc. 5. Cucrema dBoabBeHT
B TOYKe meperuta Kpupoii

O.I1.11lep6ak nawmén B 1984 r. Haubotee CIOXK AL “rumepukocasap” Hy,
CBA32HHHIH € OCOGEHHOCTDIO B 3aJade 06 06X0je NPEeNATCTBHS B TpéxMep-
Hom mpocrpancrse ([6], [7]).

Texnuxa, na KOTOpyI omMpaeTcs W3ydenme OCOGEHHOCTel CHCTEM ay-
9eil, KAYCTHK, BOJHOBHIX (POHTOB M JPYTHX 00BeKTOB, CBAAHHKX C reo-
MeTPHIeCKOdl ONTHKOH M BAPHALUOHHHM HCIHCTEHHEM, MAET U3 CUMILICK-
THYeCKOH M KOHTAKTHOH reoMeTpHd. CHMITeKTHYeCKHil aHalIn3 paboTH
O.Il.1llep6aka npaséx A.B.I'usenTtans [8] K OTKPHITHIO 3a a4 KIacCHpH-
KalHH BOJHOBHX (PPOHTOB, PelIeHHE KOTOPOH B3aMMHO OZHO3HAYHO COOT-
BeTCTBYIOT KOHEYHHIM rpynnam KokcTepa, NOpOXAEHHHIM eBKIHAGBHIMY
OTpaXXeHUAMH.

B T0 BpeMsa Kak GOABIIMHCTBO Pe3yIbTATOB, 06CY XK JAeMEIX B 9TOH KHI-
Te, GRUIA IOy YeHHL B TeeHHE NOCAeHAX B JUATH JeT, CAM IpefMeT ABIA-
eTCA KIaCCHYeCKAM M MAET oT ApxmMefa, I'oiirenca, Bappoy,...; gocTta-

P

s e ms

Besedenue

TOYHO CTPAHBEO, YTO KIACCHKM He 3aMeTHIH ITHX pf,aynb"ra'r?s. Hampn-
Mep, JOKalbHAA KlIacCApAKALEA OpOeKNdl THAOAYHOH IJaJKod IOBEPXHO-
¢TH 3 TOYeK OOLITHOrO TPEXMEPHOro NPOCTPaBHCTBa Onilla OTKPHTA TOJIB:
ko B 1981 r. (O.A.IlraTorosa [9], O.[1.Ilep6ak). CymecTByeT KOHEeIHBIH
CIACOK HEDKBHBAICHTHHIX POCTKOB TAKAX NPOEKIHil; OH COCTOMT M2 14 npo-
eK#ii. DTO B TOYHOCTH YHCIO PaliIdIHLIX POPM OKPECTHOCTH TOHUKH Ha
THOAYHOH MOBEPXHOCTH, BHIMMEIX H3 Pa3idYHHX TOY€K IPOCTPaHCTBA.

OIHO 43 BOSMOXHHX OOBACHERHA TAaKOrO NO3JAHErO OTKPHITAA DTHX -
(yHAaMEeHTAIbHHX KIACCHPUKAUMOHHHX TeOpeM COCTOAT B TOM, ITO A0-
KadaTelbCTBA TPYAHHI I OMPAIOTCA Ha HEOXKH JaHHEE COOTHOINEHAE MexX Ty
MHOPMMHE O6JdacTaMHE MaTeMaTHKd. a8 Toro 4ToOH MOHATH HEOXH JaHHEIE
coKpalleHUf MHOTHX 1JIEHOB B yTOMUTENbHHX H JIAHHHIX Bbx:mcnenmx,
cTpaHHEIe COBIaeHAd 6idyPKAIHOHHKEX JuarpaMM B Ha IEPBHMU B3rA4] HE
CBA3aHHHIX MpobieMax d MUCTHIECKOE MOABAeHHe NPABHIbHEIX MHOIOI'pal-
HHUKOB B 33 a4aX IPUKIaJHOH MaTeMaTHKH, HeoOX0OAUMO 3aMEHUTH NIpAMbIE
BHIYACACHRA JAddepeHIAaIbHON ITeOMeTPHE IPOCTHM K OGIUAM NOJAXONO0M
CHMILTEKTHYeCKOH u KOHTAKTHOM FeOMeTpHH.

O6widil TPHHIKI 3ech TaKOB: HYXHO NIOJHATH MeoMeTprYecKue oGbek-
TH H? “KOH(pUIypalHOHHOro” npocTpalcTsa V B “da3oBoe” mpOCTPAHCTBO
T*V, B KOTOPOM OCOOGEHHOCTH UM HCYe3al0T, UIH yIpPOLjaloTCA (B Teopmf
nuddepeHnHaNbHBX YPaBHEHAA B YaCTHHX NPOU3BOAHBIX M B KBaHTOBOU
TeopHHM TaKOM NOAXOJ Ha3hIBaeTCH “MﬂKpOJIOKaJIbeIM:’). OJTO MOJHATHE
TpaHCHOPMHEPYET HPOCTHE (akThl AHdpdepeHIHAIbHOH IeoMeTpUd B 06-
IjAe TeopeMHl CHUMIIEKTHIECKOH H KOHTAaKTHOH reOMeTDHH, b 061aCTh
IpHEMeHeHHA Topa3fo WiMpe (HAIpHMEp, MOXHO HCNOAL30BATH LH(dpepen-
LHANTbHO-T€OMeTPUIECKYI0 HETYHIHIO, pacCMaTpHBasd INOBEPXHOCTH B €B-
KIH0BOM IIPOCTPAHCTBE, A4 TOr0 YTOOH MOAYYHTH Pe3yJIbTAaTHI, Kacalo-
IAecs OBHEX BapUANHOHHEX 33Ja4 C OJHOCTOPOHHAMH OrDaHMYeHHAMA).

S HaYHY C KOPOTKOro HIJI0XKEHHA XOPOUIO HIBECTHHIX JIeMEeHTAPHHX
($aKTOB CHMILIEKTHYECKOH ¥ KOHTaKTHOH reomerpuu. Sl Hageioch, 1TO 1i-
TaTelb CMOXeT IOHATH MO KpaidHed Mepe (OPMYJIMPOBKA HEOOXOIHMEIX
eMy pe3yIbTaTOB, JaXe eClid OH He OBJajeeT HEKOTOPHMU OGOCHOBa-
HAAMH.



1 CummnaexTmieckasa reomerpus

CuMniexTHYeckas reoMeTpas — 5To reoMeTpus $Ha3oBOro NPOCTPAHCT-
Ba. JTa [MIaBa COAEPKHUT HEKOTOPHIe CTaHJAAPTHHE OnpefeleHHs # QAKTH
S/eMEenTADHOH CHMILIEKTHYECKOH T'eOMETPHH, BMecTe ¢ HEKOTODEIMHE Me-
Hee HIBeCTHHMHU NPHMepaMu (HalpHMep, 3 1eCh OMACAHB CHMIICKTHICCKHe
CTPYKTYPHl NPOCTPAHCTB MHOIOY/ICHOB i TEOPHA HOPMalbHHX topM no -
MHOT006pasuit CHMIIJIeKTH‘{e}KOPO MHOroo6pasus). '

1.1. CumnaekTudeckue MHoroo6pasus

Cumnaexmunecxas cmpyxmypa Ha MHOI00GPa3suil eCTh YAMKHyTad HeBhI-
PoX<jeHHas 2-popMa (HasHiBaeMad TakXKe cumniexmuyecxkot dopmotl).

IIpamep 1 (naowads). Jnement mwiomaxn dp A dq onpegenser sa (g, p)-
ILIOCKOCTH CHMILIEKTHYECKYI0 CTPYKTYPY.

IIpumep 2 (npoussedenue). Tpamoe Ipou3BejeHNe IBYX CHMILIEKTHYe-
CKHX MHOI'006pa3iii HacleyeT OT COMHOKUTENCH €CTEeCTBEHBYI0 CHMILIEK-
THIECKYIO CTPYKTYPY.

Ipumep 3 (nopuassras dopua). R?™ mumeer, HAaIPAMeEp, CHMIIEKTHYe-
CKYIO CTPYKTYPY HmpousBeJeHHS n IIOCKOCTe, 2_dp; A dg;.

Teopema ([ap6y). Bce cumnaexmuvecxue MHO2000pasus dannot Purcu-
PosanKotl PAIMEPHOCTNU UOKAABHO CUMNAEKTIUNECKY dupdeomopdnni.

[lpyravu cioBamu, 1106a1 3aMKHyTas, HeBHIPOXIeHHad 2-cbopMa MOXKeT
GHTH IPe[CTaBleHa JOKAIBHOR HOPMATLEOIR ¢dopMoit mpuMepa, 3, B HeKOTO-
PBIX JOKaNBHHX “xoopdunamaz Japby’.

3amewanne. PasMepHOCTH CHMIIEKTHYICCKOTO MHOT'006pa3nd 4éTHa, Tak
KaK KococHMMeTpHiecKad pOPMa Ha HEYETHOMEPHOM IPOCTPAHCTBE BHIPO-
*pena (M1060e BpamieHHe HeYETHOMEPHOro NPOCTPaHCTBA HMEET OCh).

JlBa BexTOpA, NPHNOKEHHEHX B OIHOK TOYKe CHMILIEKTHYECKOr'0 MHO-
roo6pa3nd, Ha3HIBaIOTCH KOCOOPMO20HAADHBLKY, €CAH 3HAYEHHE CHMILICK-
THYECKOi HOPMHI Ha ITHX BEKTOPax PABHO Hyxo. Hanpumep, Bce p-oca
Koop guHAT [ap6y KOCOOPTOrOHANBHEL.

§1.1. Cumnaexmuuecxue urnozoobpasus

IIpumep 4 (Pasosoe npocmpancmeo). Dazooe IPOCTPAHCTBEO (HPOCT-
—_ * o-

PaHCTBO KOKacaTelbHOro paccioesns) M = TV nxoéorf) T3 IKOr O bilI-I
roo6pasus V cHaGXeHO eCTECTBEHHOH CHMILIEKTHYECKOH CTPYKTYPOH, B
OGHYHEX KOOpAWHaTaxX ¢a30BOr0 MNPOCTPAHCTBA 3ANUCHIBAEMOH Kak
w = )" dp; Adg;. . )

BaxXHO oTMeTHTh, 9YTO H “HHTerpaibHpiéi umBapdanT [lyankape
w = da, ¥ “popMa geidcrBuas” a = ) p;dg; ne 3asucam OT BHGOpa 10-
KalbHHX KOODZHHAT ¢; Ha V. J[[pyruMu cloBaMH, BCAKUH Auddeomopduom
V nepeBOJHT o B H W B W. )

14 [OKa3aTelbCTBA JOCTATOYHO 3AMETHTD, ITO GOpMa AeHCTBHA HME-
eT nmpocToe 6eckoOpIHHATHoe omucande. WMenHo,

a(f) =m()p.(§) (E€TM),

rxe 7 : TM — M eCTb KacaTelbHOe paccloeHde (a30oBOI'0 NPOCTPAHCT-
Ba d p: T*V — V ecTb KOKacaTeabHOE paccloeHHe KOHQHUI'YpAUAOHHOrO

npocTpascTsa (puc. 6).

3
wG) 7

OpMBI JE€ACTBHA
Puc. 6. Onpegenerue dop: A M'—‘T*‘ ;

gl &
—,\/———‘—

PaccMOTpHM I'MIEPHOBEPXHOCTH B CHMIIEKTHIECKOM MHOT00GDA3HH.
Oupejenenne. Xapaxmepucmuuecrus HANPasAENueH B TOUKe mnezr;:)):
BEPXHOCTH Ha3HBAeTCH KOCOOPTOTOHAIbHOE AONOIHEHHE K e KacaTel
My IPOCTpaHCTBY (B 3Toil TOuKe) (pHC. 7). u

Kocooprorosaibaoe A0oNoAHEHHE K MHNEPIIOCKOCTH JI€XHT B 3TOH T'd-

IepILIOCKOCTH, CIe[0BaTelbHO XapaKTepACTHYeCKOe HallpaBienye KacaeTca
rEnepnoBepxHoCTH. Takum 06pa3oM I'ANEpPNOBEPXHOCTH CHaGXeHa ToieM

JICHH .
XapaKTePHCTHYECKAX HalpaB
NHTerpatbable KPEBHE DTOrO NOMS HAIHIBAIOTCA ZAPAKMEPUCTIUKAMU

T'ulIepnoOBEPXHOCTH.

Ilpumep 5 (zapaxmepucmuxi). XapaKTepHCTHKaMH IHIEPIOBEPXHOCTH
H(q,p) =0 (rze dH # 0 u (p,q) — xoopaunars [Jap6y) ABIAIOTCA TPaeK-
1
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Puc. 7. XapaKTeprcTHieckoe HanpasieRue u XapaKTepucTHKA
Ha rMOEpPIOBEPXHOCTH B CUMILIEKTHIECKOM IIPOCTDAHCTBE

TOpPHA KaHOHUYECKHX ypaBHeHHH ['aMHIbTOHA

OHE 4BIAIOTCA TaKKe SKCTpeMariMu BADHAIHOKHOIO IpPHHIHOA
6fa=0, H=0,rge o =pdg.

3ameqanme. B MaTemaTHKe clIOBO “XapaKTepHCTHYeCKHI” BCerga dHAYHT
“mpucymmi” win “He 3aBHCAIHME OT npousBosa BeiGopa”. Takum o6pasom
XapaKTEpUCTHIeCKOe ypaBHEHHE ONepaTopa He 3aBHCAT oT BHIGOpA KOOp-
AMHAT, XapaKTepUCTHYeCKad NOArPYINNa MHBADHAHTHA OTHOCHTEIbHO AB-
TOMOPQUIMOB (BCeil IPYNIE), XapaKTePHCTHIECKHE KAaCCH KOr'oMOJIOr# it
HHBAPHAHTHEL OTHOCHTENBHEO JH(DEOMOPHAIMOB.

XapaKTepHCTHYECKOE HalpaBICHHE B TOYKe THIEPIOBEPXHOCTH CHM-
TUIEKTUYECKOr 0 IPOCTPAHCTBA MOXET GHTH Onpe/eieH0 KaK eIHHCTBEHHOe
HallpaBIeHHe, HHBAPHAHTHOE OTHOCHTENHHO CHMILIEKTOMOP(DUIMOB (cum-
IIEKTAIECKUX 1D DHeOMOP(UIMOB), COXPAHAIOUMAX ITH I'ANePIOBEPXHOCTH
n Toyky. Kak Mu ckopo yeumum, f1s goxasarenncrsa AOCTATOYHO pac-
CMOTpeTh HEKOTOPYIO CHENUANbHYIO IUIePHOBEPXHOCTh — CKajKeM rumep-
UIOCKOCTE, 3ajaBHyi0 B KoopAuHaTax Jap6y ypasreHHeM p; = 0 — Tax

KaK BCe I'iNIePNOBEPXHOCTH B CHMILIEKTHYECKOM MHOI'006pa3uy JOKalbHO
CUMILIEKTOMOPGhHE.

Paccmorpum npocrpancrso XapaKTEepUCTHAK 'HIEPIOBEPXHOCTH B CHM-
IIEKTHeCKOM MHOroo6pas3us. [06anbHO 3TO MpoCTparCTBO He onpege-
J€HO, OJHAKO JOKAIbHO (B HEKOTODOW OKPECTHOCTH TOYKH THIePIOBepX-
HOCTH) XapaKTepHCTHKU 06pa3yoT MHOroo6pasue. PasMepnocTs 3ToOro

R AT,

§1.1. Cumnaexmuuecxue MHO2006pA3UR

MEOroo6pa3id Ha JBa MeHbIle Pa3MEPHOCTH MCXOLHOI'O CHMILIEKTHYECKO-
ro MEOroo6pa3id ¥, clefOBaTeNbHO, 1€THA.

TIpumep 6 (mnozoobpasue axcmpenadet). MBoroo6pasme xapaKTepHc-
THK THIEPIOBEPXHOCTH B CHMILIEKTHYECKOM MHOroOGpa3ud HaclAelyeT

CAMILIEKTHIeCKYI0 CTPYKTYPY.

JleRCTBUTENBHO, CAMILIEKTAYECKaA CTPYKTYpa NPOCTPAKCTBA XapaKTe-
DHCTHK OIpefeleHa ClefyIOUMM yCIOBHEM: 3HaieHHe MCXOJHOH CHMILIEK-
rH9ecKodl (GOPMBI Ha JBYX IPOA3BOIbHMIX BEKTOPaxX, IPHUIOKEHHHX B Of-
Holl TouKe H KaCalOWMXCA TMNEPIOBepXHOCTH, PABHO 3HAYEHHIO MCKOMOH
CTPYKTYphi Ha TPOEKIHMAX ITHX BEKTOPOB B IPOCTPAHCTBE XaPaKTEPUCTHK

"

3amegante. [Joka3aTelbCTBO TOI'O, YTO DTO YCIOBHE ONpeJe]feT CHM-
MIEKTHYeCKYI0 CTPYKTYPY, fABAfeTca Xopouum ynpaxnenueM. Iloseano
TaKXe OTMETHTb, YTO CHMILIEKTHYecKoe MHOroo6Gpa3He XapaKTepHUCTUK
noay4aeTrcda B ABa IHara. .

B 06bI41HOM reoMeTpHH CYHIeCTBYeT fBa cnocofa YMEHBIIATH pa3Mep-
HOCTh MHOr006pa3id — B3ATh Ce4eHHe WIH Impoekumio. B CP[MuIIJIe“KTP[‘{e—
CKO#l TeOMeTpHUU Pa3MepHOCTH CHMIIEKTAYECKUX Mﬂorooépaann_qe'rnbx 74
YMeHbllleHHe pa3MepPHOCTH Bcerja AocTAraeTcd B JBa llara, OfMH H3 KO-
TOPHLIX — B3ATHE ceYeHdd, Apyrok — npoekrupopaHye. [Jas Toro 1Tobmu
NOJAYYHTh MHOroofpa3ue XapaKTepHCTHK MBI HaYHHaeM C CeieHdd Kopa3-
MepEOCTH | (FUIepHOBEPXHOCTD) U 3aTeM MPOEKTAPYEM ero ¢ OJHOMEPHHIM
AXPOM Ha MHOroo6pa3ue xapaKTePHCTHK.

Puc. 8. CaMmmiekTA49ecKad cTPyKTypa
IpOoCTPaHCTBA XapaKTePUCTHK

IIpamep 7 (npocmpancmeo npambiz). B dazosom npocTpancTBe R, on-
peleNéHHOM HaJ €BKIMJOBHIM IPOCTPAHCTBOM R"2, pPaccMOTPHM THIEPIO-
BEpPXHOCTb, ONPeJelAONYI0 eBKINI0BY METPHKY, p° = 1. Xapaxu'repnc'mxn
JTO} rUIepHoBEPXHOCTH COOTBETCTBYIOT ABHXKEHHIO CBOGOJHOH JaCTHIH.
CrenoBaTelbHO MH MOXEM OTOXJAECTBUTH XapaKTEPHCTAKH C OPHEHTHPO-
BadHHME npAmuiMu B R™. Takum o6pasom MHoroofpasue xapaKTepACTHK
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9TO¥ T'HNepHOBepXHOCTH ONpefeleHO TI0BATbHO: 5TO Muo20006pasue ecex
OPUEHTNUPOBAHHBIT NPAMbIZ 6 R™.

ITO MHOr0O6pasye MOXET GHITb OTOXJECTRICHO ¢ TOTANbHEIM mpoc-
TPAHCTBOM (KO)KacATeNbHOIO paccioedus cepnr S™ 1. JeficTBUTeNbHO,
CONOCTaBAM Kax</I0# OPUEHTHPOBAHHOM NPAMOI €& eMHAIHBIH BEKTOD CKO-
pocta v € S™!. Touka mepecevenus sToi IOPAMOHA C CHUIEPIIOCKOCTHIO
8 R?", xacalomeitca S™~! B v, ompegenger TpebGyeMurit aaeMenT T*S™—!
(puc. 9). DTo oTOXIECTBIEHMe HajgexseT MHOr0o06pasne XapaKTepUCTHK
HOBOW CHMILIEKTHYECKOH CTPYKTYpPOW (Hacnesyemoit 3 ecTecTBeHHOM CHM-
NIeKTHYEeCKOH CTPYKTypsi T*S™~! xax ¢asosoro IPOCTPAHCTBA).

Puc. 9. MBoroo6pasme
OpUeHTUPOBAHHBIX
OPAMBIX B eBKIXJOBOM
IIpOCTpaHCTBE

Ty ABe CHMIUIEKTHYeCKHE CTPYKTYpH MHOr006pa3ns XapaKTepUCTHK
paccMaTpUBaeMOll THIEPNOBEPXHOCTH (pesyuupoBannas u3s T*R™ u ecre-

CTBEHHAA CHMIUIEKTHYECKad CTPYKTYpa (a30BOro NpOCTpaHCTBA T*s™1)
OTIHYAIOTCHE TOABKO 3HAKOM.

3ameganme. Takum xe ob6pasom “MHOroo6pasue” skCTpeMaleil peryisp-
HO#l OJHOMEpHOH BapHAHOHHOMK 5ajavd, COOTBETCTBYIOWEH GUKCAPOBAE-
HOMY YPOBHIO SHEpr¥H, UMeeT eCTeCTBERHYIO CAMILIEKTHIECKYIO CTPYKTY-
PY. (3TOT cakT O6BIYHO HeZOONEHHBaeTCA B TPAJUIMOHHEIX HIJI0KEHAAX
BapUANMOHHEOrO HCIUCICHUA ¥ TeOPHH ONTHMANbLHOrO YIpaBiIeHus.)

Caenyone npuMephl CHMIIEKTAYECKHX CTPYKTYp Ha NPOCTpaHCTBax
MHOTOY.JIEHOB O1€Hb BaXKHBI, IOCKOIbKY OHH JalOT HaM NOJe3HbIe HOPMAlh-
Hbie POoPMEL OCOGEHHOCTEH JarpaHKeBHX X JeXaH APOBRIX MHOr0OGpa3ui.

Ilpamep 8 (6unapubie gopusi). PaccMoTpum nvuHedHOe mpocTparCcTBO V
Bel[eCTBEHHHIX (HOpM (OAHOPOAHHX MHOTOUIEHOB) CTemend d OT ABYX Ie-
PeMerHEIX &, y. PaameprocTh 9Toro mpocrpascrsa passa d + 1. Ecan d
He1€THO, To V uérHomepro. I'pymna G = SL(2,R) (1upefinnx mpeobpa-
30BaBHH MIOCKOCTH ¢ eXMHHIHKIM onpefeauTeneM) seiicreyer Ha V. Cy-

P
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recTByeT HeBHIPOXKAeHHaA KOCOCHMMETpPHIecKasn (G-dHBapHAHTHaA ¢opMa
ga V. OTa ¢opMa eJUHCTBEHHA (c TO‘IHOCT!:IO O HEHYJIeBOr0 COMHOXUTeE-
a; Golee WIH MeHee STO GHLIO HIBECTHO emye TuasBepTy).

CrefoBaTelbHO CylIeCTBYeT €CTeCTBEHHAA cunMHJIeKTm{eCKa.n cm:_pyxrry—
pa Ha IPOCTPAHCTBe GHHADHHIX (GPOPM He4E8THOM CTemeHH (ONpejeléHHad C
TOYHOCTBIO JO HEHyJeBOIO COMHOXHTENA).

TouHOEe OmKcaHde >TOH CUMIIEKTHYeCKOR CTPYKTYPhl Ha IPOCTPAHCTBe
6uEApHHX QOpM HEIETHOH CTenenn JaéTcH caeylomuM obpa3oM: GHHAp-
yas popMa ¢ cremenn d MOXeT OHTb 3aNHCaHA B BAJE

¢(za 1) =qoed+..-+ gneny1 — Pnnt+...— (—1)"1’0,

rae es = z°/s!, (o, .-, qn) — KOOpAuHATH [JapOy ¥ 3HAKH WIEHOB, COXEP-
JKall¥X p, YepesyroTed.

TIpumep 9 (wmnozouaenvt wémmnoti cmenenu). I'anepuaockocTs go = 1 Moé
eT 6HITH OTOXJeCTBIeHa ¢ IPOCTPAHCTBOM MHOIO4JEHOB OT & CTENeHH

¢ (PEKCHPOBAHHBIM CTapIIUM KOXPPUUAEHTOM. PDyskuua go ecTh QyHKIAA
[aMHALTOHA CABUIOB BJOAb OCH 3HAYEHHH MHOTO'eHa. CrnenoBaTelbHO
CHMILIEKTHYECKOe MHOr006pa3ne XapaKTepPHCTHK 3TOH CHIEPIOBEPXHOCTH
MOXKeT GHITh OTOXJeCTBJICHO ¢ MHOroo6pasneM MHOTOYICHOB Y€THOU CTe-
neHr b = d — 1 = 2n ¢ GPUKCHPOBAHHBIM CTAPUIMM KOI(PPHIAEHTOM,

fley=e+qe-1+ ...+ @nén — ppn-1+...+ (-1)7p1,
rae (p1, - - -, qn) — KoopguHaTH [Jap6y.

Ipumep 10 (mnozowiensi Heuémuol cmenewu ¢ Hyaesvin caedor).
CABMCH BAOAb OCH T COXPAHAIOT CAMILIEKTHYECKYI0 CTPYKTypY HpHMe-
pa 9. OHH 06pa3ylOT OJHONAPAMETPAIECKYIO TPYNNY CAMIIEKTOMODPGH3-
moB. DPyrknus [amuabTona >Toll rpynns (kak HeTPYAHO BEAETH) DAMUCHI-
BaeTCA cleXylomiuM obpas3om

1,
h=p1+@ap2+...+ g 1pn+ 30

(9Ta popmyna Guita wdBecTHa emé I'mapbepty {10], cm. {11], [12].)
PaccMoTpaM MHOreoGpasne XapaKTePUCTHK MHIEPIOBEPXHOCTH h =0
OTox fecTBAM 5T0 MHOr0OGpa3ue ¢ MEOrooGpasmeM MHOI'OUICHOB HeYeT-
HOM cTemend a = b — 1 ¢ GUKCHPOBAHHKIM CTapIHUM KOPHUIMEHTOM H HY-
AeBuIM CrefoM (TO eCThb C HY.JIEBOH CyMMOH KopHei). B camom jnexe, caBar,
OGHYIAIOIAR CyMMY KOpHel, onpefelén eIMHCTRBEHHHM 06pa3oM, a 3Hade-
Hie p; onpefereHO 3HaieHAAME APYTHX KOdPOHIUEHTOB, TaK KakK h=0.
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Takum 06pa3oM Mu OIpefe/HIH CHMILIEKTHYECKYIO CTPYKTYpPy Ha Ipo-
CTPaHCTBE MHOIOYICHOB ¢(Z) HEYETHOM CTeNeRH C PUKCHPOBAHHBIM crap-
M KOIPOUNUAERTOM B HyIeBOH CyMMO# KOpPHEH:

9(&)=e+Qieaat+...+Qmem — Prem_y +...+ (-1™py,
raea=2m+1u (P,...,Qn) — koopguraru Japby.
R

'Pz Q4_

Puc. 10. PacKpeITHI 1aCTOYKHH XBOCT
Hafg OﬁHKHOBeHHHM JACTOYKUHBIM XBOCTOM

Hanpuwmep, paccMoTpuM npocTpascTso MHOrO4IeEOB nATOl CTeneHu
L5, 913
120 6
Mazorounens Takoro Buja, nMemome BeIeCTBEHHBIH KOPEHb KPATHOCTH 3,
06pa3yioT (0co6yi0) MOBEPXHOCTh B CHMILIEKTHYECKOM 4-mpocTpaHCcTBe
(pHc. 10). DTa noBepxHOCTD (Ha3HIBAEMAA PACKPLIMbIM AGCTNOUKUNBIM T60-
CMOM) ABAAETCA JAIPAHIKEBRIM MHOroo6pa3neM, TO eCTh CUMILIEKTHYECKASA
CTPYKTYPa Ha ITOil NOBEPXHOCTH paBHA HYIO.
PackpHITHI facTouKuH XBOCT 6HLA IepBBHIM OGHAPY>KEHHHM HETPHBH-
aJBHHM NPAMEPOM OCOGOro JarpaHeBa MEOI006pasis H HLPAET BAKHYIO
POIb B TeOpHH OCOGEHHOCTEH KAYCTHK U BONHOBHIX ()DOHTOB; OH CBA3aH

C MKOCadJpOM, CIpATaBHHM B TOYKe Meperuba IPARANB NPeNATCTBAA Ha
€BKJIH JOBOM IIOCKOCTH.

+ %332 — Pz + P,

1.2. IlogMHOroo6pasusa cCHMILIeKTHIeCKMUX MHoroo6pasuu

IlogmMHOroo6pasns eBkAngOBa U1K PAMAHOBA MHOI006pa3ds PasruyaloTCh
CBOeH BHYTpEeHHell TreoMeTpHell 4 CBOMM IIONOXEHHEM B obbeMiIomEeM 1po-
CTPaHCTBe (HaIpAMep, IOBEPXHOCTh B eBKJIHAOBOM 3-npocTpancTse HMeeT,
NOMHMO IaycCOBOM, CPeAHIO KPUBH3HY). B caMmiekTudeckom cilydae cH-
TYallis Mpowe: BHYTPEHHAA reoMeTpUA NOAMHOroo6pasid onpesenseT (1o
MEHbIUEH Mepe JOKAIbHO) BHEIIHIOW TeOMEeTpHIO.

L s,

i 13
§1.2 [100MH02006pPA3UR CUMNACKIMULECKUT Mro2006pasuti

Teopema (A.B.Tupentans (13], [14], [8]). Pocmox nodMH02006pa3us 6
CUMTAERTIUUECKOM NPOCTIPAHCINGE ONPEJeéN, C TOUHOCTbI0 00 CUMKNAEK-
MOMOPHUIMG, OZPANUNEHUEM CUMNAEKMUNECKOT CMPYKMYPBL HA €20 KaACa-
meabHoe PACCAOEHUE.

DTa TeopeMa 0606maer Teopemy Jap6y (COOTBETCTBYIOLIYIO 1aCTHOMY
cay4alo, KOr/1a o MHOr006pasue — Touka). TeopeMa 6au3Ka crefyoWEeMy
o6obmennio TeopeMbt Jap6y:

Teopema (A.Beincreiin [15]). [Todmnozoobpasue cumnaexmunecxozo
NPOCMPANCMEa onpedeqeno, ¢ MOUHOCTIBIO do cuMn./tenmomopgfusMa Hexo-
mopoil C60€ll OKPECTIHOCTIY, 0ZPANUNENUEM CuMniexmuyeckol Popubl na
KACAMEALHBIE 6EKTMOPL K 06HEMMOUEMY TPOCTIPARCTIEY 8 TMOUKAT IMO20
NoOMHO2006pA3UA.

7 i éT 3aKII09e-

Teopema BeiiHcTeliHa ro6albHa B TOM CMBICHE, ITO OHA JaeT -
Hge o BcéM MHOroo6pasuu. Teopema I'MpenTans JOKalbHa, OTHAKO B HeH
Tpe6GyeTca TOAbKO “BHYTpDEHHAR” WHQOPMaIlAsi, B TO BpeMd K:‘z‘x Bng npn’:
MeHeHHS TeopeMul BedHcTeHa HeO6X0AUMO 3HATH HEKOTOPYIO ~BHEIIHIOK
yrdopManuio (3HAYeHUA CAMIVIEKTHYECKOH POpMBI B BEKTOpax, He Kaca-
JOIAXCA MCCIeSYeMOr0 MHOT006pa3us).

Jng Hammx uedell Teopema ['MBeHTalf YPe3BhHIYAMHO NOJNE3HA; B OTIH-
que OT TeopeMul BeliHcTelHa.

JloxazaTeabcTBO Teopembl I'mBenTaus. JlocTaTo4HO NOKa3aTh, 4TO
I8 ABYX IPOU3BOJBLHBIX CHMIVIEKTHYECKHX CTPYKTYP, COBIaJAIOIAX Ha
POCTKE NMOAMHOT006pa3yusa, OfHAa MOXeET GHTh npeo6pa3oBaHa B Apyr‘yxo.
quppeoMopdU3IMOM, COXpAHAIOIIEM POCTOK. Mul fokKaxkeM Jaske GoJbliee:
MOXHO TaK BHOpaTh dTOT guddeomMopdHusM, ITO OH OCTABIAET HA MECTE
KaXAyIo TOYKy MOJMHOTOO6Pa3na.

Ha4néM ¢ JIdHeapH’OBAaHHOH NpobJjeMBl: OrpaBHYEHHS CAMILIEKTH'Ye-
CKHX CTPYKTYD Ha KacaTelbHOe IPOCTPAaHCTBO K HOAMHOr00Opa3NIo B TOY-
Ke IpUIOXKEeHAR POCTKA COBNAJaloT.

Jlemma 1. Founcmeennbimu CUMNAEKTIUNECKUMU UNRBAPUAHTIAMY m')f?-
NPOCMPARCTBA AUHEUNHOZ0 CUMNAEKMUYECKO20 npocm{)aufmea (ct¢a6mceu-
H020 neebiposcdennot Kococummempuuecxkot Guaunelinol dopuoii) .ﬂe./m:
OMCA €20 PA3MEPHOCTNL U PAHZ OZPAHUNEHUA NG HE20 CUMTMEKTNUNECKOU

dop.ubi. .
I pyruMu CIOBaMH, JIf ABYX NPOM3BOJABHHIX IOXIPOCTPAHCTB OJHHA-

KOBOH pa3MepHOCTH # PAEra CyWeCTBYeT AMHedHOoe CHMILIEKTHIECKOe Npe-
o6pa3oBanye O6BEMIIOIErO IPOCTPAHCTBA, OTNpaBifiOliee IepBoe NOI-



\
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IPOCTPAHCTBO BO BTOPoe. JTO OTOGPAKEHHE MOXKET GhITh BEHIGPAHO TAKHM
06pa3oM, YTO OHO 6yleT COBNAJaThb C MPOH3BOJIbLHLIM THHEHHKLIM OTO6pa-
KEHHeM MepBoro MoANPOCTPAHCTBA Ha BTOPOE, IPH YCIOBHH YTO 3TO OTO-
GpakeHHe NepPeBOAHT OrpaHHYeHHE CHMILICKTHYECKON ¢opMHI Ha mepBoe
HOAUPOCTPAHCTBO B €€ orpaHMIeHHe Ha BTOPOE IOANPOCTPAHCTBO.
DlleMeHTapHOE [OKA3aTelbCTBO DTON IeMME 13 JIHHeHHOH aire6per oc-
TaBAfeTCAd YATATENO (JOKa3aTelbCTBO AHAJIOTHYHO JOKa3aTeAbCTBY COOT-
BeTCTBYIOLIEr0 YTBePXK feHHs OGLIYHOH eBKJIHLOBOK reoMeTpHH).

JemMma 2. Jasz 106020 zaadxozo odnonapamempuuecxozo cemeticmea
CUMNIERMUNECKUT CIMPYKMYD Wy, CO8NAJAOUUT HA pocmxe noomnozoobpa-
3UR, cyuecmeyem cemelicmeo aoxatvnbiz JufPeomopPusmos, ocmas.asio-
WUT UNGAPUGHTNLMY TNONKYU TOOMHO2000PA3UL U NEPe60dAUUT wy 6 wy
daa wmobozo t.

Teopema cirenyer n3 nemm 1 7 2. HeiicTBHTeAbLHO, N0 TeMMe 1 MOX<HO BbI-
6paTb g deoMopdu3M, OCTaBAAIOUIHIL HHBapHAHTHHIMA TOYKH NOAMHOLO-
00pa3ns H NepeBoislIK{ BTOPYIO CHMILTIEKTHYECKYIO CTPYKTYPY B HepByIo
B paccMaTpuBaeMoll Todke. Ilycrs gBe cTPyKTypHI, COBIaJalolife B pac-
CMaTPHBaEMOH TOYKe, 0GO3HAYAIOTCA Hepes wp # wi. Torga ceMeiicTro
{wt = wp + t(w1 — wp)} mocTosHEO B paccMaTpHBaeMol Todke. TakhM
06pasoM, dopMmul wy, 0 < t < 1, HEBBIPOXK IeHkI B PaCCMaTPHBaeMOH TOYKe
H, ClieJoBaTeAbHO, OIPeAeASAIOT CAMIICKTH YeCKHe CTPYKTYPHL B HGKOTOpPOH
e¢ OKPeCTHOCTH.

JleMMa 2, nprMendunag x 3TOMY CeMeHCTBY, JOCTaBIAET TpeGyeMyIo
3KBHBAJIEHTHOCTb.

HdokazarenscTso Jemmbr 2. [TonmTaemes HalTH TpeGyeMoe ceMelicTBO
AuddeomopduaMoB Kak ceMmeiicTBo 3aBHCAIUX OT BpeMeHH ! mpeo6paso-
BaHHH, ONlPefeiSHHBIX 3aBACALIAM OT BPeMEHH CeMeHCTBOM BEKTOPHHIX IO-
aedt Vi. [lna V; Mu nonydaeM “zomosnozuvecxoe ypaenenue”, a HMeHHO:

3wt
Ly,ws = B, rae = -—.
ot
3amecy Ly, — npousBoguas Ju, Ly = div + iyd. Tak kak w, 3aMKHYyTa,
COMOJIOTHYECKOe yDaBHEHAE CBOJHTCA K

d’inOJt = ,3

PopMa 3 3aMKHYTa, Clie OBATENbHO JOKAIbHO B = dy (nremma Ilyanxape).
Teneps MEI MoxkeM BHI6paTh 1-dopMy ¥ Tak, ITo oHa PaBHa HYIIO BO
BCeX TOYKaX MOJMHOroo6pasus. DTa “OTHOCHTeNbHAA TeMMa, ITyanxape”
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credyeT U3 JOKAJbHOH CTATHBaEeMOCTH OKPECTHOCTH IOAMHOTOOGDa3Hs Ha
caMo NOJMHoroo6pasne.

JleAicTBHTEIbHO, 3Ha9€HHA DTOH 1-POPMEL Y MOI'YT GHITh 3alHCAHH 5B-
HRIM 06Da3oM KaK HHTEerPalhkl BAOIb op6n? dTOrO CTATHBAHHA; & HMeH-
Ho, [sY = fpé,B, rge pé ecTh Clel, 3aMeTEHHLIA UeNblo & OpH c'mf‘nBa.-
HHH OKPECTHOCTH K HOAMHOTooG6pasuio (pac. 11). Tlrowass, 3aMeTénnas
1-uenbio 8, HAYHHALIEHCA B TOYKe [I0IMHOIr0OGPA3NA, MaXXOPHPYETCSH Be-
araneoil C | 8 |2. ChregoBaTenbHo v paBHA HYMO B TOYKaX HOAMHOCOOG-

pasns.

Puc. 11. OTHoCcHTeAbHas demma ITyaHkape

Taxum o6pa3oM, roMoIorHiecKoe YpaBHeHHe IPHHHMaeT BHJ
d‘i%wt = d’)’,

rAe 1-dopMa v paBHa HY/IIO BO BCeX TOYKAaX MOAMHOIoo6pasnia. Tak Kak
$opMBI w; He BEIPOXAEHH, THHEHHEE alre6panieckue ypaBHEHAA

Wwe =Y

ollpefleIAI0T eXHHCTBEHHEIE pemleHAs V;. DTH BEeKTODHBIE HOJs [WAJKO 3a-
BHCAT OT ¢ H PaBHBI HYJIO Ha NOAMHOrooGpa3HH. 3aBHCAlllee OT BpeMe-
#H guddepernralbHoe ypaBHeHHe T= V;(z) onpegenser TpeGyeMmue fuc-
tdeoMopdraMEl (0TOPABIAOIINE HaYATbHOE 3HAYCHHE T B MOMEHT BpeMeHH
¢ = 0 B 3HaYeHHEe COOTBETCTBYIOLLETO PellleHAs B MOMEHT BpeMeHH t). DTH
JugpeoMopdu3Mbl ollpefeleHkl JOKaJIbHO, HO, TaK KaK V paBHO HYJAIO B
paccMaTpuBaeMoll Todke, fucddeoMopdusMel onpenereHsl 411 0 <t < 1B
HeKOTODOH OKPECTHOCTH PacCMaTPHBAEMOH TOYKH.

[Ipamep 1. Bce cumnisexmuuecxue nodmunozoobpazus (dannot, gurxcupo-
BANHOU PABMEPHOCTTIE) CUMMMERTIUNECKO20 NPOCTNPARCTNEA AOKGILHO CUM-
naexmomopdubt  (IOCPEACTBOM  CHMIIEKTOMOPGH3MAa  OGBEMAIOIIErO
IPOCTPaHCTBA).
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IIpamMep 2. Bce aazpanscesvi nodMnoz006pasui 0anHo20 CuMNiEKmMUuLE-
CKO20 NPOCTPANCTEA AOKAILHO CUMNAExMOMOpPHLL (H, CleJOBATENbHO,
CAMILIEKTOMODP®HL N1060MY BHIJeeHHOMY, CKaJKeM pP-INIOCKOCTH B Moje-
a1 Jap6y). 4

IIpumep 3. Bce noduro2006pasus, HG KOMOPHIT 0ZPAHUNENUR CUMTLIEK-
TNUNECKOT CTRPYKMYPLL 00BLEMAIOUEZ0 NPOCTNPAHCMER UMeom Purxcupo-
eannbil, NOCMOANNLITL pane, 40KaIbHO cumniexmomopPun. (Kak nokars-
Hyl0O Mojelb MHE MOXeM BHODATbh, CKaXXeM, KOODAHHATHYIO IIOCKOCTHb
(P1,-.,Pri 1y - -, Gr+s) Mogenn [lap6y; panr kococHMMeTpHIecKod cop-
MHI Bcerga 4éreH, 2r.).

IIpamep 4. Bce zunepnoseprrocmu cumniexmuveckozo MHoZo00pa3us
AOKAALHO CUMNACKITLOMOPPHDL.

JleficTBHTENBHO, KOCOOPTOrOHAJNBHOE ONOJHEHHe K CHIepIIOCKOCTH
OJHOMEpHO W NPHHAJIEKHT DTOH CANepuiIockocTH. To ecTh KopaHI orpa-
HEYeHAA CHMIIEKTHYECKOH CTPYKTYPHI Ha THIePIOBEPXHOCTD B 1I060H TOY-
Ke paBeH 1. ClleoBaTelbHO KODAHT NOCTOAHEH, H “BCe CHIEPIOBEDPXHOCTH
oguHakoBs”. TakuM e 06pa3oM, “OJHHAKOBHI BCe KPHBEIE” .

IIpEmep 5. PaccMOTpHM THOHYHYIO 2-MEDHYIO ODHEHTHPOBAHHYIO IIO-
BEPXHOCTh B CHMIIEKTHYECKOM MHOroo6pasnH (GoiblIed pa3MepHOCTH).
OrpannveHde CHMIVIGKTHYECKOH CTPYKTYPH Ha NOBEPXHOCTH ecTh 2-popMa
fr, rae 7 — (HekoTOpHIi) 21eMeHT WIoWALA ¥ [ — raajkad GYHKIHA.

PocTkn noBepxHOCTH B TOYKax, He IPHHaLIeXKAIAX THHEE [ = 0, cHM-
mIeKTHIHH (OpHMep 1). B Toukax nuuum BeIpoXk e [ = () orpaHHyYeHHe
¢$OpPMEI paBHO HYIIO.

B o6meM ciy4ae THHEA BHIDOXKAeHHA ClajgKa. B HEBHIPOXKAEHHHIX TOY-
Kax BepoxjeHus (f = 0, df # 0) 2-dbopma npEBoguMa K BHIY z dz A dy
IpA HOMOILH IloAXOAAIllen 3aMeHbl JOKalbHbX KOOpAKHAT. TakuM o6pa3oM
A3 TeopeMH ['HBeHTalsd BHITeKaeT CASAYIOUMH Pe3yabTaT.

Crepcrere 1. Tunuwnas 2-noeeprnocms 6 CUMNAEKMULECKOM 4-MHO20-
06pa3UY AOKAIBHDIM CUMTMERTLOMOPPUIMOM TPUEOIUmCA K 00NOT U3 J6YT
HOPMAALHBIT Popm.:

P2 = @2 = 0 — munuunbie mouxy;
P1 — P2 = g2 = 0 — evipoarcdennvie mouxu.

A4z mozo wmobvl noaywums AoKaabHbie HOPMaabHbie Fopmbl munuunot
2-noseprHoCcMU 6 CUMNAEKTNUNECKOM NpOcMpancmee boabiweld pa3mepro-
cmu, docmamoyuno dobasumsb Ypasnenus p3 =gz = ...= 0.
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IIpamep 6. PaccMoTpuM 4€THoMepHOe NOAMHOT0OGDasHe €HMIICKTHe-
ckoro IpocTpaHcTBa. OrpaHuieHHe CHMIJIEKTHIECKOH CTPYKTYPH Ha 3TO
nogMHOroo6pasne B o6lLIeM CIyYae BHIPOXKAAETCA B TOYKaX HEKOTOPOH 2u-
nepnoe epTHOCINY 6biPOACIENUR, NeXKallled B MO ZMHOr0OGDa3HH. B Tunuy-
HoH TOYKe THNepPHOBEePXHOCTH BHIPOXKAEHHA OrPaHHYEHHe NPHBOJHMO K
HopMalbHOH dopMe

zydzy Adyr +dza Adya + .. .dzy Adyn
(1oKa3aTeNbCTBO NpefCTaBIfeT (IErKkoe) yIpakHeHHe).

Caegcrbue 2. Tunuunoe uémuomeproe nodmnozoobpasue CuMNIEKMU-
NeCK020 2T -MHO2006PA3UR 6 HEKOMOPOU OKPECTNIHOCTIY MUNUNKHOT MOouUKy
2UNepno6EePTHOCTNY GHPONCOENUR TIPUEOJUMO K HOpManbrOt Popue

m-Pri=@p=p=@=..=p=g=0

3amedaHHe. OTH Pe3yJbTaTh COPaBeJIHBHI KAaK B I'1aJKOM, TakK ¥ B aHa-
AETHYeckoM (HIH roroMopgHOM) ciydae. TeopHs GOabIIMX BHPOXAEHHH
HaMHOT'O CIO)KHee: DA, OPHBOAAlIME K HOPMalbHHWM ¢dopMaM, B o6IineM
cllyiae PacXogATCA.

B cieiyolux npuMepax cioBa “dyHkuun”, “dopMme’, “ruddeoMop-
¢bu3ME” o6o3HadaioT C'° 06beKTH (faiKe ecIH HaYalbHhE JaHHEE, NPH-
BeJéHHABIe K HOPMaIBLHBIM opMaM, aHAIHTHIHHI).

IIpmMmep 7. PaccMoTpiaM deThipéxMepHOE NOJMHOr0OGpa3He CHMILIEKTH-
feckoro MHoroo6pasus pasmepocTd 6 (uam BHe). ToYkA BEIPOXKAEHHA
(orpaHHYeHHS CHMIIEKTHYECKOH CTPYKTYPH Ha noAMHOr0o06pasue) o6pa-
3YIOT I'IafKyl CHNEPNOBEPXHOCTH BHIPOXKJeHHA Pa3MepHOCTH 3 Ha 4eThl-
péxMepHOM MOAMHOr006pasHd obllero noroxerud. PaHr sToro BhpoXje-
HEA 1A NOAMHOTr00GPasHA OGIIEro NONOKEHHA PaBeH ABYM B TOYKaX 3TOH
3-noeepxnoctu (Heob6xoauMo 6 > 3 mapaMeTpoB, YTOGH HOJIYYHTh TOYKY
kopaHTa 4; 2¢? — ¢ mapaMeTpoB, 9TO6H HOIYYATb TOYKYy KopaHra 2c).

CiezoBaTelbHO 3-NOBEPXHOCTD BHIPOX JeHHA CHabXKeHa INaJKHM NoeM
2-nocKocTell (4gep OorpaHAYeHHi), KacaTelbHBIX K MCXOAHOMY 4-MHOTO-
o6pasyio. B THnmiHON TOYKe 3-NOBEPXHOCTH BHIPOXKACHHA AJPO TpPaHC-
BepcaJbHO 3TOH NoBepxHOCTH. JIMHWA mepeceYeHHd ecThb AXPO OrpaHHde-
HUA CHMIIEKTHYECKOH CTPYKTYPHI Ha 3-IOBEPXHOCTH BHIPOXKIeHHA. TaKHM
06pa3oM 5Ta 3-NOBEPXHOCTh CHabXeHa NoJeM KacaTelbHRX HalpaBIeHHH,
BHYTpeHHe OlpeJeléHHLX CAMIIEKTHIeCKOH CTPYKTYpPO#; 9TO Mol Ha3bl-
BaeTCAd XaPaKTEPHCTHICCKHM.
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Oanako, B HEKOTOPBIX TOYKaX 3-NOBEPXHOCTH BLIPONKAEHHS AApO MoO-
JKeT KacaTbcd 3Toll 3-nopepxHoctd. [Jaf THOHYHOrO 4-MHOr00Gpa3ns 3To
BO3MOXHO Ha HEKOTOpPo# KpHBOH Ha 3-moBepxHocTH. Toukm >Toil KpHBoOW
ABIAIOTCA OCOGBIMH TOYKaMH XapaKTePHCTHYECKoro mois. OrpaHHYeHHe
CHMIJEKTHIeCKOH (POPMHI Ha 3-IOBEPXHOCTH BHIPOXCJEHHA B TOYKAX DTOH
KPHBOH DaBHO HyIIIO.

Oco6eHHOCTH 3aMKHYTEIX BRIPOX AEHHBIX 2-popM Ha 4-MHOr006paszHax
u3ydanncs 2K.MapTune [16] ¥ HasmIBaloTCH ocobennocmary Mapmune. Oxn
AoKa3al ITO, KaK NpaBuioO (A48 TANAYHKIX GOPM B THNHIHEIX TOYKAX OCO-
6hIX KPHBHIX) 2-popma npaBoluMa AH(PHEOMOPHHIMOM K OJHOH M3 IBYX
HOPMaJbHBIX GODM (HA3BIBAEMBEIX J4AUNTRUYECKOT U 2unepboauvecroti Mo-
deasmu Mapmune). Ins Toro, 4TO6H ONHCATb DTH MoJenH, BHIGepeM Bie-
MeHT 06béMa (HeBBIPOXK JeHHY0 3-PopMY) Ha 3-IoBEPXHOCTH BHIDOXK IEHHUA.
Orpannvenye Hawedl 3aMKHYTOH 2-bopMHI Ha 3TY HOBEPXHOCTH €CTb IO-
TOK 0e3[HBEPTreHTHOrO BEKTOPHOrO NoNf (3aBHCAILETO OT BLIGOpa BIeMeH-
Ta 00béMa; OJHaKO, eTo Hole HalpaBJeHHH, 6y 1y XapaKTepHCTH I€CKHM
TNo/leM HalpaBlIeHAH, HHBAPHAHTHO ONpeJeleHo).

JTO BeKTOPHOe HoJe OGHYIfeTCA Ha NHHHH 0COGEHHOCTEil MapTuane.
Ceiivac MH npHBefEM >To Ge3gHBEpreHTHOE BEKTOpHOE Nole B 3-HpocT-
PaHCTBe K HODMaJbHOH dopMe.

O6was npo6aeMa IpHBefeHHA K HOPMalbHOH popMe 6e3 IHBEPreHTHOTO
BEKTOPHOI'O Hol4 B 3-IPOCTPAHCTBE B €ro H3OJAHPOBaHHON 0COBOR TO4YKe
IIOYTH TAK JKe CIOXHa, KakK Ipo0ieMhl HeGecHol Mexanukn. OHAaKO, B Ha-
IIeM crydae none gaxce Golee BRIPOX JeHO: 0COGhIe TOYKH He H30IH POBAHHL,
a o6pasyioT kpuByi0. Ho OKa3hIBaeTCA, YTO NpolreMa NPHBefeHHA 6e3qH-
BEPreHTHOr0 BeKTOPHOIO HOMA B 3-TIPOCTpPaHCTBE HA JHHAH OCOGEHHOCTel
(nocpeacTroM AHpdeoMopdHIMa NPOCTPAHCTBA CONPOBOXK JAEMOrO YMHoO-
JKeHHeM NOMf Ha NOAXOLAIIMA MHOXKHTeNb) HaMHOI'O NIPOIIE, YeM COOTBET-
CTBylolad Npo6ieMa AN THNHIHEIX Ge3IMBEPreHTHRIX BEKTOPHBIX HoJei.

PaccMoTpuM nHHEelHY0 9acTh HoAf B BBIGpaHHON Todke. OHO H3 TPEX
COGCTBEHHALIX 3HAYeHHH H CyMMa BCeX COGCTBEHHAIX 3HAYeHHN PaBHH Hy-
mo. CrefoBaTelbHO, ABa OCTABINEXCA COGCTBEHHAIX 3HAYCHHEA au6o Belrje-
CTBEHHH ¥ Da3HBIX 3HaKOB, JHOO KOMIIEKCHO CollpaxeHH. B Tunmumoit
TOYKe JHHHH OCOGEHHOCTEH 9TH JBa COGCTBEHHBIX 3HAYCHHA He PaBHEL HY-
mo. CrefoBaTenbHo, IMHeHHAs YacTb NPHBOLHMA (moaxonsiueil 3aMeHoMH
KOOpAHHAT ¥ yMHOXEHHEM BEKTOPHOI'O 104 Ha NOJXOJAIIYI0 GYHKIKIO) K
OJHOK M3 JIBYX HOPMaJbHHIX GOPM T8, — Y0, unu xd, — yd, (B paccMaTpu-
BaeMol TOYKe H B GIH3KHX TOYKaX ocH z). B mepsoM cay4ae (BemecTBen-
HEIe COGCTBEHHBIE 3HAYCHHA) OCOGEHHOCTh HA3hIBAETCH ranep6oIuIecKoH,
BO BTOPOM — JJIHITHYECKOH.
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AHaJau3 claraeMeix 6ojee BEICOKOTO OPALKa CleyeT cTaHAap THOH cxe-
Me TeOpHH HOPMaldbHEIX (opM (cM. [17]). B mrore nomywum:

20y — yay + zy0;,
28, — y0; + (22 + y%)0,

(B rEIEPGONNIECKOM, COOTBETCTBEHHO D/LIHITHY€CKOM, ciaydae).

U5 >THX ¢GopMYI BAAHO, YTO, HAIPUMED, B YJIHNTHIECKOM CIydae HHTe-
rpajibEbe KpHBHE€ HODMAJIH30BaHHOTO Hoid Afep 2-PpoPMEl ABIAIOTCA cnu-
paieBHIHHIMH KPHBHIMH, 3aKPYyYeHHRIMH BOKDYT IHHHH OCOGEHHOCTeH.
BUTKH cnupaii, GIH3KOH K DTOH JMHHM, — NOYTH OKPYXXHOCTH, JeXKalllde
oveHb OIU3KO APYr K APYry (LIAr COHPatd BAOIb JHHEH OCOGEHHOCTEH NPO-
HOpUACHAJNEH KBajJApaTy pajuyca), puc. 12.

Puc. 12. TunuvHOe BHIpOX AeHHE
CUMIJIEKTHYECKOH CTPYKTYDPhI
Ha YeThIpEXMEPHOM MHOr 0oGpasHy

Ione agep Ha 3-MOBEPXHOCTH ONpefeifieT CAMIICKTHISCKUH THI POCT-
Ka MCXOAHOro 4-MHOrooG6pasus. [[eACTBATEABHO, BRIYHCICHHS NOKA3hIBA-
0T, YTO HH Ha OJHOM H3 IIAroB B NPHBELEHHOH BHIIEe KOHCTPYKUHH He
TepaeTcd HHGOPMaNHA: DNode A4ep olpeerfieT 3aMKHYTYIO 2-¢opMy Ha
3-IOBEPXHOCTH ¢ TOYHOCThIO g0 AHddeoMopdu3Ma 3TOH 3-TOBEPXHOCTH,
orpaHHYeHne 3aMKHYTOH 2-(QOPMHI Ha 3-HOBEPXHOCTH BHIPOXKJEHHA OLpe-
JenseT POCTOK 3aMKHYTOH 2-(pOPMH Ha 4-IPOCTPaHCTBE C TOYHOCTBIO IO
nugpeoMopdusMa 4-IPoCTPaHCTBA, H, HAKOHEIN, POCTOK 3aMKHYTOH 2-¢dop-
MBI Ha 4-NOAMHOI'006Pa3iH CHMILIEKTHYECKOTI'O IPOCTPAHCTBa, HEAYIHPO-
BAHHOW M3 CHMIJIEKTHYECKOH CTPYKTYPHI, ONpeleideT I0AMHOroo6pa3ne ¢
TOYHOCTHIO 0 CHMIUIEKTHYecKoro guddeoMopdusma (Ho TeopeMe ['nBen-
Tajs). )

OxoHYaTelbHO, HOPpMaJdbHEE (HOPMH 4-TOIMHOr006pa3ni CAMINEKTH-
YeCKOor'o IPOCTPaHCTBa TaKOBBI:

@
ezt qq + ry

P2 =
3 = 0,
P4 = q4=...=0

(B xoopaunaTax [JapOy).
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3ameqanue 1. Ilogo6Hue hopMy.IH ONpeeNTIOT 0COGEHROCTH Kopa3Mep-
HOCTH 3 Ha M060M THIHYHOM Y8THOMEpHOM IO IMHOTr006pa3He CHMILICK TH-
9eCKOr0 MHOT006pasia (Hy>KHO 3aMeHHTb 4 Ha k B HOPMaJAbHKIX dopMax,
4TOGH NOXYYHTh IOZMHOI0O6pasne pasMepHocTH 2k — 4).

HopMmanbubie hopMEL BLIPOXKACHHHE CHMIIEKTHYECK X ¢opM Ha THNHY-
HBIX 110 JMHOT00GPA3HAX Pa3MePHOCTH 6 (KK Bhilue) 06pa3yioT 6ounee NIHH-
HeIH coucoK. OfHaKo, IPHBeLSHHEIE BhiIe 0COBEHHOCTH ycToi4HBHL (He Hc-
4e3ai0T Hocle MaJoH AeopMauui NOAMHOT00GpasHA; MOCie BO3MYIlIEHAA
B O1H31eXalledl TOYKe 06pa3yeTca SKBUBAJeHTHAA 0COGEHHOCTB) H HPOCTH

(Bce Grm3nexKamue 0Co6eHHOCTH 06pPa3yIOT KOHE'YH KMl Ha6op KIacCOB 3KBHE-
BaleHTHOCTH).

Ham cnucox cofep:XuT Bce mpocThie ycToiuEBHe pocTkr (Y8THOMep-
HBIX) NOJAMHOTOOGDA3HH CHMIIEKTHYECKHX MHOIOO06DasHil (re1éTHOMeEp-
HEI€ NOAMHOr0O6pa3dfd NPOCTH TOMBKO €CIH OHH HMeIT MNOCTOAHHEIN
panr). Hampumep, sanunraveckas n runmep6oindeckas YacTH THHHE OCO-
6eHHocTelt Ha 4-NOAMHOrOO6pa3’Hi padfeleHhl oapa6oNlHiecCKHMH TOYKa-
MH, KOToptle He NpocTH. ClefoBaTelbHO, THIHYHOE 4-IOJMHOTO06pasHe
C NapabonHYecKOd TOYKOH CHMIIEKTHYeCKH HEe YCTOHYHBO (oo He chM-
IIEKTOMOPGpHO cBoeMy cliaboMy pooMmymeHHio). Takwe HeycToiumBre 4-
NOAMHOTr006pa3ns 06pa3y 0T OTKPHITOE MHOXKECTBO B I POCTPAHCTBE 4-nox-
MHOT'006pa3ni.

3ameqanme 2. Jlokaibane kraccupuKanHE NOAMHOI006Gpa3Hil CHMIIEK-
THIECKOr0 NPOCTPAHCTBA H BRIPOXKJEHHH 3aMKHYTHX 2-pOpPM HOMHOCTBIO
9KBHBAJEHTHRl, €CIH Pa3MePHOCTh NPOCTPAHCTBa He GHKcHpoBaHa. Heii-
CTBHTENbHO, 110624 3aMKHyTan 2-popMa Ha N-MHOI'000Da3u K JOKAIBHO AB-
ageTcs guddepennnaioM 1-dopmur o = fi dg1 + ...+ f, dg,. Ta 2-popma
HHJAYIHPOBaHA M3 CTaHAAPTHOK GopMbI dp A dq Ha mpoctpancTre [lap6y
Bi1oXKeHHeM ¢ — (¢,p = f(q)). CuenoBaTensHo, 10684 3aMKHyTat 2-bOpMa
Ha n-MepHOM MHOr006pa3dy JOKAJbHO HHAYHPOBaHA H3 CHMILIEKTHIeCKO-
ro 2n-npocTpaHcTBa. JBe 3aMKHYTHe OPMBL TOKAIbHO NPUBOAUMEI APYT
K npyry Aud¢eoMoppH3IMOM n-MHOroOGpa3df, eCIH H TONBKO ecif CO-
OTBETCTBYIOIME NOJMHOr0O6Pa3fdA CAMIIEKTHYECKOrO 2n-IpocTpaHCTBA
CHMIEKTOMOP®HEI (o TeopeMe ['HBeHTAaN).

3ameqande 3. B npaIokKeHAAX 1acTO GRIBAET BasKHEIM NPHBECTH K HOp-
MaAbHBIM (POpPMaM HeKOTOphle 0COGHE HOLMHOIO06PA3UA CO CUelAalbHAl-
MH 0COGeHHOCTAMH B CHMIIEKTHYeCKoM NpocTpaHcTBe. Hampmumep, npo-
GeMbl SHGPaKIHH B ONTHKE H NpobieMa 06 o6xoge NPEeNATCTBAA B TEOPHH
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oITHEMAJIbHOTO YIPABIEHAA BeyT K CHMIIEKTHIeCKOH KIaCCHPUKALHE Nap
TpaHCBEPCAIbHbIX THIEPIOBEPXHOCTEH CHMIIEKTHIeCKOro IPOCTPAHCTEA.

CootBeTcTrylomas (C'°) HopMalbHas ¢opMa 6hlta HadgeHa Meabpo-
asom [18]: B koopauHaTax [Jap6y rHNEPNOBEPXHOCTH TaKOBHI:

p=p5 =0

(cpaBHHE €O CIe[CTBHEM 1). B anannTHYeckoM HIM TOJOMOpPGHOM cilydae
gopMalE3yollne pagsl (Buepsie Haiigennuie Carto [19]) B oﬁmeivx cirydae
pacxogarca (Ommma [20]). IIprinHOE ABIfeTcA NPHCYTCTBHE “QYHKIH-
OHAJBHBIX MOJIyAeH” B COJOMOpPMHOH KIacCHPHKANHE: MHO)Kec'ILBo roJio-
MophHO HEIKBHBAIEHTHHIX Tap [OIOMOP(HBIX FHIEPIOBEPXHOCTEH BHYTPH
gaHREOro Kiracca C'°°-3KBABaJeHTHOCTH Nap napaMeTpH3yeTCH 6eCcKOHeYHO-
MepHBIM IPOCTPAHCTBOM COJOMOPGHBIX (pyn_xuml, KOTOpBIe MOXKHO HHBa-
PHAHTHO CBAJATH C NapaMHy.
MHI BepHEMcA K KAacCHPHKAIUH dTHX Dap B IaBe 7.

Yopaxnaenne 1. [Joanvin @aczom B BeKTOPHOM NPOCTPaHCTBe V Ha3bI-
BaeTCA MOCHeJOBaTeAbHOCTh BEKTOPHKIX HoanpocTpalcTB Vo C Vi C ... C
CVn =V, dimV;=1i. PackraccuduuapyiiTe dpaarn B CHMOJEKTHIECKOM
BeKTOPHOM IPOCTPAHCTBE Vi, ¢ TOYHOCTHIO 4O THHEHHOTO CHMIIEKTOMOP-
dHuaMa.

Ykazanme. Cnpoexrupyite Vo,_1 B €ro NpocTpaHCTBO XapaKTePHCTHK
Byp_2 ¥ IpOLOMKAUTE NO HHAYKUHH.

OtTBeT. Yucio He3KBUBaAJEHTHHIX (PIaroB PaBHO
2n-D!"=1-3-5-...-(2n —1).
Kax bl ¢paar IKBHBaJEHTEH KOOpJHRATHOMY daary
{V; = span(e1,...,e)},

rae (e1,...,e3,) — NepecTaHoBka 6aguca Jap6y (8/0p,...,0/0¢s). Maa
HepeyYncJeHHs NpeJcTaBATeNed NOMECTHTE Py B J€BYIO NO3HIHUIO, g1 B CBO-
6oaHyio (1:06y10) NO3ULHIO, P2 B 1€BYIO CBOGOIHYIO NO3HLHIO, g2 B CBOGOA-
Hyio (1106y10) NO3MUKIO, B T. 4. THNAYHHIA (Aar cOOTBETCTBYET NOPAIAKY
(P1,q1,-.-,Pn, qa). KopasmMepHOCTH MHOXKECTBa qma.r‘oxa,u SKBHBAJIEHTHHIX
HEKOTOpOMY NpeACTaBATENI0, PAaBHA YHCIY TPaHCIO3ZHIAH COOTBETCTBYIO-
el HepecTaHOBKH.
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IIpumep. Tpr THoa draros B R* mpegcrasamu HOC/IEe[OBATENbHOCTAMHE

PiiP292,  P1P2q192,  P1P2g24h-

KopaamepHocTH, cooTBeTCTBeHHO, paBHEI 0,1,2.

3amexanme. CyMMa siflep orpaHteHNH CHMILIEKTHYECKOH CTPYKTYphI Ha
DPOCTPaHCTBa NONHOIO (hlara BCerja ABIAETCA NarPaHKeBRIM 0 ANPOCT-
pancTBoM (M.Bepus, [21)).

Yupaxnenne 2. ([loanui) ¢aar IOJMHOTr006pasil MHoroo6pasma M
€CTh Mocie oBaTeNbHOCTD NOAMHOr006pasnit Mo C My C...C My = M ,
dim M; = i. ®Pnar IOIMHOr0O6Pa3Hil CHMILIEKTHYECKOTO NPOCTPAHCTBA
HAa3RIBACTCA (PAG20M NOCTMOANHOZO Panza, eCAH PAHT OFPaHAYEHHA CHM-
IIIEKTHYECKOH CTPYKTYPHI Ha 1io6oe M; mocTosHen Broms M;.

Packaaccudnunpyiire pocrkn daaros HOJMHOr0o6pa3uii IOCTOAHHOTO

PaHra B CHMIUIGKTHIECKOM MHOT'00GDPa3Hy ¢ TOYHOCTHIO [0 CHMILIEKTOMOP-
dusmMa.

Ykasanume. CnpoexTapyiite Ms,_; B ero HPOCTPaHCTBO XAPaKTEPHCTHK
Bon—2 ¥ HcmombayiiTe HaBecTHy® (mO HHIYKIMA) CTPYKTYPY NOCHeIHEro
ARLA TOrO, YTOGHI IPHBECTH K HOPMAJIbHOH (opMe CHTYALHIO BHYTPH My,
(BKAIOYas OrpaHHYeHAE CHMILIEKTHYECKON CTPYKTYPHI). 3aTeM ACHONBb3Yii-

Te TeopeMy ['MBeHTals AAf TOro, YTOGH NPHBECTH K HOpMaJbHOH ¢opMe
Ms, 1 B M.

OrBeT. PocTok drara NocToSHHOIO paHra SKBHBAJICHTEH durary BekTOp-
HELIX IPOCTPaHCTB B CHMIJIEKTHYeCKOM BEeKTOPHOM npocTpancTpe. Ciego-

BATeNbHO YACIO HEOKBHBAIEHTHHIX POCTKOB B CHMILIEKTHIECKOM 271-MHOTO-
06pasny paBHO (21 — 1)!1.

1.3. JlarpanxeBn MHoroo6pasui, paccjioeHnus,
oTobpakeHua u oco6eHHOCTH

Onpegenenne 1. Jlazpancesvin nodmnoz006pazuesm CHMILIEKTHIECKOT'O
MHOr00Gpasus HadhIBaeTCA NOAMHOro0Gpasne HamGOIbIIeH pa3MepHOCTH,
OTPaHHYeHHE CHMIIEKTHIECKOH CTPYKTYPH Ha KOTOpOe PaBHO HYIIO.

(Ero pasMepHOCTh paBHa TONOBHHE Pa3MepHOCTH CHMILIEKTHYECKOT'o
MHOroo6pasHus.)
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IIpamep 1. Ilrockocts p =0 B R?", cua6xxénnoM koopjunaraMu Jap6y,
gBIAETCA JarpaHXkeBhIM HoAMHOroo6pasneM. Bce narpamxkess DogMHOrO-
06pa3is JaHHOH Pa3MEepPHOCTH JOKaJIbHO CHMIIEKTOMODPOHDI (mo Teopeme
[peHTad), H, CIeJOBATENbHO, KX I0€ U3 HAX JOKAJIbHO ONPejeleHO ypaB-
merneM p = 0 B HEKOTODHIX KoopauHaTax [Hap6y.

IIpamep 2. Popmyrap = ds, Lle s — HEKOTOPAA rMafkad GYHKUAA Ha Vv,
onpegendeT narpamxepo cevenne T*V. Hanpumep, Hyrepoe cetenne Koka-
CaTeNbHOT'O PAcC]OeHHA ABAACTCSA JaLpPaHXKeBHM NoiMHorooGpasnem. He-
KOTOpasA OKPECTHOCTb JarpaHiKeBa NOJMHOr000pa3nd CHMILIEKTOMOP(dHA
OKPEeCTHOCTH HY/I€BOT'O CeIeHHS €ro KOKacaTelbHOTO PacCloeHHd (oTo0 Cie-
IyeT #3 TeopeMul BelHcTelHa, cM. §1.2).

IIpamep 3. CioH KoKacaTelbHOTO PacCIOCHHA ABIAIOTCA JarPaHiKeBHIMH
HOANPOCTPaHCTBaMH.

Hprmep 4. Ilycte I' — mogMuOroo6pasue eBKIHJ0Ba npocTrpaHcTBa R™
(I' MoxkeT GHITH CHIEPHOBEPXHOCTHIO, TO4YKOH, KPHBOH,...). MHaXkecTBo
OpHEHTHPOBAHHHX HopMaJeid K ' ABIfeTcs KarpaHXKeBHM no,maor*ooﬁp:—
adeM CHMILIEKTHYECKOT'O IPOCTPAaHCTBA OPHEHTHPOBaHHEIX NpAMEX B R™.

IIpraMmep 5. MHoXXecTBO MHOTOYI€HOB CTeleHH 2m C eIHHHYHHM CTap-
WAM ko3 dUIHEeHTOM ¥ XelAlAXCA Ha ™ ABJAETCA JarpaHXKeBhIM IOJ-
HPOCTPAHCTBOM.

3aMeuanre. DMIHApHYecKoe NpaBHIo BedHCTelHa I1acAT: B CAMIIEKTH-
YecKOH T'€OMETPHH 410601 BayKHBEIH OGBEKT ABIAETCA JaCpAHXXEBHIM IOJ-
MHoroo6pasneM (HanpuMep, ypaBHeHHA ['aMHIbTOHa H CHMIIEKTOMOPDHS-
MBI MOTYT GBITh ONHCAHE KaK JarpaHiKeBH MHO[OOGPasni).

Onpegenenne 2. Jlazpanocesbin paccaoentiem CHMIIEKTHIECKOO MHO-
roo6pasfs Ha3HBAETCA paccioeHHe C JarDaHXeBhIMHA CIOAMH.

Hpamep 1. R™ — R", (¢,p) ~ ¢

IIpumep 2. KokacaTenbHoe paccioeHne Haj IaJKuM MHOr0oGpasueM sB-
JfieTCcH JarpaHXKeBLIM paccioeHHeM (1arpaHxKeBRIM paccioeHdeM (pasoBoro

IPOCTPAaHCTBa HajJ Waunonnum).

Tlpamep 3. [loeTaBuM B COOTBETCTBHE KaXX[OH OPHEHTHPOBAHHOU NpA-
MOH B eBKJIHZOBOM NPOCTPAHCTBE €6 efHEHYHEI BekTop. TaknM o6pasoM
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MBI IOy 9AM OTOGpaXKeHHe CHMILIEKTHYeCKOT'o MHOT006pasns OPHEHTHpO-
BaHHBIX IPAMBIX B €BKIHJOBOM IPOCTPAHCTBE Ha €JHHHIHYIO Cdepy.

ITo 0TOGpaXKeHHe ABIAETCA JarPAHXKEBRIM PacCIOeHHEM (B cymmuocTH
OHO COBNAJAET C MPOEKLHEH KOKacaTelbHOrO PacCioeHHs cdeph, enH-
CTBEHHOE OTIH'YAe — DHAK CHMIUIEKTHIECKOH CTPYKTYpHI).

Teopema. Bce aazpanaicesvi paccaoenus (Puxcuposannod pasmeprocmu)
AOKAALHO IKEUBALENMHBL (MO ecb 6 nodTOIUUT K00PIUHAMAT Hap6y
#1060¢€ u3 Huz onpedeaeno Fopmyaanu npusepa 1 6 Hexomopotl oxpecmmo-
cmu w0601 mouru npocmpancmea paccaoenus).

HAokazareascrso. Ilycts 7 : E™ - B» — JarpaH:KeBo pacCloeHHe H
f:B" = R — dyukunsa. [logaumeM f go dymknmn F = fr:E™ 5 Ru
PacCMOTPHM I'aMHIbTOHOB HOTOK g%, onpeJen8HHLIH NraMHILTOHOBBIM BeK-
TOpPHEIM noneM Vp (onpegensemuiM Tak: w(Vir,€) = dF(¢) pas mo6oro
BekTopa £ € TE, rje w ABIAETCA CHMILIEKTH 1eCKOH CTPYKTYPO#l MHOrO-
o6pasuq F).

Jlemma. Bexmopnoe noae Vi sepmuraasno (xacaemes caoés), u nomo-
®, nocmpoennvie no pa3nvim Pynxyusm f u g na 6a3e, xoMMyMuUPYIOM.

Hokazarenecrso. dF(£) = 0 gna Beex BepTHKanbHREIX €. ChaegoBaTenn-
#0, VF KOCOOPTOrOHaleH KacaTelbHOMY NPOCTPaHCTBY K ciok. Ho 5To
IMHefiHOe NPOCTPAHCTBO J1arPaHKeBo, CleOBATENbHO COBIAAET CO CBOHM
KOCOPTOI'OHAJBHLIM JomonHeHAeM. TakuM o6pasoM Vp DpHHALIEKHAT 3TO-
MY BePTHKAJbHOMY JarPaHXKeBy IPOCTPaHCTBY.

KommyTaTHBHOCTL oueBHAHA, Tak kak ckoGkm Ilyaccoma (F,G) =
=w(Vp,Vg) =0 gna F = fr, G = gr.

Mlag TOro, YTOGH! BHIBECTH TeOopeMy H3 JeMMbI, BHIGEpeM NOKATbHEE
KOODJAWHATH fi, ..., f, Ha 6ale W JoKalbHOE JarpaHiKeBo cedeHHe s : B —
— E, mpoxogsmee depes gamnyo Touky E. Ilycrs F; = firm: E-5 Rz
g{ — cooTercTByIOmuAi noTOK. Touka ¢ koopaunaTami Jap6y (p, q) ecTs

917 ...g,Ps(b), rge b — TouKa 6a3H ¢ KOOpIHHATAMHE fi(b) = ¢;.

3ameganne. CioH 11060r0 Tarpan:KeBa PacCIOeHHA KMeIOT €CTeCTBeHHY O
aPUHHYI0 CTPYKTYpPY: CIBATCH OIpeleleHn OOTOKaMH, NOPOXKAEHHBIMH
¢yaknaamua [aMrIbTOHA, IOAHATEHIME ¢ 6a3kl.

IIpumep 4. IIycTs HHTerpEpyemad mo JIEyBHIIIO cHCTEMa ¢ HHTerpaJa-
mu I,. .., I, AMeeT KoMIaKTHOe, peryispHOe HHTerpalbHOe N-TNOAMHOTO-
o6pasue Iy = C,...,I, = Cp, (Ii,I;) = 0. B mexoTopoil oKpeCTHOCTH
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sTOro MEOr006padnsa oTo6paxenue | ABIAETCSA JarPaHKeBHIM PacCIoeHH-
em. CleJoBaTelbHO HHBaPHAHTHLIE TOPH HETErPHPYEMBIX CHCTeM 06pasy-
0T JarpaHXeBhl PacCIOeHHd.

Ad¢duHHAA CTPYKTYPa Ha CIOAX ABIAETCA [IAaBHRIM HHI'PEJHEHTOM B
KOHCTPYKIHH NepeMeHHHX JeACTBHE—yTroJ NJIA HHTer pHPYyeMEIX CHCTEM.

Onpegenenne 3 (agzpandicessi omobpadxcenus). PaccMOTPEM BIOXeHHOE
JarpaHXeBo NOJAMHOrooGpasHe L B HPOCTPaHCTBe JIarpaHXeBa paccioe-
gugs E —+ B. Ilpoekuna L B B HasmBaeTcd AAZPANACESLLM omobpa-
acenuem. TakuM o6pa3oM, JarpaHxkeBo oToGpakeHHe - TPOHKa L, —
«y E —= B, rge iepad cTpeika fABIfAEeTCH JaIpaHXeBoH HMMepcHed, a
npaBad — AarpaHKeBhIM paccloenneM (puc. 13).

Puc. 13. JlarpasxeBo
oTob6paxenHe
H er'c KaycTHKa

Jazpanacesoti Ixeusasenmuocmbvio IBYX o'roﬁpa.xcenuﬁu Ha3kIBaeTCA
CHMIAEKTOMOP®H3M TOTAJIbHOIO IPOCTPAHCTBA, NEePEBOAAIIAHN CIOH IIePBO-
ro 1arpaHyXKeBa PaccjioeHHA B CJOH BTOPOro H NepBYIO JarpaH:keBy HMMep-
cHio BO BTOpylo. TakuM o6pa3oM, JarpaHKeBa YKBHBaJEHTHOCTb ABIAETCH
KOMMyTaTHBHOH (3 X 2) gHarpaMMoi; rje CTPOKM — JaHHHE JarpaHie-
BhI OTOGPaXKeHH A, BePTHKAJIbHEIE CTPelKH — AH(GeOMOpDHIMEL, CPeAHAA
CTpeika — CHMIJAEKTOMOD(DHIM.

MHoecTBO KPHTHYECKAX IHAYCHHH JarpaHxepBa OTOGDaXKeHHA HA3hI-
BaeTcd ero xaycmuxot. KaycTUKH dKBHBaJIEHTHBIX oTo6paxkenui guddeo-

MOpQHKI.

Iipamep 1 (2paduenmuoe omobpadcenue). q— p = 05/3q. Jlarpankeso
nogMHoroo6pasne L fpidercs rpadukoM TOro OTOGpaKeHHd; 3hech Ja-
TPaHXeBO paccloeHHe — KOKacaTelbHOe paccloeHue (g,p) — g.
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IIpamep 2 (nopmaavroe omobpadcenue). ConocTaBHM KaKAOMY BEKTOPY
HOpMaJy K HOAMHOT00GDa3HIO ero KoHe4Hyw TodKy. [lonyumsiieecs oro-
GpakeHHe — KarpaHxeBo (IarpaHxkeBo NogMHoroo6pasue L B T*R™ o6pa-
30BaHO l-popmaMu (n,.) B KOHEYHBHIX TOYKAX HOPMAJAbHEIX BEKTO-
poB n).

KaycTunka dToro oto6pakenns saferca orubaolleil ceMeiicTBa HOpMa-
Jel K HCXOAHOMY NOJMHOT006pasnio. ([1s rHNepIOBEPXHOCTH KayCTHKA
TaKXKe HA3HIBACTCH (POKALLNOIM MHONCECTI60M THIIEPIIOBEPXHOCTH. )

Ilpamep 3 (omobpancenue aycca). DTo oTobpaxkenne TPaHCBePCalbHO
OPHEHTHPOBAHHOH T'HIEPIOBEPXHOCTH €BKJHIOBA IPOCTPAHCTBA B €ARHAY-
HYI0 cepy, oTHpaBifiOlllee TOYKY HIEPIOBEPXHOCTH B eIHHHIHYIO HOp-
Majb K MHIEPIOBEPXHOCTH B 3TOH TOYKE.

Oto6paxenne Iaycca narpamxeso. Jlarpanxeso HoAMHOroo6pasne
CHMIIEKTHIECKOTO MHOT'006pa3ifd OPHEHTHPOBAHHKIX NPAMBIX B €BKIHAO-
BOM DIPOCTPAHCTBe 00pa3oBaHO HOPMAAAMHE K THIEPIOBEPXHOCTH.

OTH TPH IpHMePa MOTHBHPOBAIH (B 1966 r.) cosxaEHe TeopHH Ja-
TPaHXeBHIX OCOGEHHOCTeH 10 aHAJOTHH ¢ o6med TeopHell ocoGeHHoCTei
Yuran-Toma-Mesepa.

Onpeaenenne 4 (uazpanscesnt ocobennocmu). Jlazpanicesa ocoben-
HOCTb €CTh POCTOK JarpaHXKeBa oToOpaskeHHA, pacCMaTPHBaeMBbIR ¢ TOY-
HOCTBIO JO /alPaHKeBOH SKBHBaJNeHTHOCTH.

BaxXHbIM QH3HIECKHM ABIEHHEM, B KOTOPOM BCTPEYAIOTCA JarpaHXKeBb
OCOGEHHOCTH, ABIAIOTCH CBETOBRIE KAYCTHKH.

[ycts F(z,q) o6o3nadaeT onTHIECKOE PACCTOAHAE OT TOYKH T (xore-
PEHTHOr0) HCTOYHHKA CBETA HAa FIaJKOM MHOIOOGDA3UH 4O TOYKH q MHO-
roo6pasusd Habnogenns. a3kl BoIH Ha MHOr006pa3NH HAGIIOJCHAS onpe-
JeeHHl (COrnacHo NPHHIHENY CTAHOHAPHOM daser PpeHend) narpanikeBbM
MHOTrooG6pa3neM (puc. 14)

aF oF

CemeiicTBo F dyHKUHE NepeMeHHOH z, 3aBHCALIAX OT napaMeTpoOB g,
Ha3BIBACTCA NPOU3EO0SUUM CEMETCTNE0M ITOTO NaT PAHKEeBa NOLMHOI006-
pasud (# ero narpaHiesa oToOpaxceHud (g,p) — ¢ Ha MHOroo6pasme Ha-
6o feHn).

KaycTuku Takux JarpaHXeBRIX OTO6paxKeHHH — DTO MecTa, r'je Ap-
KocTb cBeTa 60Jbliie OGHIIHOMH.

Puc. 14. Jlarpanxepa KpHBas,
. o 3
HOPOXAEHHAA CeMEHCTBOM I — ¢T

noaoodp;;;,e
P=Yg

Hpumep (cu. [2]). Jlarpanikess oco6eHHOCTH THNHYHRIX JarpPaHiKeBHX
0TO6paKkeHHi MHOI006pa3uil pa3MepHOCTH 1t < 3, C TOYHOCTBIO [0 arpaH-
JKeBOi SKBUBAJIEHTHOCTH, COAEDXKATCA B CIEIYIOIEM CNUCKE AAZPAHHCESHIT
ocobennocmetl, opeIeJEHHHX NPOH3BONAMIMME ceMeHcTBaMu i < n + 1):

A, F=Hztt gzt~ o 4 g3

D,: F= zizg + $‘2‘_1 + q1$‘2‘—2 + .ot quoaza+ gu171;

Es: F=ad+ 244+ qz123 + 22172 + ¢3%5 + qu21 + g5%2;
Er: F =13+ 2153 + qefas + qat + @a2122 + 2] + ¢571 + ge%3;
Eg: F =23+ 23 + q12123 + 22123 + ¢373 + quz122 + ¢523 + g1 + 9722

Bce ocoGerrocTu A, D, E, oupeferéHHbe 3TAMH IPOH3BOJAIUAMA Ce-
MelicTBaMH (14 NPOU3BOABHOTO f), YCTOKIHBLI M NPOCTHI (H(_e HMEIT MO-
nyneit). Tlpocreimue oco6enHocTH Ay (cknagka) u Az (c60pKka) ABHEIM
06pa30M 3aJafoTCi npoekunedl (g, p) > ¢ JarpaHKeBRX MHOTOOGPa3HK

Ay g1 =F3%p =
A3: @ =F42% - 2eq,p =2, ;2= <.

O6e cknagkn (F B Az) NarpaHikeBo SKBHBAJCHTHHI, B OTIAYME OT 1a-
rpaHXeBhX c60pok (F B Az).

TakuM o06pa3oM, THNHIHEE TarpaHXKeBhl 2-IOBEPXHOCTH B pa3oBoM 4-
OPOCTpPAHCTBe ONpeJerfloT, IpH NPOEKOUA Ha KOHPHTYPANHOHHYIO
2-II0CKOCTB, Te JKe 0COGeHHOCTH YHTHH, 9TO M THIHYHBHE (He JarpaHiKe-
BEI) 2-IOBepXHOCTH (C TOYHOCTBIO Jo AE(bdeoMopduaMa). ITo He OYeBH/-
HO anpuopu, TaK Kak JarPaHXKeBhl OTOGpaXKeHHA JOCTATOYHO CHEHHANBHEL.
W geiicTBETenbHO, B GOIBMIMX PA3MEPHOCTAX €CTh OTAHYHA MeXAY THIAY-
HEIMH JarpaHXXeBhIMH H OGIMMA OTOGPaKeHHAMHA: HEKOTOPhI€ THIUIHAHIE
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O6llHe OCOGEHHOCTH He BCTPEYalOTCA B CHMCKE THIHYHAIX JarpaHXKeBhIX
OCOGEHHOCTEH, B TO BPeMf KaK HEKOTODBIE THIHYHbBIE JarpaHXeBH OCO-

GeHHOCTH He ABIAIOTCA THONIHKIME N4 (me JarpaHXeBHX) o6LIEX ocobeH-
HOCTeH.

IIpamep 1. Tunmusas OJHOMepHad KayCTHKa HMeeT (IOMHMo caMollepe-
CeveHHH) TONbKO NONYKYGH YecKie TOYKH Bo3BpaTa (ocoGeHHoCTH A3). Tu-
IHHaA ABYMEPHad KayCTHKa EMeeT (NOMHMO caMollepeceieHHil) TOoibKo
AACTOYKHHE XBOCTH (A4), mupamunsl (Dy) B xowenskn (D}), puc. 15
(9tr D ocobennoctn P.Tomom B (22] 6bian HasBaHH “OMGHIMYECKEME
OCOGeHHOCTAMH”, TaK KaK OHH CBA3AHE C OMGHANYECKUMH TOYKaMH# Ha
2-TOBEPXHOCTAX B €BKAHLOBOM 3-NPOCTPAHCTBE; OHHM ABIAIOTCA OCOGEHHO
CTAME OKAJBHHIX MHOXECTB [OBEPXHOCTe. )

‘ Puc. 15. Tunw4ynanie
O

0COGeHHOCTH KayCTHK
B TPEXMEPHOM IPOCTPAHCTBE

IIpamep 2. Tayccoso oTo6paxeHHe THNHYHOH NOBEPXHOCTH B €BKJIH J[O-
BOM 3-DPOCTPAHCTBE HMEeT TOAbKO ckaadxu (Aj) (B THDEYHBIX ToYkax
NapaGonHIecKol JHHHEE) H c60pxu (A3) (B H3ONPOBAHHBIX TOYKAX napa-
6O.MYeCKoll THHEH, B KOTOPHX aCHMITOTHYECKO® HANPABICHHE KacaeTCh
oToil nuumK). Bonee nogpo6HO 5TO H3NOKEHO B [23]-[26]

THIHYHEE TarpaHXKeBH 0Co6eHHOCTH 0To6paxkeHHH IPOCTPAHCTB pas-
MEpHOCTH n > 5 HMEIOT MOAYIR (HelpepLBHbIC HHBAPHAHTHI JarpaHkeBoi
OKBHBAJIEHTHOCTH), A GOJbIUMX PadMepHOCTEl MofBAAIOTCA naxke GYyHK-
llHoRanbHEIe Moxynd. HecMoTps Ha 5T TpyamocTH, Haiigena KlaccHdrKka-
ILUA, C TOYHOCTBIO /0 NArPaHXeBOH 5KBHBAJEHTHOCTH, THIHYHBIX JarpaHl-
KeBLIX ocobernocTel A4 n < 10 (cm. [27]-[29]). CooTpercTaytomue HOP-
MaJbHEE QOPMBI COAEPIKAT NPOHIBONbHEIE NaPaMETPH (Mogynn) u dbynk-
unH (GyEKUHOHANBHEIE MOXYH).

ITa KIaCCHQEKANAA TOHbIIE, YeM TONOoIOrHIecKas KIacCHHKaUKA (c
TOYHOCTBIO N0 roMeoMopgusma). MH3BecTHO, YTo YHCIO TONONOCHYECKH
Pa3MHYHBIX THIOB JarPaHkKeBHX 0COGEHHOCTEH THNHYHBIX IarPaHiKeBIX
OTOGPaKeHHH KOHETHO [JAA JI060H Pa3MepHOCTH n ([30], {31]). Oanaxo,
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LI N < 10 mpo6ieMma TONOJOrHYeCKOH KiaccHpUKAIMH TPYAHA, HECMO-
TpA Ha TO YTO [NajKad KIaCCHQHKANAA HIBECTHA. OCHOBHaA CJOXHOCTb
sak1i09aeTcA B TOM, YTOGH HaiTH 3HaYeHHA MOAYIH, HIA KOTOPHIX CO-
OTBETCTBYIOIUaf 0COGEHHOCTE TONOJIOIHYEeCKH HEIKBABAJIEHTHA OCOGEHHO-
CTAM, COOTBETCTBYIOIMM THNHYHHM GIH3KHM 3HAYEHUAM MOAYI4. Takne
HCKIIOUHTeNbHEIC 3HaYeHuA MoLynel cymec'rBylo'r, HO HX BRIYHMCIeHHe (ga-
ke B IPOCTEHIIKX CIyYadX) YPe3BEIIaiHO CIOXKHO. )

BepHéMcs K o6luedl TeopHH JarpaHxeBeX ocoGenHocTed. Jlobas ﬂf.—
rpaHieBa OCOGEHHOCTb MOXeT GHIThL onpejeleHa NPOH3BOAALINM ceMen-
crBoM F yHKIHH nepeMeHHOH Z, 3aBHCALUEM OT mapaMeTpoB ¢. (Taxoe
ceMeicTBO olpefenfieT rlajkoe JarpaHiKeBo MHOroo6pasue, eciu ypaBHe-
une 0F/dz = 0 yjoBaeTBOPAET YCIOBHAM TEOPEMHl O HEABHOH (YHKIHH;
5TO yCIOBHE TPAHCBEPCAIBLHOCTH BKIIOYAaETCA B ONPejeleHHe NPOU3BOJIA-
wero ceMéﬁc'rBa,.)

[lpa cemeHcTBa GYHKUXH HA3BIBAIOTCA R“‘—ansusa.aenmm:mu, ecJIIE Ka-
JKJoe M3 HAX MOXeT GhITh Hpeo6pa3oBaHO B Jpyroe me:.,qxon :aa.xlaeﬂon ne-
peMeHHRIX (raaKo 3aBHCAIEHl OT NapaMeTpoB), IMaKOH 3aMeHoH napame‘-
TPOB H NpHGABIeHAEM IIajkol QyHKIHH NapaMeTPoB; APyTHMHU CIOBaMH:

F(z,q) ~ F(X(z,9),Q(q) + ®(9).

Ba ceMeiicTBa (yHKUHE (BO3MOXHO C DadHBIM YHCJOM apryMeHTOB)
HasmBaloTCd cmabuavno Rt-oxeusauenmusimu, €CIH OHH CTaHOBATCH .
Rt-3KkBHBaJeHTHHIME Noc/]e NpHGaBAeHHA K HAM HeBHIPOXK ZeHHBIX KBagpa-
THYHEBIX (DOPM OT HOBHIX NEePEMEHHBIX.

TIpmmep. DyHKuEA €5 oZHOH NepeMeHHOH T CTabHAbHO SKBHBAJIEHTHA
GyHKIEH z° —y? JBYX NepeMeHHHX (Z,y), HO He ABJIATCA CTAGHIbHO DKBH-
BaJeHTHOH GYHKUHH Z°, paccMaTpHBaeMoil kak QYHKIHA Tex Xe IBYX ap-
r'yMeHTOB.

Teopema. Bce npouzsodswjue cemeticmsea aa2paniCceso 3n6u6a.aenmnﬁrc
ocobennocmeti aoxaavro cmabuavno R -sxeusavenmuvi. Cmabuasno R -
IKEUBAIENMHbIE NPOUIGOJAWYLUE CeMEUCTNEA ONPEJEARIOT AASPANICEEO IK-
SUBALENIIHBIE OTNOOPAICENHUR.

okasaTerbcTBo HMeeTCA, Hanpumep, B [2], [28]. )

TakuM 06pa3oM, KiacCHOHKaUA JarpaHXeBhIX 0COGeHHOCTEH (c Tou-
HOCTBIO O JarpaHXXeBOH JKBMBAJIEHTHOCTH) CBeJeHa K KraccHpHKalHH
POCTKOB ceMeRcTB QyHKIHH (c TOYHOCTBIO JO CTaGHALHOH R¥-3KBHBaJEHT-
HOCTH).
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Tagsa 1. Cumnaexmuuecxas zeomempus

HanpuMep, narpan:keBa ycTORYHBOCTL 03HAYAET 6€PCaVbHOCTS COOT-
BETCTBYIOIIEro CeMeiicTBa (cM. [28]).

X0opoWo H3BECTHAS UEPAPTUR KPUMUUECKUT MONex THALKAX QYHKIHH
(cM. [2]) BrewET 32 cO6oit HepapXHIO NarpaHsKeBbIX 0cOGeHHOCTeH, H T. J.

A Az Az Ay As

NONAN

7 As .

Zx\i,x§ N

Dg‘_ .
\E», Ej \ ..
F)

Xg)  (J10)

D4 D5

6

—_
—

2 TIIpmMeHeHHA TeOpHH
JarpaHXeBBIX oco6eHHOCTEH

MBI onHiIeM OATH NPHIOXKeHHH KIacCH(PHKALHH JarpaHXKeBhIX 0CoGeHHO-
creli: K MeTO[y CTallHoHapHOH (ashl (TO eCThb K TEOPHH HHTErpPaJoB Ghi-
cTPO OCHHAMHPYIOUWHX GYHKUEH), K BHYHCIEHHIO aCHMNTOTHK YHCIA (ue-
JOYACIEHHBX) TOYeK PelléToK B THOHYHEIX GONBINEX MajKHX 061acTAX, K
KOCMOJIOr'HYeCKOH TeOpHH KPYyNHOMACIITaGHOH CTPYKTYPH BceneHHOH # K
H3y4eHHIO NepecTPoeK ONTHIeCKHX KayYCTHK H yAapHBIX BOJH.

2.1. OcunuiLiupyloliide HHTerpaibl

KaycTurka JarpaHxkeBa oTo6paxkeHH MOXKeT GhITh ONHCaHA KaK MAOXECTBO
ToYeK ¢, B KOTOPHIX Clelylollluii HATErpak (oT 6BiCTPO OCHELIEPYIOWLEH
¢yHknEE) y6uBaeT (IPH yMeHbIICHHHN JAMHEL BOAHH h) MelleHEBee, 1eM B
THOHYHBIX TOYKaX §:

I(h,q) = /e‘F(”Q)/ha(x,q) dz.

BelnecTBeHHODHaYHaa GYHKIHA F mepeMeHHHIX £ W NapaMeTpPOB ¢ Hal3hI-
paeTcs Pasoti, GyHKUHA a Ha3RIBAETCA aunaumydot HHTErpala. JaBHCH-
MOCTbL HHTErpaja OT aMIUTYAH IHHedHa. B GolbIIHHCTBE CIy4aeB aM-
ATy 2 NpejnoiaraeTcd GECKOHEYHO IJIaJKOH H DaBHOHW HYJIO BHE HEKO-
Toporo koMnakTa. O6cyx1as acCAMITOTHKE HHTErPAJOB, Mbl HMeeM B BHAY
noBefeHHe COOTBETCTRYIOILEro JHHelHOro GyHKNHOHala OT GYHKIHHA aM-
maATyAel. TakuMm o6pa3oM, MoJ acHEMITOTHKOH HHTerpalia Mbl NOHHMaeM
€ro noBefeHHe AAf “CaMOM MIoXo#” aMIIIMTYAH (T. €. JAf TJaJKOH aMIIH-
Ty4H, Jalollleii HauGolee MeleRHoe YOLBaHNe HHTErPaka NpH h — oo), H,
clie[oBaTelbHO, A4 J060H THIHIHOH aMIUIKTY b

IIpocTefiEM NPAMEPOM OCHHIIHPYIOIEro HHTErpalia ABAAETCA uHmMe-
2paa dpenean [cos(z?/h) dz. HanGonpunit BKAa ] B TOT HHTErPaJ BHOCHT
MaJafi OKPECTHOCTh KPHTHYeCKOH TOYKH pasu F' = z? (puc. 16). Juamerp
HUeHTpadbHOro rop6a GyHKUIHH cos(:c2 /h) EMeeT mOpAXOK Vh. Cregopa-
TelbHO, caM HHTErpad yGhBaeT NoJo6HO hl/? (caepyioliiEe NONOKHTENbHEIE
H OTpHIaTeIbHEE FOP6E KOMIEHCHPYIOT APYr APYra).
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Tagea 1. Cumnaexmuyecxax zeomempus

Hanpumep, narpanxepa ycroi4nBocTh o3HadaeT 6epcawbnocms cooT-
BETCTBYIOIIEro ceMeiicTsa (cM. [28]).

X0poIlio H3BECTHAA UEPAPTUR KPUMUNECKUT MONEX [AALKAX bYHKIHH
(cM. [2]) BaewdéT 32 co6oii mepapxmio JarpaHXKeBRIX 0CoGeHHOCTeH, 0 T. 1.

A Az Az Ay As Ag Aq Ag

2 IIpmMeHeHHA TE€OPHH
JarpasxeBhIX 0oco6eHHOCTEHR

MH onmiueM NATh HPUIOKeHHH KAacCH(pHKANWA JarpaHXKeBHX 0CobGeHHO-
creli: K METOAY CTanHoHapHOHM (ashl (TO ecTh K TEODHH HHTErpaloB Ghl-
cTpO OCHHIIEDPYIOIAX (YHKIHUHA), K BEYHCICHHAIO aCHMITOTHK THCIA (me-
JOYACIEHHBIX) TOYeK PEUIéTOK B THOHYHKX GONBIIEX IMaJKHX 06IacTAX, K
KOCMOJOTHYECKOH TeODHH KPYyHNHOMAcIITaGHOH CTPYKTYphl BceleHHOH # K
H3yYeHHIO NEePeCTPOEK ONTHYIECKHX KaYCTHK H YAAPHEIX BOJH.

2.1. Ocpunrupyoue HHTerpaibl

KaycTHka JarpaHxeBa OTOGDaKeHAA MOXKeT GHITh ONHCAHA KaK MHOXKeCTBO
TOYeK ¢, B KOTODHIX CJAeLYIOUHHE HHTerpal (oT 6BICTPO OCHWILIUPYIOIEH
¢$yHKIAHR) yOHIBaET (opH yMeHbIICHHAH JAHHBI BOXHbI h) MelneHHee, 9eM B
THOHYHBIX TOYKaX ¢:

I(h,q) = [ ¢ ha(a,q) da.

BelllecTBeHHO3Ha4YHaA PYHKOHA F mepeMeHHBIX T M lapaMeTpOB ¢ Hal3hI-
BaeTcA Pasot, OYHKUAA a HA3HIBALTCA GMNumMydotl HHTerpald. 3aBHCH-
MOCTb HHTErpata oT aMIJATyAb J1HHeHHa. B GoJbIIHHCTBE CIyYaeB aM-
IIHTYa NpefuofaraeTci GeCKOHeYHO IJaJKOH H PaBHOH HYIIO BHe HEKO-
Toporo koMnakTa. O6cyX aaf aCHMOITOTHKH HHTECPAIOB, MBI HMeeM B BHIY
HOBefeHHe COOTBETCTBYIOWIEro JHHEHHOTo MYHKIHOHAAA OT QYHKIHMA aM-
miaTyssl. TakuM o6pasoM, HoJ acCHMIOTOTHKOM HHTerpaiia MH HOBAMaeM
ero nopefeHne A1A “caMoil IIOXoH” aMILIMTYAH (T. e. JId rIajKod aMIIE-
Ty B, falolleil Han6oNee MeIeHHOe yOLIBaHAEe HHTErpata NpH h — 0o), H,
CleJOBATEIbHO, JId N060H THIHIHOH aMITATY L.

TpocTediIMM NPAMEPOM OCHHIIHPYIOILEro HHTerpala ABAAETCA UHIRE-
2pas Dpeneas [ cos(z?/h) dz. HanGonbuni Bxial B STOT HHTErpai BHOCHT
MaJla OKpeCTHOCTb KPHTHYECKOH TOUKH (asnl F' = z? (puc. 16). JuameTp
neHTpadbHOro ropGa ¢ynkumn cos(z?/h) EMeeT mopajok Vh. Caepopa-
TeAbHO, caM HHTerpaJj yOrBaeT NoJo6HO h1/2 (cregyroline NONOKHTAbHEIE
H OTpHIATeNbHAEE FOpOhI KOMIEHCHPYIOT APYT ApYTra).
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3¢ Puc. 16. Ocuunnupyroumit ueTerpan dpenens
C MOpCOBCKo# ¢azon

3

Ml15 n He3aBUCHMEIX NePEMEHHHIX T; M [ HEBHIPOXK JCHHHX MOPCOECRUT
KPUMUNECKUT Movex $Ha3oBoR GyHKnuH (T. e. Korga det 32F/dz;0z; # 0
B KPHTHYECKHX TOYKaxX) HHTerpal y6nBaeT nojoGHo h™2. (Jas moka-
3aTeIbCTBAa HYXKHO JOKalbHO HpHBeCTH F' K cyMMe KBaJpaToB, a 3aTeM
HCIIOB30BaTh HHTerpan PpeHess.)

Kosdduguent npm R*? B acmMmTOTHKE NpONOpIHOHANEeH
| det(9%F/0z;0z;)|~1/? (3101 MuoxuTens noNyYaeTCa U3 AKOGHAHA 3aMEHEI
lepeMeHHBIX, NpuBojduled a3y k cyMMe KBajpaToB). Koren ge Bepgbe

- B [32] gokazan crefyiomyIo BepXHIOI OLEnKy Aif AHTErpajoB B TEPMHHAX
CYMMBI aCHMOTOTHK B KOMILIEKCHRIX MOPCOBCKMX KPHATHYECKHX TOYKAX IO-
JOMODpQHOH (ha3bi:

9F -1/2

< n/2 I .
[1] < Ch™% 3" |det P20z, ;

oTa OneHka BepHa B HEeKayCTHYeCKHX TOYKaX ¢ ¥ paBHOMepHa BHe HeKOTO-
PO#l OKPECTHOCTH KayCTHKH. DTOT Pe3yAbTaT OB LOKa3aH JA8 THIAYHBIX
$a30BEIX QYHKOHHA, 3aBHCAMIEX OT He Gojee deM IIeCTH napameTpos (¥
A18 $asoBHX QYHKIAH, AMEIOMAX TOALKO IPOCTHIE U napaboanieckue aa-
TpaHxeBH ocoGenHocTH). fI, ofiHako, He 3HAI0 KOHTpPIpPHMepa Aas 06IIEro
crydad (J18 THOAYHHX CeMeHCTB ¢ GOABIIAM YHCIOM napaMeTpoB).

B npuHaanexamei kaycTake Touke ¢ COOTBeTCTBYOMAA ¢azoBad pynk-
nua F(.,q) uMeeT, KaK GyHKOHA NepeMeHHOH z, BEIPOXKJeHHYI0 (HeMOpCoB-
CKYIO) KPHTHYeCKy10 To4ky. Jlis TaKoro ¢ HETerpal y6eIBaeT MejleHHee,
¥ nokasaTenb [((g) cTapilero YieHa acCAMITOTHYECKOTO PasloKeHHs

I(h,q) ~ CRFD 1Ry ..., Ko,

MeHbllle CBOer'o OORIYHOTO 3nadeHusd n/2.

llokazaTenn §(g) u y(g) Bo MHOrEX ClyYasx MOTYT GHITb HaiJeHBI C
noMourkio MHororpadenka Helorona gasosoit pyuknun (puc. 17). Paccmo-
TpuM piAj Teinopa dazoroi dyHKuME B KpATHYecKod Todke. Ilepenocs
KPATHYIECKYI0 TOYKY B HYAb, HOAYYEM DPAX F ~ 3 a,,2™ (3HadeHme ma-
PameTpa ¢ ¢pukcuposano). [lokasaTensr m NpHEAJIEKAT MOAOKHATEALHOMY

N
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oKTaHTy HeioducieHHod pemérku Z*. Hocumeaem (paga F) nasuiBaer-
¢ MHOXeCTBO TaKuX m, ITO COOTBETCTBYOIINA Koaucp(:pnunea'r Qm # O"
[IpucoefMHAM K KaXXJOH TOYKe HOCHTENH 3aMKHYTHH HeOTpHIATENbHEH
oxranT R7. [paHnna BHINyKAo#H 0GONOYKH NOMYIeHHOH TaKHM 06pa3oM
«pecTHEOBE” (T. €. 06befnHeHHA OkTaHTOB M + R} ) HasmBaeTcs Muozo-
epannuxom Hvomona (pasaoxeHns B paj) pyuknouu F.

|

Puc. 17. Muororpaunuk HeioTona t;t)
% ero MHgekc 3 = 1/t

3aMedaTeabHH# PakT, oTKpHTHE HbloTOHOM, COCTONT B TOM, YTO, OO
KpaHHeH Mepe /g THOHIHHIX 3HaYeHHH KOApDHIASHTOB, 60;7xbmnacmo TO-
IeAOTHYECKHX HIH JACKPETHHX MHBapHaHTOB KPATHYECKOH TOYKH He 3a-
BHCHT OT 3Ha4eHH# K0a¢d(PHUIHEHTOB PAja A He 3aBACHT OT YJeHOB, HaXO -
umxca BHe Muororpainka Helorona (amagiomerocs MHOTOMepHEM 0606~
[leHHeM TOpAAKa HYAA (PYHKIHMH OXHOU HepeMeHHOH).

I7oT o6 UPHHIHAN BeJET KO MHOTHM HHTepeCHBIM (popMyaaM, AaBad
3HaYeHNA TONOAOTHYECKHMX H JPYTHX JUCKPDEeTHHX HHBApHaHTOB 0COOeHHO-
creit (4uciaa XofAxka, CIEKTPH,. . .) B TePMAHAX MeOMeTPHH ef09YACICHHRIX
BHINYKJIKIX MHOTOMPaHHAKOB — MHororpaHunkoB HeioToHa. MHoro mHTe-
pecHEIX (pOpMya TaKoro Tuma cofepxkurca B [33]-[35]. MHTepecHo oTMe-
TUTh, 1TO 5Ta CBA3bL TONOJIOTHY 0COGEHHOCTEH € reOMeTpHed BHIYKIBIX Tel
noje3Ha B 06OHX HAaOpaBIACHHAX, TaK KaK OHa JaéT BO3MOXHOCTH HCIONb-
30BaTh CBA3H MeX [y HHBapHAHTAMH 0COOeHHOCTeH (A3BECTHHMH H3 TOHO-
IoTHH, aareGpaHvecKod I'eOMETpPHH H T. 4.) JAf HOAYYeHUA Tpe3BHTail-
HO HETPHBHAJABHHIX TeOpeM KOMOMHATODHKHA BHIOYKIBIX MHOTOTDaHHWKOB.
(Joxazatenncrso XosackuM ¥ [IpoXOPOBHIM OTCYTCTBHS [Pyl OTpaXKe-
HA¥ ¢ QyHIaMeHTaIbHO# 061acThi0 KOHeYHOro ofbeMa B HPOCTPAHCTBAX
Jlo6adeBCKOr0 pa3MepHOCTH, mpeBHuwalomei 995, — OJZ¥H H3 NPHMEpOB
HCHONB30BAHUA YTOH CBA3M.)

BepHéMcs K aCHMIOTOTHKaM OCOHANEpPylomux uHrerpaton. Cupaselnn-
Ba Cllefyfourad GopMyaa Jis oKa3aTeds [ cTapuwero 4ieHa (IpejIoXeHHad
aBTOpPOM B KadecTBe I'MIOTe3H ¥ AoKazaHHas A.H.Bapuenko).

PaccmoTpuM ToUKy (i,...,t) DepecedeHns MHororpanamka HeloToHa ¢
AHaroHaJbIO HONOKETEILHOTO OKTauTa. Mudexcom [ muozozpannuxa Hero-
Mona HasmBaeTcs BeludmHa 1/t.
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Ilpumep 1. Ungekc [ wMuororpansrka Helorona ¢yukgun Mopca
2} +...4 22 pasen n/2.

Hudexc v mmozozpannurxa Hoiomona ecTb, 0O oupefielieHRIO, pasMep-
HOCTb MHOXeCTBa ONOPHHIX MHIEPIVIOCKOCTed K DTOMY MHOrOIpaHHAKY B
Toike (t,...,t).

MHororpannuk HasuBaeTrcs dawéxus (OT Hyas), ecan t > 1.

Teopema (A.H.Bapdenko [33]). 1) Jas munuunod $asvi ¢ dannvim mno-
2ozpannuxomu Heromona noxasamenu B u -y 24668020 wAena ACUMNMOMUKY
pasnnl undexcam § u vy Muozoepannuxa Hoiomona npu yciosuu, wmo muo-

zozpannux daaéx (om nyas).
2) Ecau mnozozpannux ne daaéx, mo

B(munuunas dynxyus) > f(mnozoepannux).
3) Jas anasumunecxot dasni, 3asucswed om deyT nepemennsiz,
B(munuunas gyncyus) = B(mnozozpannux)

6 nodzodaujetl cucmeme aHaAUTIUNECKUT KoOpdunam.

B >To#l TeopeMe “HernnmyHme’ QYHKOME — 3TO (yHKODMH, i KO-
TOPHIX KO3(¢unnedTH Tednopa 1IeHOB, IpHHAJIKANIEX MHOTOTPaHHHKY
HbloTona, ynoBieTBOPAIOT HEKOTOPOMY HETPHBHAILHOMY alreGpamdecKo-
My ypaBHenuio. Ecaum MHororpanuuk janék (ot Hyas), To

B(F) < f(MHOrOrpaHHuK)

A8 4060t QYHKIHA C 9TEM MHOTOTPaHHHKOM.

AdpyraMu croBamu, ecau Muozozpannux Jaaéx om HyaR, MO OCYUAMU-
pyrovutd unmeepaa nuxozda ne ybuisaem bvicmpee, weM 3MO NPeINUCARO
ezo mnozozpannuxom Heromona, u ezo cmapwas wacms nowmu ecezda 6
MOUKOCTIU MAKAR, KAK MO NPEGNUCARO MHOSOZPAHHUKOM.

Ecin MHOrorpaHHEK He JaiéK, TO THOHYHHE HHTerpad yGLIBaeT He
MelJleHHee, 9eM 3TO OpefinAcago MEororpanankom Hrlotona. B sToMm cay-
dae TeOpeMa OCTaBilfieT BO3MOXHOCTH Goilee GLICTPOro y6nBaHHA. ITO
3HAYAT, ITO B 9TOM Cly4iae MHTerpal BeXeT ce6d KaK B CHTyalMH MeHee
BHPOX/eHHOH 0coGeHHoCcTH. OGbiCHEHAE COCTONT B TOM, ITO BHIPOXK JeH-
Hasd 0COGeHHOCTh, HpeJNHCaHHAA MHOPOIPaHHHKOM, MOXeT HMeTh 9HCTO
KOMIIEKCHY 0 OPHPOAY, He NPOABIAIOUIYIOCH B BelllecTBeHHOH o6aactn. Te-
opeMa Bapd9eHKO roBOpHT 0 TOM, 1TO Takoe “4HCTO KOMIJIeKCHOe ABIeHHE”
HEBO3MOXKHO, €CJI¥ MHOT'OTPanHUK NalékK.

§2.1. Ocysasupyrouste URMEZPaAb 35

BapieHKoO Hamén npuMep (a30BOM QYHKIHH, MIA Ko'r?pon ¥MeeT Me-
¢TO »TO “IHCTO KOMIIEKCHOE apaene” . COOTBEeTCTBYIOUIMHA MHOTOT' PaHHHK
HuloToHa B 5-IPOCTPaHCTBe He ABIAETCA JaJEKuAM:

f(mHororpanuk) = 29/18, B(F)=17/4>29/18

18 OTKPBITOTO MHOXeCTBa (Pa30BRIX YHKOHH, AMEIOIIUX TaKod MHOTO-
rpaniuk HploToHa. A uMeHHO, >TOT ¢eHOMeH BCTpedaeTcd I MHOTO-
rpaHHMKa HploToHa QyHKIAA

u2+z9+y9+z9+(u—(z2+z4+y2+z2))v-

Jlxa dynknnit n < 3 nepeMeHHBIX TakKo# NIpHMep HEBO3MOXEH, H YCIOBHe
ga muororpaiiak HbloToHa B IepBOM yTBEPXJEHHH TeOPeMH, Kacalollle-
ecs 3, MoxeT OHTH onymieHo (nugexc Y(F) MoxeT OHTL paBeH

v(MHorOrpaluuk) — 1

1 HEKOTOPHX (pa30BEIX (YHKIHA TPEX HepeMeHHBIX; OTH YHCIa PaBHH
raioke 418 ¢yHKnud F = zy oT ABYX HepeMeHHHIX). )

BepHéMcsa K OCHHANEPYIOIIAM HETErpalaM ¢ $a3ou F(z,q), 3aBucamen
oT mapaMeTpa ¢. [Jnj HeKayCTHYeCKHX 3Had9eHWH ¢ WHTErpal yOmIBaeT mo-
z06H0 h*/? upm h — 0, rfie n — 970 pasmepHocTs {z}. B THIMIHHX Heo-
COGHIX TOYKAX KayCTHKHA HHTerpal yOHBaeT MeleHHee, MOJ0GHO h7/2-1/6,

a1 3HadeHH# ¢, IPHHAJAEXKAMHAX 0COG0H JacTH KayCTHKH, HHTETr DAl
npu h — 0 y6nBaer emé MeneHHee. deM BHPOXJeHHee OCOGEHHOCTD, TEM
MejleHHee yOmBaHMe. B mpocTefllIMX ClIydadX HHTerpal MaXKOpHpyerci
(paBHOMEpHO IO ¢ B HEKOTOPOH OKPECTHOCTH JaHHOTO go) TAABHBIM 1JeHOM
CBoe#l acHMIOTOTHMKH B o HIH, OO KpaiHedl Mepe, olleHKOH ChP@D~¢ pns
moGoro € > 0.

Jaa n = dim{z} = 1 (¥ r1agKux aMOAHTYS @, PaBHHX HyllO BHe He-
KOTOpOr'0 KOMIAKTa) Takad paBHOMepHad omeHka (¢ € = 0) 6uaa Joka-
sana W.M.Buaorpagosum [37]. [Jas n = 2 3TOT peayabTaT OHA JOKa3aH
B.H.Kapnymkununm [38], [39].

Mas n = 3 BapyeHKo TOCTpOHA KOHTDIpDHMED; B STOM IpEMepe [3 He
ARIfETCA MOAYHENPEPHBHHIM, H, CIeJOBaTeIbHO, paBHOMeDHad OLEHKa He
AMeeT MecTa. A MMeHHO, JAf

242, 12 12 12
F=(ga}+zi+ 2] +23)° + 2" +23 + 123
B Touke ¢ = 0 HHJeKC “ckader”:

Q0| G

7
ﬂ(q<0)=§<
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OTa cATyanus (OTCyTCTBHE NOAYHENPEPHIBHOCTH) HEW36EXKHA B CeMedCT-
BaX, 3aBuCAmEX 0T [ > 73 napamerpos. Eciu wncio napameTpos mano, To
OLeHKa BLINONHAETCA B clydae obuiero monoxcenus (Hanpmmep, B.H.Kap-
UYWKHAH AOKa3anx 970 Aad | < 7). TovHoe 3HadeH®e I, 118 KOTOPOrO paBHO-
MepHad OneHKa BIepBHe He BHIONHAETCH, He H3BECTHO.

®.Pam B [40] B ABREY A rENOTE3Y O TOM, 1TO paBHOMepHaA OLeHKa HMe-
€T MeCTO IJIfl CeMEeHCTB ¢ IPON3BONBHHM THCIOM HaPaMeTPOB, €CIH TONBKO
U3MEHATE ONnpejeneHue ( Tak, YTO6H OPUHAMATbL BO BHEMaHHe KOMILIEKC-
Hble Hend (paccMaTpHBas MHTErpalsl, A1f KOTODHIX IIPHMEHHM MeToJ He-
PeBala, a He OCHHANApYIOIMe HHTerpainl). MepapXus sKCIOHEHIHALLHBIX
HHTErpajos ¢ MHOTHMH CIABAIOIAMHCA CeIOBEIMY TOYKaMH Ghlla H3yie-
Ha B.A.Bacnabesnm [41]. T'unoresa Pama cleyeT B3 KOPOTKO ONHCAHHOH
HHKe Gonee o6mwell TeopuH, pa3suToi A.H.Bapyenxo.

ACHMOTOTHYECKHE Da3]0XKeHHs HHTET paloB (c mpoM3BONLHEIME aMOAK-
TYAaM#l @ # neniM¥ HWHTerpupoBaHHA) HcmoabaoBaiuchk A.H.Bapuenko
([42]-[44]) ans onpegenenna cuewannviz cmpyxmyp Xodwca oco6eHHOCTEH.
Mlpyroe onpejenenne cMeluaHHbLIX CTPYKTYp X04Ka Io storo Beéx U.Crun-
OpuHK [45] (AHMCKpeTHLIe WHBADHAHTH — 9YHCIA Xomxa — B 06omx cry-
dadX coBllafialoT, HO ONpejeifeMHe UMH QUILTPANMH KOTOMOMOTHI CIOSB
Muuinopa pasamuan). U3 TeopHE cMelllaHHBIX cTpyKTyp Xomka 0coGeH-
HOCTeH BHTEKAaeT MHOTO BaXKHHIX Pe3y]bTaTOB. Cpefin >THX pe3yibTaTOB
— HoxazarenbCTB0 CTHHGpHHKOM B Bapuenko crapmx ramores o noay-
HEUPePEIBHOCTH CHeKTpa ocoberHocTn [46], [47], o nocToancree § Bxoab
CTpaTa u = const [48] u o cdnna,qeﬂnn MOJAJBbHOCTH M TaK Ha3BIBaeMOW
BHYTPeHHEH MOJaJbHOCTH KBasHOJZHOPOAHHX (YHKIHi [49].

Cwmenrannas cTpykTypa XomKa 0co6eHHOCTH HefBHO COLepKAT O6LuAp-
Hylo reoMeTpHiecKylo HHPOpPManmio; 3Ta WHpoOpManus, OAHaKO, XOpOLIo
cOpATaHa.

Paccmorpum mngexc [lyankape rpasHenTHOr0 BeKTOPHOTO HOAL Belle-
CTBEHHO3HAYHO# Tiajko#t QYyHKHHH OT 27 NepeMeHHHX B KPHTHYECKOH
TOYKe. JTOT HHJEKC MaXKOPHPYEeTCA CPeJHHM 4YHCIOM X0/Ka CMeIaHHOH
CTPYKTYpH XoZXKa, aCCONMMPOBAHHOH ¢ eANHAIHKIM COGCTBEHHHM 3Ha e
HH¥eM OIepaTOpa MOHOJZpOMEH [34],

lind| < AT™.

Cuemannas crpykTypa Xofxa NpefOCTABIfSET eCTECTREHHEH CIOCO6 Ol
pefieieHNs apryMeHTOB COGCTBEHHBIX 3Ha4eHHH ONEpPaTOpa MOHOPO-
mun, e2™P/9, Hanpumep, 1as ocoGennocreit Pama-Bpurckopua

fl)=2("+.. .+ 22
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cOeKTpOM fiBldgeTcid MHOXXeCTBO PalHOHAJBbHHNX THCEX

2=ﬂ_{_._,+-k—", 0<kj<a;, 1<j<n

q a Ay

(cero ux p = (a1 — 1) .o(an = 1)). ©

YcroBe HOIYHENPEPHBHOCTH CHeKTpa aHalor#ido npuimudy Duue-
pa-Penes~KypauTa, B COOTBETCTBHE C KOTOPHM JIMHK OCEH SJIANCORLR
pasJelieHH JIMHaMH Ocell 1106Or0 IEIEpIIOCKOrO HeHTPAlbHOrO CedeHns
5TOrO PAIHICORJa. PaccmMoTpuM ocoGeHHOCTE S, NPHMBIKAIOMYIO K HeKo-
ropoil JaHHO# (GoJ1ee BHIPOX JeHHOH) OCOGEHHOCTH S. Oéloaﬂatmxvi cml-:KTpLI
qepes oy < g < ... <@, g S H o gdgg...ga#", mas S' (W < p)
(06a CreKTpa CHAMMETPHYHH OTHOCHTEIbHO n/2). CpoficTBo mOIyHempe-
PHIBHOCTH COCTOHMT B BHIIONHEHHH HepaBeHCTB

!
o <ay,p<ay, ...,y <o,
Ecau p' = p — 1, To 3To DKBABAJEHTHO CBOHUCTBY Da3jeiMMOCTH

7
y<adi<m<ay<...<ay<La,

3ameuanne 1. Cuektp (BO3MOXHO HO-JPYyTrOMY OTMACIITa6HPOBaHHKIH)
MOXNCHO PAcCMaTpPUBATh KaK MHOXKeCTBO COGCTBEHHHX JacTOT OCHHANATOPa,
aCCONAMPOBAHHOIO ¢ OCOGEHHOCTBIO (MIM KBA3WKIACCHIECKOH aCHMITOTH-
KH 9aCTH cOeKTpa KBaHTOBOH CHCTEMH; 3Ta JacTh OTJeleHa OT GeCKOHed-
HOM 4YaCTH CHeKTpalbHOH JHPO#, Kak B ypasHennn Poxkepa—Ilranka Ha

3aMKHYTOM MHOr006pasun).
TaknuM 06pa3oM, MH MOXKEM PacCMaTpPHBaTh NONTYHelPEePHBHOCTL KakK

nposBJIeHHe HEKOTOPOH CHIPATAHHOH OCHMIAPYIOmeH CACTeMbl, 06pa30BaH-
HOH HCYE3alOIIMMH O¥KJIaMHA OCOGEHHOCTH.

3aMedaHue 2. JKcIepHMeHTAJbLHELIA MaTepual NOKa3hIBaeT, YTO NPAMHI-
Kalouae 0COGeHAOCTH KPHATHYECKAX TOYeK (QYHKUHHA HOPOXKJAEHBI NPHMHI-
KaHHAME KOpa3MepHocT# 1: Aas 11060 DapH OPEMBIKAIOIIAX OCOGEHHO-
creir S’ « S cymecrsyer nens

§=85 S5 ...«85 =8,

rae u(S;) — pu(Si-1) = 1. HemamecTHo, 0fHaKo, cupaBeJauBO JH 3TO KCIe-
PHMeHTAJbHOE NpaBuiIo B 06IeM clydae.

3ameuarne 3. MHorue nejble Yucia, aCCOGUMPOBAHHEE C 0COOEHHOCTDIO,
JOMXHBI Ma)KOPHPOBAaTLCA AHBApHAHTAMH CMEIIAHHHX CTPYKTYp XoXxka
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H/MI¥M YACJEHHHMH XapaKTepACTHKaM# MHOrorpaHHukoB Hpioroma. Ha-
NpHMepP, MOPCHPHKaOHA HEKOTOPOH JaHHOM OCOOGEHHOCTH HMeEIOT 4YHCIa
Mopca M; (ducra HeBHIpOXKAEHHHX KPHTHYECKHX TOYeK NPOH3BOABLHOTO
(HKCAPOBAHHOTO OTPHIATENLHOIO MHJEKCa HWHEPHHMH i BTOPOro Judde-
peHn®ana) u yucia BerTn b; (BelleCTBeHHKIX I'HIepIOBepPXHOCTEH YPOBHs).
MakcuMyMBI TakBX BeXHIHH Kak M;, Mo— My +. ..+ M;; b;, bo—b1+. ..+ b;
IO BCeM MOPCHOHKamUAM JaHHOH 0CO6eHHOCTH SBIAIOTCA BaXKHHIMH TOHO-
JAOTHIECKUMHA XapPaKTEePHCTAKAMHA OCOGEHHOCTH; HaXO)KJZeHHe HX TOYHHIX
TpaHedl ABIS€TCA CTapOll 3ajadell TeopHE OcoGeHHocTei [50].

Tewm He MeHee, faxe B IPOCTEHIUEX YaCTHHIX CIydadAX, TOMAMO HPAMBIX
0600meHnl XOPOLIO H3BECTHHX Pe3YAbTATOB, B BEIIECTBEHHOH alre6paH-
JecKo# reoMerpuu [51]-[53], maBecTHo 0vens meMHoroe. PaccMoTpum, Ha~
IpuMep, BellecTBeHHH A MHOTOYIeH crefieHd d OT JBYX mepeMeHHHIX. Jler-
KO BHJETh, ITO KOAMIeCTBO TOYeK MaKCEMyMa H MMHEMyMa, My + My, He
upeBocxoanT d2/2+40O(d), Ho He H3BECTHO KaK BeAAKa MOXET GHITh HX pas-
Hoctb My — M. [as mpomssegenus d MMEeHHHIX (YHKOIAN acHMOTOTHKA
Gbita Hadisena FO.Y9exanosryM B [54], upm >TOM HCHOAB3OBATACh ApH(Me-
THK2 3JIHOTAYECKAX KPHBHIX 1O MOJYJIO p; OTBeT TakoB: My/My < 2 u
A18 HEeKOTOPHIX KOHQUIypanmi npamux, Mo/M; > 2 — O(1/d) (cM. Tak-
xe [55]-[57]).

OnHo¥t 3 K1accHYecKux mpo6ieM TOro THNa (CBA3aHHOH C KOMIEKC-
HHMY 0COGeHHOCTAMH) fBAfeTCA 3ajada ONpefeieHAs MaKCAMAJILHOTO 9d-
Clla ¥ MOPCOBCKMX KPHTHIeCKHX TOYeK MHIEPHOBEpXHOCTH CTemeHH d OT 7
nepeMeHHHX. [laan =2, v = d(d—1)/2 (sro 4rcao gocturaercs aas d nps-
MHX). [a8 n = 3 MaKCEMalbHOe 9ACIO KOHHYECKHX MOPCOBCKHX OCOGBIX
TOYeK H3BeCTHO TOABLKO 1aa d < T:

d|1 2 3 4 5 6 7
v|0 1 4 16 31 66 90<»<108

[Ipamep YIMyroBa B [44], ocHOBaHHHE Ha MHorodieHax Ye6nména
f = X Ti(z:), socrasaser nmpu n = 3 onenky v > 3d%/8 + O(d?) s
9HCIa MOPCOBCKHX TodieK. U3 HepaseHcTsa Mnsoka [58] BurexaeT, 910 B
oToM caydae v < 4d3/9 + O(d?). Todusre KO3(ppHUIHEHTH BepXHel rpanH,
HAaCKOABKO f 3Halo, JO CHX HOp HeH3BecTHH (cM. [59], rae o6cyxjgaloTcs
TaKXe POACTBEeHHEIE HEPaBEHCTBA NJf HC]A COCYUIECTBYIOUINX HEMOPCOB-
CKHX OCOGeHHOCTeH ). :
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2.2. Toukm pelleToK

Mycrs G — xkoMnakTHad o6aacth B R™, orpanndennas riaajkoif runepmo-
BEPXHOCTBIO, AMelomas o6beM V. Hepes AG GyzeM 06o3Ha9aTh FOMOTETHY-
Hylo 0613cTh, Jepe3 N(A) — HHCIO TOYeK pelIETKH, cofepXammuxcd B AG.
PaccMOTPHM OCTaTOK B acHMOTOTHYeckod opmyae N(A) ~ A™V, A — oo:

R(\) = A"V — N(\).

CoppeMeHHad TeODHA JalPaHXXeBHX OCOGeHHOCTEH H OCHMINHPYIOUIMX HH-
TerpaioB OPHBOJAT K WHTePECHHIM COOTHOLICHHSM MeXJAy AuddepeHnn-
albHOH reoMeTpHell M TeopHedl ducel.

1°. fAcHo, aro |R(A)| < CA™~1, tak KaKk oCTaTOK MaXXOpHpyeTcs 9H-
CI0M To4YeK pelIéTKA B d-OKPeCTHOCTH I'paHAnH obaactd AG, rpe d ecthb
ZMaMeTp eJMHAYHOrO Ky6a, H MIOMAAb IMPaHANHN IPONOPHHOHATBHA A™~!
(puc. 18).

Puc. 18. Touku pemerxu
B pacTAruBaeMo o6iacTl

2°. OcTaTOK He MOXKeT GbITh MeHbllle YACIa TOYeK PElI&TKA Ha IDaHH-
me. B caMoM Jlene, IpOM3BOABHO Majoe M3MeHeHHe A BeJET K H3IMeHeHHIo
N(A) Ha 9ucao Toiek rpaHunu. ClefoBaTeNbHO, Jid HEKOTOPOTO LIapa C
neETpoM B Hyae, |R(A)| > CA™~? pas HekoTopHX (CKOABL yrofHO 60JABLIAX)
3HaYeHAH A.

[JeACTBATENLHO, DPACCMOTPHEM CIOH MeX Ly chepaMy PafuycOB I U T+ d.
Yncao TOYeK penIéTKHE B 3TOM IHapOBOM CIOe NpONopnuoHanbHO 1. HUg-
o cep, CoepKailluxX 3TH TOUKH, (T. e. YACHO NEABIX THCEe], HAXOAAMIAX-
ca Mexay 72 u (r + a)?) nponopnuosarbHo r. CaegoBaTeibHO, COracHO
“mprHn¥Mny AmEKoB” JHpuxie, cymecTByeT cepa, COJepikallad He MeHee
cr™? rovek pemrérkm. Cregosatensno |R(A)} > CA""? pna HekoTopHIX
(rpomaBoaBHO 60ABLINX) 3HAYEHHH A.

3°. Koner ge Bepgre B [32], ncnonssya Teopuio narpaHeBHX 0COGeH-
HOCTeH, Hallléi BePXHIO T'paHb

]R(A)l < C,>\n-2+2/(n+1)
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pasa obaactel (G, orpaiMdYeHHKX THOXYHHIMY THIEepPNOBepXHOCTAME B R™,
gpan < 7.

HewmspecTHo, cnpaBefidBa JH Ta OUEHKa B GOJBIINX Pa3MepHOCTHX.
IIpn » = 2 DokazaTelb B 9TOH OHeHKe — HAWMAYYIIHH; npn GOALLIMX N
HOKa3aTelb MOXeT GHITh MeHbllle, HO 3TO He JOKa3aHO JaXkKe B cIydae OO-
JNOXATEAbHOH KPUBUIHHL.

4°. Ocratok R MOXeT paccMaTpHBaThcs KaK CyMMa MHOTHX (~ A™~1)
cllaraeMbIX, ¢ HyJeBHIM CDeJHMM 3HadeHWeM (KaXXJoe cllaraeMoe coOTBeT-
CTBYeT KyOHM4eCKOM KJeTKe, NePeceKaeMOH TI'DaHWYHOH THOEPHOBEPXHO-
c'rb}o). Ecnn 6n1 oTn ciaraemuie 6buid 6l He3aBHCHMBME CIYIaHHERIMA
BeJHYHHaMH, Torga (IO 3aKOHaM TEeOpHH BEpOATHOCTel) cyMMa GBila GH
nponopnuoransaoi A*~1/2 (< A»=2 gpu n > 3).

Teopus AarpaH:KXeBHX 0OCOGeHHOCTeH JaéT HeKOTOpoe 060CHOBaHHe
.DTHM 3BPHCTHYECKHM PacCyXKICHHAM.

Teopema (A.H.Bapuenko [60]). Cpednee wxsadpamuunoe snauenue oc-
mamxa |R(A)|, yepednénnoe no inoscecmsy pewémox, noayuennns cosu-
20MU U BPAUYEHURMY U3 CTRAKIGPTHOY PEWEMKY, MAHCOPUPYETCA 6 €AUNU-
noti CA=1/2 gag 10601 obaacmu ¢ R™, ozpanuvennoti zaadwoil zunepno-
8€EPTHOCTIBIO.

Bunoykini aHalnTHiecKuH caydal 6611 m3yden Pougonom [61].

Nges xokazarenbcTBa NOX0XKa Ha HJAEI0 HOKA3aTelibCTBa YHATAPHOCTH
“KaHOHHYecKoro omeparopa” Maciosa: ¢asosaa ¢yHknus f(z) — (g, 2),
paccMaTpHBaeMad KakK (GYHKUHH# JBYX apryMeHTOB T ¥ ¢, HMeeT TOJABKO
MOPCOBCKHE KPHTHYECKHE TOYKH.

5°. Cpisb MeXXAy 3ajadel HOJCIYETa TOYEK PelIeTKA ¥ TeopHed ocHu.-
JUDYIOIMX HHTErPATIOB OCHOBAHA Ha TEOPUH KBaJPaTyPHHX GOpMYI.

Jas Toro 4To6sl OneHUTH OMIAGKY B KBaAPaTypHOU dopMyie fas dyH-
KIMA Ha TOpe, eCTeCTBEHHO CHadajla NPUMEHHUTH Ty (QOPMyly K rapMo-
H¥KaM (BOOCHeACTBHH NpelcTaBiad pyHKIHIO KaK JHHEMHYI0 KOMOHHANHAIO
rapMoHuK). [as rapMoHHK omuGKa MoXeT GHTh SBHO BEHYMCICHa: OHa
paBHa 0, 3a HCKII09eHAEM HEKOTOPHIX CHEHAILHLIX MapMOHEK ¢ 60JabIIAMHA
BOJHOBLIMHE BeKTOpaMd (nponopuuoHalbuMa A). ClefoBaTeibHO, OIIAOKA
3aBHUCHT, [MaBHKRM 06pa3oM, oT Kod(hdunaeaToB Pypoe ¢ STEMH 60abIIA-
MH BOJHOBHIMH BeKTODaM¥ XapaKTePHCTHIECKOH (yHKnu# MHOXeCTBa G
(dyukuuit, paBanx 1 BHyTpH G 1 0 BHe G B KyGe pelIéTKu).

I1¥ K03 PHIMEeHTH ABAAOTCA TaKXKe 3HaYeHMAMY OCHHATHPYIOMHUX HH-
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rerpaJoB BJOAb TPAaHHOH 06IaCTH (dasaMu 3THX HHTerpajoB ABJIAIOTCH
orpaHudeHHs Ha CPaHULY AMHEeHHHX QYHKOHE — (a3 rapMOHHEK).

TakuM 06pazoM OIIAEGKa MoXeT OHThL H3MepeHa B TePMAHAX OCHAJIIH-
pyIOWEX HHTErpaloB, KPHTHIECKHE TOYKH (ashi KOTOPHX OTPaXaloT me-
peruOsl M YIIOLIEHHA I'DAHHAIIKL. CnefoBaTelbHO OCOGEHHOCTH CHCTEM Y-
qell, OPTOrOHAAbHHIX PaHHlle, yIPaBAAlOT aCHMITOTHKaMHA YHCTa TOYeK
peméTKH B PacUnpSIOMHAXCA 06AACTAX.

OcraToK R(A) MoxeT 6HITE 3allicaH B BHJE

Bgzjfdz_zﬂ_;jﬁ, zezn, (1)

npeACTaBIAOMEM OMMGKY B KBaJAPaTypHOH (OpMyle C LIArOM 1/A, opm-
MeHSHHOM K XapaKTepucTH4Yeckol ¢ynknu® f o6ractu G. [as mpocToTh
npeANONoXKEM, ITo G J&XKHT B e[MHMIHOM KyGe H DepHOJHIECKH pacmpo-
cTpaHAM XapaKTepHCTHYecKylo QyHKnmio Ha Bcé R". Ilpesmonoxum rak-
e, 9T0 A — Hedoe (3TH OrPaHHYeHAS KO MOTYT GHITh CHATHI).

Jlas nepoxudeckod YHKOMH, HHTerpal B qopMyle (1) Gepérca mo
oxHOMY Ky6y (mepHoAy), a cyMMa — @o A™ caraeMEIM, COOTBETCTBYIOIIAM
TOYKaM TOro Ky6a (ApyrdMH CIOBaMH, Mbl HHTerpPHpPYeM 0O TOPY R™/Z"
¥ CyMMEpYeM 0O HOArpyNIe KOPHeH NOpAJKa A U3 eIMHNUH Ha 3TOM TOpe).

O603Ha9MM T'apMOHHMKH (XapaKTepH TOpa) depe3 ep = e2mik2) rre k
— T0YKa JBOHCTBEHHOH pemérkm Z™.

Mlpe f = e; omm6Ka KBaJApaTypPHOH (POpMYJXbl paBHa

(B-f)e-

las f c pagom Pypee ) frer Haxoxum

(F-)1=Tn

BonHOBHIE BEKTODH MapMOHHK CYMMHE KPaTHHL A H, CieHOBaTelbHO, BeINKH
mpu GoabmoM A (k| > A). Kpome roro, kospdunnenTn Pypbe fi paBHH
HHTerpajlaM 0O OepPHOLY:

1 ecam k € AZ™\ 0,
0 B OpoTHBHOM ClIy4Yae

k € AZ™\ 0.

fr = /f(z)e_%"(x’k) dz.

DKcOoHeHTa B 3TOM HHTerpaie 6HCTPO OCHUAAAPYeT HpH GOABLIIAX k. Ecan
f ABIfeTCHE XapaKTepHCTHYeCKOH (pyHKuneid obractu G, TO STOT HHTErpal
MOXeT OHTH Npeofpa3oBal K HHTErpaly no rpaHune, ¢ ¢pasod —2ri(x, k).
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BHpOXIeHHA KPATHIECKAX TOYeK OI'PaHUYeHHA DTOHl JAHeRHOH DYHKOHE
Ha T'PaHUIY OTBETCTBEHHH! 33 NOPAJOK BeiMIMHHI KO>(hOdHOueHTOB fi, H,
ClleOBaTENbHO, 32 NOPAJOK BEAMIHHHE ocTaTKa R(A).

KonedHo, pag @ypre xapaxrepacTadecko QYHKINA CXOAATCA MeLIeH-
Ho. CrefioBaTesbHO, BRIBOJ ONEHKH Jai R M3 omeHOK J1f KOodGhHIHEHTOR
Pypre TpefyeT HEKOTOPOrO CrVIaKMBaHUA XapaKTepUCTHIECKOH QyHKIAN
(Tax HasbIBaeMHil MeToj Bam gep Kopuyra). O geransix >Toil TexHukm
MOXHO y3HaTh B [32], [60], [61].

6°. YnomsHeM emé OAHy ONEHKY, CBA3AHHYIO C TOYKAMH peléToK H
HallIeHHYI0 KaK NOGOYHBIE NPOAYKT KIacCHpHKAmuH JIarPaHXeBBRIX 0CO-
6eHHOCTe#l ¢ HOMOWIBIO JuarpaMm HiloTona.

Teopema (I".Ougpioc [62], C.Cepacrbanos, C.Kouaruu [63]). Yucao sep-
WUK 6BINYKA020 MHO20Zpannuxa 6 R™, 06wém xomopozo pasen V, a sep-
WUHBL — Yeaouucaenndsl, ne npesviwaem CV (n-1)/(n+1)

Takas ke omeHKa BepHa i YHCia TpaHeldl 1060 (dpukcHpOBaHHOH)
Pa3MepHOCTH TaKOT'0 MHOTOTPaHHHKA.

IIpumepsr, nokasniBalonAe, 9TO NOPAJOK STOH ONEHKH He MOXKET GHITH
HOHMXeH, ONHCaHH B [64], rge 9Ta onenka 6sl1a goKasaHa gis n = 2. Yucio
BEPIIMH OF PaHAYABaloNIe# IIoMalb S maockol guarpaMMu HeloToHa Heko-
TOPO# 0COGeHHOCTH He MOXeT upesniuiatb CS1/3(In §)%/3. Jlorapudpm wu-
caa ruarpamm Helorowa, orpanuymsatomux niomase S, orpaHndes crepxy
M CHMBY YMCIaMH, HponopmuoHaibHuME S1/3(In §)%/3 (gas wmena xraccos
3aMKHYTHX BHIYKIBIX MHOIOIDaHHHKOB, OrPaHMYMBAIOIIAX IAOWaZb S,
STH I'PaHM Nponopnuonanbib S/3). Bee 5Th peayabTaTs 66118 moay9deHst
KoHarunnim.

3ameqanne 1. IIpuBejénnble BhIIe ONEHKH SHTPONHE MHOMXECTRA, BLINYK-
JBIX MUIIEPIOBEPXHOCTEH C NeNOYHCICHHHME BeplIMHEAMH MOTYT GHITH HH-
TepIPeTHPOBaHH KaK ONEHKA BAMSHHA BEIIVKIOCTH ¥ NEJO9HCIEHHOTO
KBAHTOBaHHS: 3HTPONUA MHOXeCTBa HeJOYHCICHHBIX BHIOYKJHX NOBEpX-
HOCTe#l MMeeT TOT XKe LOPAJOK, 9TO H £-HTPONHA MHOMKeCTBa byuKIui
nopaaka raaAkocTd 1+4-1/n. Tak Kak BHIYKIOCTb, 60Jiee WK MeHee, SKBH-
BaJeHTHa 1-rMafKoCTH, HeHa HelOYACIEHHOH KBaHTHM3AMAM — 1/n-aa ot
OJHOU HPOU3BOIHOH.

3ameyanne 2. BaanMogeiicTBHe I'agKo#l H me09HCIeHHOM CTPYKTYp AB-
JifleTC pellalollMM B OIeHKAaxX 4HCIa TOYeK pemérok. OHo Takxke cyure-
CTBEHHO W B JPYTHX 3ajadaX aHalw3a.

i
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PaccMoTpEM pacHnoioXKeHHe TAajKOTO HOAMHOrOOGDa3HA eBKAHMLOBa
[POCTPAHCTBA N0 OTHOMIEHHIO K PHIEPIIOCKOCTAM, ONpeeiéHHKM ypaBHe-
HEAMI ¢ UeABIMA Ko3dounueHTaMa. 3ajada DOIy9eHHA ONeHOK PacCTOAHUA
OT THOAYHOR TOYKH THOIMYIHOI'O HOAMHOrooOpa3ms JO THOEPHIOCKOCTEH,
3aJaBaeMBIX yDaBHEHHAMH C OrpaHH4eHHHIMH IlefbIMH KOQPUIHEeHTAMH,
paydaeTci B TeOPHH AHOGAHTOBLIX NPUOAHXKEHHH Ha no,qMHorooépzu\,anax
[65), [66]. DTa (nepeménnan) 3ajada BaxKHa LIS MHOTHX NDHIOXKEHHWH, Ha-
npuEMep NPH HM3IydYeHHH DE3OHAHCOB B HedWHeHHHIX KoneGamumax (cm. [17],
rraBa 4). OTBeT 3aBHCHT OT OrpaHHYeHHH Ha KDHBH3HY. YIJOLIeHWe I'Da-
HHEIH CIOCOGCTBYeT PE30HAHCHOMY 3aXBaTy (asbl.

HanpuMep, ycpeiHeHHad Ha GOJIbIIOM YYaCTKe BDEMEHH CKOPOCTh Lped-
¢a mepeMeHHHX JeHCTBHA B FaMHALTOHOBHIX CHCTEMAaX, GIM3KAX K HH-
TerpHpyeMbIM, OrpaHuveHa JKCIOHeHHHalbHOH oneHkodl Hexopomlesa; sta
omeHKa Biial0YaeT B cebd incia HexopoleBa ¥ 3aBHCHT OT XapaKTepH-
CTHK THIA KPHBH3HH NOBEPXHOCTEH ypoBHA ¢GyHknuu [amuabroda. [as
aHAMHTHIeCKHX (yHKNuH yclioBuid Hexopomesa Ha KpHUBH3HY MOTYyT GHTH
c(hOpPMYNHPOBaHH CAeJyIOIAM OGpa3oM: KPHTHYeCKHE TOYKH OrpaHMde-
HHH HeBO3MYuIeHHON ¢yHknuu [aMuabTOHa Ha adduHHHE NOLNPOCTpaH-
cTBa (IPOM3BOABHOH Pa3MePHOCTH) NPOCTPAHCTBA HEPEMEHHHX JeHCTBUS
JOJXKHH OHTb H30IAPOBaHHKIMY B koMIiaekcHOH o6aactu (FO.C.Mabsiuen-
Ko, [67]).

ToyHble 3HaYenus 4ucen HexopolueBa B HacTosmlee BpeMs BHIYACICHBI
TONBKO [Jf THOMYHBIX CHCTEM C IBYMA H TpeMs CTemeHAMH cBoGOabI [68].

2.3. IlepecTpoMKH KayCTHK

B THonYHEX 0jHOmapaMeTPHIECKAX CeMeHCTBaX JalpaHXKeBHIX 0TOGpaXke-
HAH BCTpevaloTcd HeTHOHIHBIE OCOGeHHOCTH (IIpH HEKOTOPHIX 3HAYeHHAX
napamerpa). Ilpm upoxoxernnn napaMeTpa depe3 TaKoe 3HadeHHe KayCTH-
Ka MeHsieT cBoio ¢opMy. B sroMm maparpade obcyxgaloTcs mepecTpPOHKH
KayCTHK B THOHYHBIX CEMEHCTBaX B IPOCTPaHCTBaX MAaJOH pa3sMepHOCTH.

IIpumep. WHepnuaibHOe JBH)KeHWe KOHTHHYYMa BaanMo,qeﬁCTByxomy{x
9acTAn MOXeT ORITh ONHCAHO B TePMHHaX OJHONAPaMETPHIECKOT'O CeMen-
cTBa oToGpaxenni £ — = + tv(z) (puc. 19). Ecam moze ckopocre#t v mo-
TeHIHAJILHO, TO >TH 0TOOpaXKeHus Jarpanxesnl. KaycTuku Takux orobpa-
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Puc. 19. T'padux ckopocTu B cpefe, cocToAmed B3 HeB3auMoAeHCTBYIOLMX
JacTHII,

MKeHHH ABIAIOTCA MeCTaMy HauGoablllero ckonnends dacTan (puc. 20). Co-
raacHo A.B.3exbfosryy [69], moZo6Had Mogess (rje NpHHAMaeTcs BO BHH-
MaHMe rpaBATAnNA M pacludpedne Bcerennoit) onucrniBaeTr o6pasoBanne He-
OXHOPOJHOCTe#l OJAOTHOCTH (KPymHOMaclTabGHOH CTPYKTypH Bcerenmoi)
Ha paHHeH CTajdH PacHIApeHHs FOpAYed ¥ NOYTH ONHOPOJZHOH BceleHHOI.

Prc. 20. MaoTHOCTS Ccpeab
nocJje o6pa3soBaHUA KayCTUKH

[TarpanxeBa npupofa 3TOr0 OTOGpaXKeHHs COXPAHAETCH HPH LBHXKe-
HMH 9YaCTHN B NOTEHIHAIBLHOM HoJe CHA (TaK KakK (a3OBHIE NOTOK M1060#
FaMHALTOHOBOH CHCTEMBl DEPEBOJUT JarpaHXXeBHl NOAMHOTO06pa3nd B Ja-
rparxkesHn). [lone MoXeT 3aBACETh OT BpeMeHH WM GHTH NOPONASHHHM
CaMHMM JBHXKYITMMHCH 4acTHOAaMH (HaOpHMep, JHaTpPaHXXeBOCTh COXpaHi-
eTcd OpH JBHXEHHN JacTHI NOJL JeHCTBHEM HX COOGCTBEHHOrO I'paBHTAlH-
OHHOT'O IOAS).

Oanako, nocjie mepBoil TepecTPORKH (T. e. NOCIe 06Pa3OBAHAN KAyCTH-
KH) JarpaHXeBo NOAMHOI006pa3ue OpHOGpPETaeT HEKOTOPHE OCOGEHHOCTH
(“cnabbie pa3phIBsl”), TakK KaK IIOTHOCTD (H, Clle[OBATENbHO, FTaMHILTOHH-
aH) CTaHOBMTCA 0Co60H Ha KaycTHKe.

Iloxoxe, 9TO 9TH 0COGEHHOCTH AarpaHKeBHX OTOGPaKEeHHH CIHLIKOM
ciabHl, YTOGHl pa3pyLIATh TONOJAOTHIO KayCTHK H MX mepecTpoek. Tem He
MeHee, jJajKe B OJHOMEDHOM CJIy<dae, 3TO NPeANOIOXKeHHe CTPOro He JOKa-
3aHo (cM. [70], [71]).]
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[TepeCTPORKHA KayCTHK MOTYT GHITb ONHCaHH KaK MeTaMOP(O3H Cede-
guii  “GoAplIoH KaycTHKH® B IPOCTPaHCTBEe-BPEMEHH H30XPOHAMH
(M. [1], [72]). HopmarbHsle ¢opMsl GOXBLIMX KayCTHK ¥ (QYHKIHA Bpe-
MeHH 1 TPEXMepHOro NPOCTPaHCTBa NPHBeJEHH B cClelyiolledl Tabanne:

THI IpOHM3BO JAllee CeMelCTBO (YHKOHUA BpeMeHH

A3 2t + 2’ + o gs maH +q1 £ ¢f + ¢}
Ay 25+ qz3 + 2% + 3z  qsmm tq q3

As 28 + izt + goz® + pz? + quz +q

Dy 22zy £33 + 123 + g2z + G371 g4 uau £q1 +ag2 + g3 £ g4
Ds | 2329+ 25+ @173 + q273 + 372 + qum +q1 + g4 + aq2

3zeck (q1, - ..,94) — KOOPZHHATH Ha NPOCTPAHCTBe-BPEMeHH, & — Be-
IeCTBEHHKH mapaMeTp.

HamomumM ompefefienne (601bI0#) KayCTHKA B TepMHHAX OPOU3BOAS-
wero ceMeiicrBa F(z,q): »T0 — MHOXecTBO 3HadeHHH HapaMeTpa ¢, Al
KOTOPHX COOTBeTCTBYlomad GpyHknua F(.,q) nMeeT HEMOPCOBCKHE KPATH-
qecKme TOYKH, TO eCTh

{q|3z : F; =0,det F; = 0}.

Ora KaycTHKa ABIASETCA MHOXKECTBOM KPHTHYECKHX 3Ha9€HHH HPOEKIHH
Ha ¢-NPOCTPAHCTBO BJOJAb P-IPOCTPAHCTBA COOTBETCTBYIOLIEro JarpaHikKe-
Ba MHOT'006pa3ud

{(p,q)13z : F; =0,p= Fy}.

[lepecTpoiikn, COOTBETCTBYOLIAE CeMeHCTBAM 3 TabaHIbl, H306paxe-
Hel Ha puc. 21. (Buepene >Tn pECyHKH HOsfBHIHCH B (73]; Gonee moxpoGHO
cu. [72], [74].) lapameTp a aBlAseTcA MOAyeM, Cie[OBATEALHO CyIIECTBYeT
HelpephIBHOE CeMeHCTBO Ju((epeHIHpyeMO HEPKBHBAJIEHTHHEIX NepecTpo-
ek (B TO BpeMs KaK CYUIECTBYeT TOAbKO 6 HeIKBHBAJCHTHHIX POCTKOB 0CO-
GeHHOCTEH TANHYHHX GOABIIAX KayCTHK B Y€THIPEXMEPHOM [IPOCTPaHCTBe-
BPeMeHH ).

Y0 TONOOrHIeCKH HedKBY BaJeHTHHIX epecTpoek konedHo. [isd mo-
Ay9eHHs DOJHOTO COHCKa TOMOIOTHYeCKHX KIAcCOB THOHYHBIX MepecTpoeK
B QU3M9eCKOM 3-IPOCTPaHCTBe AOCTATOYHO NONOXKHTh ¢ = g1 + g2 B CAyIae
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Puc. 21. Tunuinsie nepecTPOHKM KaycTHK B TPEXMepHOM [IPoCcTpaHCTBe
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Dy, t=a +¢2 uan t = ¢q1 +¢3 B caydae Di’ 1t = +£q B caydae Ds. Caego-
paTelbHO, YHCIO Pa3IMYHHEX THOOB paBHo 11 (npeHe6peras opueHTauuei
ocH BpeMeHH).

IIpamep. PaccMoTpEM 06pazoBaHHe UepBOH KayCTHKH (tuma As, t =
= —q +q§+q§). [as Toro, 9To66 DOEATH, 9TO NPOUCXOJAT B 3-IPOCTPaH-
cTBe, yAOGHO CHadala PaccCMOTpeTh IIOCKH# cllyYall (IOJI0XHB B QOPMydax
g4 =0).

Bonbllad KAyCTHKa B TPEXMepHOM IpOCTPaHCTBe-BpeMeHn (puc. 22) —

5TO HOBEPXHOCTH ¢ peGpoM Bo3BpaTa (B (q1, g2, ¢3)-IPOCTPaHCTBe ypaBHe-
HHAe >TOH HOBEPXHOCTH

{g3z: F; = Fpy =0,F = zt .+ qﬂz + gz}

uMeer BHZ 8¢7 + 27¢2 = 0).

Puc. 22. TlepecTpolika moABAeHUA
KayCTHKH B IPOCTpaHCTBe-BpeMeHH

t=0

v J t<0

Puc. 23. HoBopox eHHasd KayCcTHUKa
B 3-mpocTpaHCTBe —
GJarojlle WAN GAMH 3ebJoBHYa

Nzoxposnr ¢ = const He mepecekaloT OOJABLIYIO KayCTHKy, echu t < 0.
Ilpu ¢t = 0 noABAfeTcA eJUHCTBEHHAA TOYKa KAyCTHKHA, HeMeJJeHHO HadHHa-~
omasi pacTH (6eCKOHEYHO GHCTPO, C CAMOTO IepBOro MOMeHTa). B MomenT
BpeMeHH t = £ 5Ta KaycTHKa UMeeT CepHOBHJIHYIO (OpMYy, pa3Mepa NOPHJ-
Ka /. OTa KaycTHKa EMeeT jBe TOYKH BO3BpaTa M (JJf HepecTPOHKH
06mIero NoNOXeHus) ABe TOYKH mepern6a. P.ToMm HasBan 5Ty mepecTPOHKY
“ry6Gamn”.

B deTHIpéXMepHOM IpOCTPaHCTBe-BpeMeHH NepecTPOHKa MOABICHHS Ka-
YCTHKH aHaJlOTM4YHa NpeAHAYIIeH: HOBaf KayCTWKa HMeeT BHJ Oatonna
AMAMETDPOM NOPAJKA /€, MIyGHHON NOpAJKA £ A TONMHOR NOPAZKA ~/E€.
Kpai sroro 610 ua — nmodrn saaMnTHIeckoe pe6po Bo3BpaTa (pHC. 23).
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S.B.3eabgoBrd B [69] HasmBan >TH 6rtoana “6amHamn”. OH o0TOXJe-
CTBAAN NePeCTPOUKH MOABICHUA GAHHOB (B HOTeHNHANBLHHIX MOTOKAX MbI-
JeBEJHO# MaTepHH) ¢ 06Pa30BaHAeM TalaKTHK (MIH CKONJEHHWH ralakTHK)
W3 MalblX HEOJHOPOJHOCTEH HadalbHOI'O HOAA CKODOCTeHl MaTepHu.

Teopus ocoGeHHOCTEH I HepecTpoeK KayCTHK NpeiCKa3hBaeT 06pa3o-
BaHHe f9eeYHOH CTPYKTYpH Ha 6olee MO3JHMX dTamaX. A HMEHHO, Ha O-
BEPXHOCTAX KayCTHK, 06pa3yomunx CTeHKH f4eeK, 00pa3yloTci CKoNJeHus
dactan. [laoTHOCTE moBHINaeTcs Ha onpefeieHHHX AMHAAX (AHHHAX OCO-
GenHOCTeH KaycTHK), Ham6oablllad e IJIOTHOCTH JOCTHIMAeTCA B HEKOTO-
PHX H301MpOBaHHHX TOUKaX. llo-BniumoMy 3ToT 06wimy Xapakrep pac-
OpelielleHAs MaTEepPHH COBMECTHM C HabaiojaeMHM pacOpelelfeHHeM CKOIe-
HU# ranakTEK ([75], [76], [74]).

C.®.Illangapus cpaBHEA JaHHHe HAOAIOZEHHH C TeopHed fdeedHOH
CTPYKTYPH, HCHOAB3YH METO] MePKOIAIMOHHOrO NapaMeTpa. PaccMoTpHM
06bejHHeENe APOB PajHyca ' ¢ HeHTPaMH B JaHHHX TOYKaX. MH XOTHM
HailTH MHHAMAIbHOE r TaKoe, 9TO JAAMeTPH CBA3HKIX KOMIOHEHT 3TOrO
0GbeMHEHHs CPaBHHMH C AdaMeTpPOM Bcedl CHCTeMH. KpmTrdeckoe r,
OneHeHHOe X1 HabJI0JaeMOrO pacOpeleieHHs TalaKTHK, HaMHOTO MeHb-
llle 3Ha4eHNA r JIf CIyYadHOro pacupeneienus Ilyaccoma, mMelouiero Ty
e yCpeJHEHHY!0 IJOTHOCTb, H TaKXe HaMHOrO MeHbllle 3HadeHHA T Iaf
HepapXu9ecKoro pacupefeleHus BOKPYT CAY9alHEIM 06pa30M BHGpaHHEIX
IEeHTPOB H HMEIOLIEro TY JKe KOpPPeJslHOHHYI0 QYHKIHIO, 9TO H Habaioga-
eMoe pacupejeieHue.

OTO NOKa3HBaeT, 9TO HabMOJaeMOe pacupefeieHne HMeeT BHpaKeH-
HYI0 KOHIHEHTPaldlo ralakTHK BJAONb HEKOTODPHX MOBepXHOCTEH, WIH, IO
KpaiiHe#l Mepe, BJOAb HeKOTOPHX JMHEH. Takmm o6pa3om, AdeeqHad (HIH,
BO3MOXHO, NayTHHOOGpa3Had) CTPYKTypa HabAl0LaeMoro pacipeleleHHus
rajJakTdK — He MCKYCCTBEHHOe HpejNOJOXKeHHe, HO OOBeKTHBHHIH (peHO-
MeH.,

B ppHHnuDe BO3MOXHO pasIMYHThL fYeedHOe H.HayTHHOOGpa3HOe pac-
npefejeHys, ACHOAb3YA APYTrOH NepKOAATAOHHHIH MapaMeTp: MaKCHMAlb-
HOe 3HaleHWe T, JAf KOTOPOro ofbefHHeHHe MIAPOB pajdyca I JeIAT BCé
OpPOCTPaHCTBO Ha NycThe 06JaCTH, MAJHE IO CPaBHEHHIO CO BCeH CHCTEMOH.

CywecTByoue cCiucKu 0ocO6eHHOCTeH KayCTHK B IPOCTPAHCTBAX 6615
WHX pa3MepHOCTeH [28] N03BOAAIOT H3yYaTh cOGRITHS GOAbIIEH KOpa3Mep-
HOCTH B CACTeMaX KayCTHK B (U3HIeCKOM 2- wam 3-upocrpaHncrse. llpm
MaJIOM BO3MYIIEHHH CHCTEMHI TaKue COOHTHA paclafaloTcd Ha MocjJefOBa-
TeJIbHOCTH CTaHJapPTHHX HepecTpOeK, ONUCAHHEIX BhlIe. O HAKO, eClTH CH-
CTeMa 3aBACHT OT HapaMeTpOB, TO BLIPOXKAEHNS Gojlee BHICOKHX IOPAJKOB

e T A i ATt e
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cTaHOBATCHA HEYCTPAHMMHLIMH: [OCIE MaJoro BO3MYLIeHHS CHCTeMEI, 3aBH-
cqmelt OT TapaMeTpOB, OpH HEKOTOPHIX 3HadeHAAX HapaMeTpoB (“6JIPI3KHX
ACXOLHOMY 3Ha4€HHMIO) B HEKOTOPOH TOYKe IPOCTPAHCTBA (6am3ko HCxO -
4ol TOYKe) BCTPETHTCA STO Xe BHPOXKJeHHe 60Jee BHCOKOIO HOPSA KA.

2.4. IlepecTpoMKHM ONTHYECKHMX KayCTHK

I[Iposepka ofuIedl TeopHH 0ocoGeHHOCTeH M IepecTpOeK KayCTHK C IOMO-
mpio nazepuoit ontukn ([x.Hait u [x Xounai [77) mpuBesa K OTKPHTHIO
HEKOTOPHIX HOBWX M HHTEDECHHX TOHNONOTHYECKHX CBOHCTB ONTHIECKHAX
aarpamxkeBbix ocoberHocTeii (F0.B.9ekanos [78]).

Onpejgenenre. Jarpanxkeso IogMHOr006pasne NPOCTPAHCTBA Jar paHKe-
Ba PACCIOEHHS HA3HBAETCH ONMUUECKUM, eCIH OHO JeXHT B CHNEPHOBEpX-
HOCTH, KOTOpad TPAHCBePCAIbHO HepeceKaeTcd ¢ KaXJHM clI0eM IO KBa-
IpaTHYHO BHIIYKJIOH B Cl0e M'MIePHOBEPXHOCTH.

HanoMHEM, 9TO CJIOH JarpaHikeBa PacCIOCHHA HMeeT eCTeCTBeHHYIO ag-
¢uunyio crpykrypy. CrejoBaTeibHO, KBaJpaTHIHAA BRINYKIOCTD (moao-
JKHTebHAA ONpejeéHHOCTb BTOPOH KBaApPaTHiHOH (OPMBI) FHIEPIOBEpX-
HOCTH B CJOe JarpaHXXeBa PAacCIOeHHS BHONHE onpefelieHa.

IIpuMep. YpaBHeHHe dHKOHala p? = 1 onpegenseT NOCIOHHO KBaApaTHd-
HO BHIIYKAYIH TEOepPOOBEPXHOCTh B NPOCTPAaHCTBE KOKACATEIBHOI'O pac-
cliOeHHA pEMaHOBa MHOroo6pasud. CreloBaTelbHO, peleHHA yDPaBHEHHS
TamunbToHa-AK06H (vu)2 = 1 onpeXeidi0T ONTHYECKHE JalPaHXKeBH NOJ-
MHOT006pa3ud.

OnrryecKye JarpaHxeBH NOAMHOroo6pasni 06pasyloT JOBOABHO y3-
KHil DOZKAAcC B KJacce BCeX JarpaHKeBHX HoAMHoroo6pasni. TeM He Me-
Hee, BCe yCTOHYMBEIEe 0COOEHHOCTH JarpaHKeBbIX oTo6paxKeHHil fOOYCKAIOT
onTHdeckyio peaamsanuio. Bosee Toro, THOMIHLE ONTAYECKHE JarpaHie-
BH 0COGEHHOCTH COBIANAIOT C THIHIHLIME (IPOM3BOALHBIMH ) JarDaH KEeBHI-
Mn oco6enroctamu (cM. [79], [199], [200] n peayapraTn U.A.Boraesckoro,
1989).

Bcé xe caydaeTcd, 9TO ONTHYECKHe Jar PaHXKeBhl ocoﬁegﬂoc'm HMeloT
HEKOTOpHe CHenuaibHue [M06albHhIe CBOHCTBA, He NPUCYIHe NPOU3BOIL-
HEIM JalpaHXXeBHM OCOGeHHOCTIM.

IipuMep. Jiiieposa TaPaKMEPUCTIUKG 24GIKO20 KOMNAKMHOZO MHONCEC-
Mea KPUMUNECKUT TROYEK AAZPAHIICEEOT NPOERYUL MUNUUROZO ONMUNECKO-
20 aazpandcesa nodMno2006pa3us pasna nyuo [78].
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Cregcreme 1. Komnonenmor xaycmux agzpanscesviz ocobennocmeii o
sude 6100ua (6auKa) 6 ONMUNECKOM CAYUGE HESOIMONCHDL,

HeiicTBuTENBHO, COOTBETCTBYIOlIee MHOXKECTBO KPATHYECKUX TOYEK fAB-
AfeTcd 2-cepoif, a dHNepoBa XapaKTepHCTHKA 2-cepH pasna 2.

Chnexcraue 2. Jas onmuvecxuz KAYCIUK HE603MOUCHA Tepecmpotixa
nossaenus 6a100ya.

MokazarenbcTo YekaHoBa OCHOBAHO Ha ClelylolleM HHTepecHOM pe-
3yaAbTaTe:

Jlemma. Xapaxmepucmuxu nocaotino EBINYKA0U 2unepnoseprHocmU, Co-
depacaweti onmuuvecxoe aazpaniceso nodMHO2006pa3 e, He KaCaIOMCA xpu-
TMUNECKO020 MHOJNCECTNEA Aazpandicesot npoexyuu. B mouxar zaadkocmu
KPUMUNECKOZ0 MHONCECTNEA ONPEJEAEHO KACATNEADHOE NOAE Hanpasaenul;
0no cosnadaem c nodes Adep aazpanicesa omobpadcenss 6 Mmouxar muna

Ay p > 3.

llonnsiil cancok onmuveckuz nepecmpoex KayCTHK B 3-npocTpaHCTBe
CONGPKHT CeMb ONTHIECKHX MeTaMopdo3 (UPHBEASHHBIE BHIE COHCOK
(IPOM3BONBHEIX) NarpamkeBrIX MeTaMopgo3 COZepKHT OXHHHANIATEL TO-
ONOTAYECKA Pa3NHIHEIX MeTaMOPdo3, eclin NpeHe6peds OpHEHTANNEl OCH
BpeMeHH).

Onrndecks HeBOIMOXHEIMH ABAAIOTCS 9eTHIpe NepecTPORKH THHa Az H
Df (cm. puc. 21).

Mlxs onMcanns TOMONOrHYeCKUX Or paHHYCHHA Ha THIHTHEE onTHYecKHde
KayCTHKH # ¥X HepecTPOHKHA B 3-HPOCTPAHCTBE PAacCMOTPHM OBEPXHOCTH
KPATHYECKHUX TO4eK JNarpaHXeBOH NPOEKIHWH ONTHYECKOrO Jarpamkena 3-
MHOT006pasus. JTa NOBEPXHOCTh HMEET HPOCTHIE (kBajpaTHiHNeE) KOHE-
decKne 0COGEHHOCTH B TOYKAX, I/ie JarPaHeBo 0TOGPAKEHHE HMEeT 0COo-
GenHoctn Tuna Dy; B OCTAIBHEX MeCTax (B TOYKaX THIA A,) OHa ABAReTCH
rAaJKOH.

B 06ureit Teopun narpankeBrx ocoGeHHOCT el MBI pa3iAdaeM TO4KH Dy
AByx TNOB: DY m D], B COOTBETCTBHH CO 3HAKOM 91eHa 3 B HopMansHOH
dopme.

B onTudeckoii Teopuu M JOmKHEL pa3iddaTh TPHM clydad. Paccmo-
TPHM KacaTelbHHH KOHYC K HOBEPXHOCTH KPHTHIECKHX TOYEK B TOYKE TH-
ma Dy. DTO — HeBHPOXACHHMWE KBa,paTHYHAN KOHyC B 3-IpocTpaHCTBE
(B xKacaTenbHoM mpocrpaHcTBe K JlarpaHXXeBy HoAMHOroo6pasun). fapo
TpoeKnuy Ha Galy JarpaHKeBa PACCIOeHHA B TouKax tHma Dy smiageTcs
2-110CKOCTBIO. DTa MIOCKOCTh MOXET IepeceKaTh KOHyC JHGO BIOAL JBYX
BEIECTBEHHLX NPAMEIX (cAydair D} ), an6o B Bepumne KOHyCa (1MHMH He-

SRR SR A
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pecedeHns KOMIVIEKCHO CONPANEHH, caydait D). B nepsouM crydae ogna
pelllecTBeHHad KPHBad ToYeK THHa A3 HOJXOAHT K BeplIMHe KoHyca. Bo
BTOPOM CIy'Yae HMEIOTCA TPH TaKie KPHBHe.

YacTH KacaTelbHOH K TOH A3-KpHBOH ¥ XapPaKTepHCTHIeCKOT0 Halpa-
preH¥A o6beMiiouiell TOCAOHHO BHINYKJIOH THIePIOBEPXHOCTH B TOUKe TH-
na DJ , 1examye B ogHO# # TO# xe 06J13.CTPlI, OrpaHEieEHOH 010K KOHyca,
MOTYT OHTE pa3jielleHbl HAH He pa3JefeHnl Halllell 2-II0CKOCThIO (azpom 1a-
rpamkeBoil mpoeknun). CooTBeTCTBEHHO, ME pa3iHdaeM clefylomme XBa
caydas: (DY, xauns) u (DY, rpeyroasunk) (puc. 24).

Puc. 24. KoHyc A2 xpuTuiyeckMx Todek, Agpo Ker sarpanxenon
HpoeKINH, H XapaKTePUCTHKa 06beMIoiIed THIepIOBepXHOCTH,
A TPEX BapHaHTOB OcobeHHOCTH THNa Dy

Puc. 25. llone aaep npoeK1WH Ha KOHYyce KPHTHIECKHX To4dek

HassaHue orpaxkaeT DoBejeHde NOJNA ffep JarpaHXKeBOH IpoeKnuH Ha
NOBePXHOCTHM KPHTHYECKAX TOYeK. BHJA OJHOH HM3 HNOJOBHH DTOH KOHH'Ye-
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f 24

CKOIi IOBEPXHOCTH, BH/JHMOH CO CTOPOHH BEPLIHHL STOrO KOHYCa, npuBeieH
Ha puc. 25. IlpescraBiaena Toabko BHIMMafA 9aCTh HOJIA a1ep. Bpaienue
IIPOCKIHH NOJA ffep B TPEX CAydJaiX TaKoe Ke, KaK H BpallleHHe Kaca-
TeAbHKIX NPAMHX, AM60 “TpeyroibHoH” THNONMKJIOHIAH C TPeMd TOdYKa-
Mu BoaspaTa (caysau (D7) u (D, Tpeyroasmuk)), 1460 Kanieo6pas3noit
KpHUBO# (pHc. 26). DTH TpH THIa OnTHIecKHX ocobennocTedl Dy cooTpet-

CTBYIOT TPEM THNaM OMGHIHYECKEX TOY€K Ha IOBEDXHOCTAX B eBKJIHIOBOM
3-npocTpancTse.

BS DA,

Puc. 26. TpeyrofibHAK H Kalia

OlIepoBa XapaKTEPHCTHKA X KOMIAKTHOH KPHTHIecKoil NOBEPXHOCTH
HEKOTODO# ONTHIECKOH arpaHXKeBoil IPOeKnHH (HMeloIel ToAbKO ocoben-
Hoctu A, u D) naérca dopmyaoii Yexanosa:

X +2(#(Dg) + #(DF, Tpeyroasnnk)) = 0.

Boaee Toro, aesas vacTs opmysn (3Havenue KOTOpOH# MOXET GHITH He-
HYJEBHIM) COXpaHAETCA IPH ONTHIECKAX NepeCTPOUKAX KPHTHIECKHX INO-
BEepXHOCTeH C I'DaHHIEH, IPH YCAOBHH, YTO I'PaHHNA He nepecTpauBaeTCA,
H 9TO BCe KPUTHYECKHEe TOYKM — TOAbKO THIOB A, uin Dy.

W3 meBoaMoxkHOCTH HOABIeRHA “IeTaiomeit Tapekr” IpH NepecTpoiike
ONTHIECKOH KayCTHKH B 3-IPOCTpaHCTBe ClefyeT HeBO3MOXHOCTD HOABIE-
HEA “ry6” npH NepecTpoiKe IIOCKOM ONTHYECKOH KaycTHKH. UekaHOB JIo-
Kadad TakXe, ITO KOMIOHEHTa THIA “ry6u” rio6albHO HEBO3MOXHA [if
OJHOCBA3HOM JarpaHKeBOH NOBEPXHOCTH.
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2.5. Oco6eHHOCTH YAAaPHHEIX BOJH N NepeCTPOMKA MHOXECTB
MaxkcBeJsuia

Mogeab HeB3aHMOJeACTBYIOIIEX qachun, Beylaf K AX CKONJICHHIO Ha Kay-
cTHKAX JarpaHXKeBHX 0TOGpaKeHUH, npeHe6peraeT 3¢ PeKTaMi OT COyHa-
peHHH HIM PacCedBaHHA 6nupaexKalnux JacTul. Hanpumep, B OJHOMEPHOM
cydae dTa MoJelb NOdBOAAET “qacTHnaM”’ IPOXOAHTH APYI CKBO®b ApYyra.

MogenH, IpHHEMAaIOUIHe BO BHHMaHHe (neynpyrue) coyaapenus, BeAyT K
JpyTHM CHeHapHAM — K 06pa30BanKio YAaPHREIX BOIH B MECTaX CTOXKHOBe-
puii. OfHA U3 HPOCTERIINX MOJeNel TAKOrO POJa ONUCHBaeTCA YPAsHENUEM
FBiopzepca ¢ HCYedaloel BA3KOCThIO:

B_u + u?-2 =D,
at iz
1A NOTEHIHANLHOrO BEKTOPHOTO NOIA U = vS.

Xopomwo H3BeCTHO® ONECaHHe YAAPHHX BOXH JId dTOrO YpaBHEHUA CBA-
3LIBAET TH BOJAHK C 0COGEHHOCTAMH (QPYHKIHH MaKCHMyMa CeMeHCTB iaj-
Kux QYHKIHHE. )

3aBHCHMOCTb MaKCEMAJILHOrO SHaYeHHA QYyHKIHH ceMuenc'rBa OT napa-
MeTpa SBIAETCA HelpepHIBHOH, HO MOXeT GHIThb He [AaJKOK A4 HEKOTOPHIX
3HaYeHH# HapaMeTpa; a HMEHHO Jif TeX dHaieHUH, IPH KOTOPHIX 3TOT MakK-
CHMYM JOCTHraeTcd B Golee YeM B OJHOH TOUKe.

PaccMOTpHM, HalpHMep, AWHHIO FODH3OHT2 HEKOTOPOro JaHAIapTa.
Dra AUHHA TepAeT IMAJKOCTh B TOUKe NepecedeHHA BHIMMEIX KOHTYpOB

IByX xoamoB (pHc. 27).

e — 0,

Puc. 27. Herflagkas dyHKOuUA MaKCHMyMa
raagKoro ceMeicTBa QyHKUIAH

3HaYeHHA NapaMeTPOB, IPH KOTODHX QyHKIHA MaKCHMYMa He ABAAETCA
rrafkoi GyHKOHed napaMeTpoB, 06palyloT, LA CEMEHCTBa ob1ero nojo-
JeHHS, THIepIOBEPXHOCTH B IPOCTPAHCTBE NapameTpoB. Byxem HadkBATh
3Ty CHIIEpIOBEPXHOCTH (MaIHIM) MHOdCECEoM Marceeata JaHHOTO CeMeH-
cTBa (B CBA3M C IpaBHioM MakcBella TeOpHH Ban nep Baaxnsca, coraachHo
KOoTOpoMy (a30BHI Iepexof coBepilaeTcd IPH TaKOM SHatenHI napame-
Tpa, IpPH KOTOPOM JBa MaKCHMyMa HEKOTOpOH IiaJKoH (PyRKNUYM PaBHH
Mex 1y coboil). DTo Manoe MEOXKeCTBO MakcBel1a ABIAETCA JaCThIO 601b-
moro MaoxecTBa MakcBelia 247, cocToA1ero ¥3 ToYeK IpOCTPaHCTBA Na-
paMeTpoB, IpH KOTOPHIX ¥ COOTBETCTBYIOLIEH QYRKIHMH €CTb /iBa PaBHHX



Puc. 28. Kaycruka u ctpatst Makceenna cemeiicTsa 25 — g3 +b2% + cz

KpuTHYecKux 3Havenns. O6a MHoxxecTBa MakcBenna HaXOAATCA B TOM XKe
HIPOCTPAHCTBE, ITO U KAYCTHKA, ONpeLeldseMad STAM ceMeiCTBOM PyHKOUH
(kaycTHka — 2To MEOXecTBO Az Tex TOYeK NpOCTPAHCTBA napaMeTpoB,
AlA KOTODLIX PYHKNMSA HMeeT HEeMOPCOBCKYIO KPHTHYECKYIO TOUKY)

IIprmep. Kaycruka u (roxanbHOE) MEOXeCTBO MakcBeLta cemelicTna 254
+az’ 4 bz? + ¢z — guddeoMoppubie HOBEPXHOCTH B IPOCTPaHCTBe Hapa-
MeTpoB (a, b, c), eciu IPHAEMATEL BO BHEMaHZe KOMILIEKCHEIE KDHTHYECKHe
Todkd. Ha puc. 28 npusegennt cewenms »Tux NOBEPXHOCTEH NIOCKOCTHIO
a = —1. Mauoe MuoxecTBo Makcpenia u306parkeHo JBOAHOM AMHHEH, B TO
BPeMA KaK KOMIIEKCHO® MHOXeCTBO MakcBella — IyHKTEpPOM.

B aToM cryvae u KayCTHKa, H aHAJTHTHIeCKoe IPofo/KeHHe MHOXKEeCTBa
Makcpenia, nuddeomopdHEL JMaCTOYKHHY XBOCTY.
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3amevanne. (Boabumoe) MEOXecTBo MakcBellia KeIHT NEpaMuIy, o6pa-
30BaHHYI0 MHOTOYIeHaMH (M3 NpeJH IyIero NpEMepa), KMEIOLIEME TOALKO
BellleCTBEeHHEIE KDUTHYECKHe TOYKH, Ha IATh JacTed (IepeceieHHS KOTO-
pHX C ILIOCKOCTbI0 @ = —1 w306paxenn Ha puc. 28).

Ilocaegoparensnocrs (k, = 1, 1, 1, 2, 5, 16, 61, 272, ... gas
p =0, 1, 2, ), coCTodAUlad H3 YHCJAa TAKMX NHPaMHA LA OGIIHX A,,
cemeitcTB dynknmi (f = z#t! + quz*l + .. 4 g,_7), nopoxaeT pynk-
nuio : 4

3 k( )ﬁ = tant 4 sect

Yucio KOMIOHEHT [ONONHeHMA K o6befUHeHHIO KaycTHKE H (Goabwioro)
MHOXKecTBa MakcBenta pasuo k, + ku_2 + ky—g + ... [80].

OTH pe3yAbTaTH JOCTABIAIOT eCTeCTBeHAREe 0606menua 1ucen Beprya-
au ¥ JiNepa: Hy>KHO TONbKO 3aMeHHTb A, Ha KaKylo-1H6O CepHio ocoben-
HoCTell, Ranpumep D,.

Yupaxnesne. [okaxuTe, 1TO
K(B,) = k(Cy) = k(Ay1).

Mauxnie MEOXecTBa MakcBelna THIHIHKX CeMedcTB QPyHKIMH, 3aBHCA-
WHX OT 2-X NapaMeTpoB, ABJAAIOTCA ILIOCKUMH KPHBHIMHE C OCOGEHHOCTAMHE
LBYX THIIOB: KOHeYHHIMH ToYkaMH {A3) B Y-06Da3sHEIME TPOHHHME TOY-
kaMmu (3A;). 3zech, Kak ¥ B APYLHX 3ajadaX TeOPHH 0COGEHHOCTEH, THCIO
apryMenToB QyHKHMHE He CyIIeCTBEeHHO (OHO JaKe MOXeT GHTb GeckoHed-
HHIM, T. €. yTBepXKJeHHe CIPaBeJIUBO He TOJAbKO JJIi CEMeHCTB PYyHKIHH, HO
¥ 411 ceMelicTB PyHKIKOHAT0B). CylleCTBEHHO TOABKO YHCIO NapaMeTpOoB.

Hpegnosoxum Teneps, 9To ceMedcTBO QYHKIHHE 3aBACHT OT BPEMEHHU.
3aBucAlad OT BpeMeHH GYHKNUA (3aBHCALIA K TOMY e OT k apaMeTpoB)
MOXKeT pacCMaTpHBaTbCA KaK QYHKHHA, 3aBHcAmad ot (k + 1)-ro napame-
Tpa. Takum o6pazoM, MEOXecTBO MakcBela 3aBHCAILErO eINé K OT BpeMe-
HH k-TIapaMeTpHYECKOrO ceMelcTBa PyHKIMA MOXET pacCMaTpPHBaThcd Kak
runepnoBepxHocTs B (k + 1)-MepHOM “IapaMeTPHYeCKOM HIPOCTPAHCTBE-
BpeMenu”. [Ipzm 3TOM MrrOBeHHHIe MHOXecTBa MakcBelia — 3TO CedeHHA
3TOH IHIepHOBEePXHOCTH H30XPOHAMH ! = const.

CaegoBaTenbno, A H3yYeHHS THOHIHHX NEPECTPOEK MIHOBEHHHX
MHOXeCTB MakcBeilla HaM Heo6Xo[UMO HCCreZOBAThH THIHYHLIE IePeCTPOH-
KH ceYeHHHA THIHIHHX MHOXecTB MakcBenria B (k + 1)-npocTpancTBe.

OTa 3aja4a 6niia pellleHa BoraeBckuM 44 ciydaeB k = 2 (nepecTPOAKH
KPHBHIX Ha IUVIOCKOCTH napaMeTpoB) u k = 3 ([80]). Otser gaa k = 2
m306paxkén Ha puc. 29 ([81], [82]).
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Puc. 29. Tunn4vseie oco6eHHOCTH IOBepXHOCTH MakcBeala
B 3-mpocTpaHCTBe I THOMYHEIE HepecTPOMKH KpHBHIX MakcBemia
H YAaPHBIX BOJH Ha INIOCKOCTH

| I2XX)¢
?

CymecTByeT IATh TONOAOIEIECKE Pa3lHIHEIX POCTKOB THIHYHBIX IO-
BepxHocTed MakcBenta B 3-npocrpalcrBe. THOMYHEE NepeCTPOHKHE cede-
HHA STHX IOBePXHOCTEH H30XPOHAMHE 3aBACAT OT NMOAOXKEHHA KPATHIECKOR
H30XPOHBI 0 OTHOLIEHAI0 K MHOXKeCTBYy MaxkcBemia. Ha puc. 29 m3obpa-
JKeHO JecATh THHNUYHHX HePecTpPoek (eci:m CrydYaH, OTAMYAIONHECT TOAb-
KO HalpaBJeHWeM BpeMeHH, CIHTATh OTAe]bHO, TO MOAYYHM BOCEMHAANATh
Pa3JHIHHIX IePeCTPOEK).

BepréMca x yzapHHIM BoliHaM. JYdapuolMmu 60anaMu HAf ypaBHEHHA
Broprepca ¢ ucyesaiouiell BA3ZKOCTHIO ABALIOTCA MHOXKeCcTBa MakcBeana A4
HEKOTOPOro ClieNHaJbHOr O CeMelCTBa QyHKNUH; a HMeHHO,

(z—t)?
2t

(3To cremyeT m3 Tak Ha3nBaeMoro mpeo6pasoBanus Koyia-Xonga, mpu-
BoJAuero ypaBHeHHe Broprepca x ypaBHEHMIO TenoOPOBOXHOCTH H OIE-
cannoro B yde6uuke Popcaiita [83] 3a MHOrO JET O TOro, Kak OHO GHLIO
nepeoTkpuiTo Dropunom [84]). B npocTpancTse-pemenu {t,z} yiapabie
BOJHBI 3aMeTal0T MHOXeCTBo MakcBe1a JaHHOTO BHIIE ceMedCTBa GyHK-
UMH, 3aBHCAIINX OT PU3NIeCKOH TOIKH y X napameTpoB (¢,z). MraoBennke
yAapHBIe BOJIHE — 3T0 NepeceieHHA MHOXeCTBa MakcBella ¢ H30XPOHAMH.

F(e,t) = min f(y;t,2), f= — So(y)
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dyHKnud MUHEMYMa F' MoXeT GHTBL PeoMeTPpHIeCKH ONHCaHa ClefyIo-
M o6pasoM. ByZeM onyckaTh BHU3 mapabosouj ¢ BePTHKAILHOH OCBIO,
pacIoJOXeHHOH Ha TOYKOH T, IIHPHHA KOTOPOro 3aBHCHT OT HapaMmeTpa. t,
0 TeX Iop, NoKa OH He KOCHETCA rpaduka HCXOLHOH NOTEeHNHANbHOH PYH-
knuu Sg. BricoTa napaGoionga, Ha KOTOpOH OH BliepBHIE KaCaeTCA 3TOrO
rpacduka, H eCTh TpeGyemad QYHKIHA IePeMEeHHOH T.

Ecau t 09eHb MaJjo, To Napaboions z = (z—y)%/2t ovens Tonok. B aTom
ciydae TO9Ka KOHTaKTa MeXAY HapaGoJonfoM A rpadpUKoM eJHHCTBEHHA.
JTa TOYKa [IAJKO 3aBACHT OT &, Tak YTo F' aBafeTcd riaagxod QyEknued
g mansix £ IIpu yBernsenuu ¢ napaGotony pacuupaerca. B sToMm crydae
J18 HEKOTODHIX T NOABHTcH Golee YeM oJHAa TOYKa KOHTakTa (pHc. 30).
OTH clenHalbHble 3HaYeHAA T 06pasylOT MTHOBEHHYIO yJapHYIO BOAHY (M
MI'HOBEHHO€ MHOXeCTBO MakKcBela Halllero ceMefiCTBa).

Puc. 30. Oco6ble n Heoco6ule
3HaYeHUA ¢ ocell mapaboJonga

Y DS

X neocod. X 0co6.

OKCIepUMEeHTHl ¢ STAMHM TaPaBOoJOH JaMH HOKa3HWBaIOT, ITO AAf THIMY-
HEIX HaJalAbHHIX OBEPXHOCTeH (IOTeHnHalIoB Sp) BCTPedaioTCs TONBLKO TH-
DEYHbIe 0COGEHHOCTHM H IepPeCTPOHKH H3 cnucka BoraeBckoro. Opnmako,
KaK 3aMeTaH I'yp6aros u Caudes [85], MAOXKeCTBO THIHYHHX NepecTpo-
€K yAapHBIX BOJIH MeHbIIe MHOXeCTBa THHHYHHX IePeCTPOeK MHOXeCTB
Makcenaa, cogepxkaneroca B cnucke Boraesckoro.

Oxau mepecTpoiikn MHOXecTB MakcBella BCTpedaloTCs KakK Iepe-
CTPOHKH BOJHOBHIX GPOHTOB TOABLKO B OZHOM HallpaBIeHMH H3MEHEHHA Bpe-
MeHH (HAalpEMep, TPeyTOJbHHK MOXET MCYe3HyTh, HO He MOXeT BO3HHK-
HYTb); APYCHe NepecTPONKE MHOXecTB MakCBella pealu3yeMH Y AapHEME
BOMHaMH B 06OMX HaIpaBACHHAX H3MEHEHHd BPeMeHH; TPeThbH He BCTpeda-
10Tca BoBce. [JomycTHMbIe HallpaBJeHUA lepecTpoeK Ha puc. 29 0603HaYe b
CTpEIKaMH.

ITH [ONYCTHMEE HalpaBieHUd o6yclIoBReHH BHRINYKIOCTLIO OrpaHmie-
HHA Ha IPOCTPAHCTBO HMIYJAbCOB (MYyHKHHH ['aMHABLTOHa, oupefeldiolel
COOTBeTCTByMONIee ypaBHeHue 'amuabToHa~fKko6u. ([Jaa ypaBHenus Biop-
repca ¢yHknud [aMEAbTORA paBHa p?/2.) A HWMeHHO, HeOGXOAMMHMH H
JOCTATOYHBIME YCIOBHAMHE PeajiU3yeMOCTH IepeCTPOUKH MHoXecTB Makc-
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Bellia B BHJe IePeCTPOHKH YIapHOro GpoHTa (CHCTEME, OlpeJeéHHOH 1o~
ClIOHHO BHINYKJOK ¢yHKINUeld ['aMHAbTOHA) ABALIOTCA:

1. Jloxaavras ydapnas 604na, PONCOENNGR 6 MOMENT neEpecPOLiKY, 6
caedyouutl MOMEN CTRAZUCAEME 6 HEKOMOPOTl OXPECTRHOCTNY TNOYKY Te-
pecmpoiixu {Teopema Boraesckoro).

2. Tomomonuuecxuti mun donoanenus x yoaprot eoane cpasy e no-
cae MoMenma nepecmpolixy maxol e, XaX u 6 IMom momenm (TeopeMa
10.Bapumnuxkosa).

Jlio6oe u3 >THX ABYX YCAOBHH ABAf€TCA HEOOXOZMMHM H AOCTaTOY-
HHM [J4 peafin3yeMOCTH lepeCTPONKH 3aBHCAINErO OT BpeMeHH MHOXeCTBa
Maxcsensa na nrockocTs Hin B 3-npoctpancrse (Boraesckmit). Opmako,
HEE3BeCTHO, BEPHO JH JTO B GOABIIMX Pa3MEPHOCTAX; HEU3BECTHO TaKie
9KBMBAJNEHTHH I 5TH [Ba YCAOBHA [IJXf MHOTOMEDHHIX YAAPHHX BOJH, HOA-
YHHAIOWUXCA ypaBHeRHIo Bioprepca ¢ ncyesaloimeii BA3KOCTHIO.

3ameganmme. Teopun Jekanosa (§2.4) u Boraesckoro (§2.5) rosopaT o
TOM, 9TO BIOXKeHHe JarpankeBa MEHOroo6pasud B NOCJOHHO BHIYKIYIO M-
IepHOBEPXHOCTh HajlaraeT CTPOrHe TONOXOTHYeCKHe OTPAHHYEHHA. ITO
HABOZUT HA MEICAb O TOM, 4TO ONTHYeCKad TONOJOLHA JOBOJABHO CYyIHe-
CTBEHHO OTAHMYaeTcd OT O6LIeH CHMILIEKTHIECKOH TONONOLHH {CM. TakKxKe

(86]-[89]).

IIpo6aema. fxo6u B [90] ynoManya o ToM, 1To A106ad KayCTHKa CeMei-
CTBa reoJe3N4ecKuX, CTAPTYIOIUX B ofmell ToYke 3LIMNCONLa, HMeeT He
MeHee YeTHIDEX TOYeK BO3BpaTa. BeprO AW 3To 418 APYrHX PHMAHOBHIX

MeTpHK Ha cdepe (Hanpumep, AAd THIHIHHX METPHAK, GIU3KHX CTaHIAPT-.

Ho#)7 OTo CBOHCTBO 9YeTHPEX TOYeK BO3BpaTa, €CIH OHO HMEET MeCTO,
HOMKHO 6HTH 0GOGIEHNEM HAa CHMIJIEKTHYECKYIO TONOJOTHIO TEOPEeMH O
9eTHIPEX BepLIMHAX, COrIACHO KOTOPOH 3aMKHYTaf ILIOCKad KpDHBAd HMeeT
He MeHee YeTHIPEX TOYeK TOYeK IKCTpeMyMa KpuBH3Hm (cM. [91], [92]).

3 KoHTaKTHaA reoMeTpas

KoHTaKTHAf recMeTpHd COCTaBIdeT MaTeMaTHYeCKHi 6al3uc reoMeTpHYie-
CKOIl OIITHKYM B TaKOM e CMHICIe, B KAKOM CHMILIEKTHYecKasd reoMeTpHi
ABAfETCH 6a3HCOM KAacCHIeCKOH MeXaHMKH. “OnTuko-MexaHWYecKad” aHa-
jgorud ['aMuibTOHA 103BOASET HHTEPIPETHPOBATL NPo6IeMEl M Pe3yabTaTH
CUMILIEKTH9eCKOH I'eOMeTPHH Ha A3hIKe KOHTAKTHOH reOMeTpHH H Hao6o-
poT. TeM He MeHee, npaMoH HoAXok B TepMHEHAX KOHTAKTHOH reoMeTpuH
BO MHOI'HX ClydasX IpeJloiTHTeNbHee, IO KpailHeH Mepe C TOYKH 3peHHsA
reoMeTPHYeCKOd HHTYHIUH: OH NeMOHCTPHPYET reOMeTpHIeCKoe CofepKa-
aue GopMYyA CEMILIEKTAYecKol Teopuu. CBA3b MeXJy CHMIICKTHIECKOH H
KOHTAKTHOH MeOMeTpHAMM NOA0OHA CBA3M MEXIy [eOMeTpHed JWHEHHHX
IPOCTPAHCTB H IIPOEKTABHON MreoMeTpHed: Aid TOro ITOGH HOXYIUTb KOH-
TaKTHHHE amallor CHMILIEKTHIeCKOro yTBepXK feHud, HeoOXOXHMO 3aMeHHTh
$yHKIOUE TENepHOBEpXHOCTAMY, adpduHHLIEe N1POCTPAHCTBA IPOEKTHBHRIMH
HT. A

B 3To#l riaBe KOHTAKTHAA FEOMETPHA HCIOAb3yeTCs IJIf H3yIeHHA OCO-
6eHHOCTEdl H IepeCTpPOeK BOJHOBHIX QPOHTOB.

3.1. BouanoBsie ppoHTH

KaycTuky MOryT 6HITH ONHCaHH KaK Clefbl, 3aMeTaeMhle OCOGeHHOCTAMHE
IBHXKYIAXCA BOXHOBHX ¢ponToB. Teopus ocoGeHHOCTeH BOTHOBHIX (POH-
TOB ABJAETCA YaCTHHIM CiAydaeM o6lUed TeOpHH JeXaHIPOBHX ocobenHO-
CTell KOHTAKTHOH eOMeTPHH. OTa 06lad TeOpHA 3aHEMaeTci KIacCHPH-
Kaguel ocoGenHocTel npeobpasopannil Jlexanapa raagkux QyHKIHE ¥ TH-
NepnoBEepXHOCTEH, NYalbHHX [MaJKUM IPOEKTHBHRIM IIOBEPXHOCTAM.

OCuapegeneane. Kowmaxmuot cmpyxmypot Ha MAOroo6pa3uu Hal3kBaeT-
¢ Iofie KacaTelbHHX IHIEPIIOCKOCTel (Konmaxmubiz zunepnaockocmetl),
HeBHIpOXJeHHOe B KaXK ol Touke (puc. 31).

JlokanbHO Takoe IOJe ONpeleleHO KakK moie Hyled HekoTopol 1-¢op-
Mhl o, HaahiBaeMoH xonmaxmuot gopmotl. YCIOBHA HEBHIPOXACHHOCTH 3a-
K1I09aloTcd B crefyiomeM: do HeBHPOXJeHa Ha IHIEPIIOCKOCTAX, HA KO-
TOPHIX (x paBHa HYXI0; 5KBEBaAeHTHO, B (21 + 1)-npocTpaHcTBe:

a A (da)" # 0.
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Bellia B BHJ€ IePeCTPORKH yHapHOro PpoHTa (CHCTEME, ONpeJe éHHON o~
CJIOWHO BHINYKIOH (yHKnued 'aMHIBTOHA) ABAAIOTCA:

1. Jloxaabnas yoapuas 604ama, PONCOENNAR 6 MOMEHM nEepecmPotiny, 8
caedyoujutl MOMERM CTAZUSAEMG 8 HEXOMOPOY OKPECTMIHOCTNU NOUKY Tie-
pecmpoiixu (Teopema Boraesckoro).

2. Tomomonuuecxuti mun donoarenus x yoapHoi eoaxe cpas3y e no-
cae momenma nepecmpoticy maxot dce, Kax u 6 3Mom momsenm (TeopeMa
10.BapuimnnkoBa).

Jlio6oe H3 3TUX ABYX YCJAOBHH ABAAETCA HeOOGXOIMMEIM M ZOCTaTOY-
HHM [Jf Pealu3yeMOCTH epeCTPOAKH 3aBHCAIIErO OT BpeMeHH MHOXKECTBa
Maxkcsenra na nrockoctn uan B 3-npocrpancTBe (Boraesckuir). Oxnako,
HEM3BECTHO, BEPHO JH 3TO B GONBIIMX Pa3MEPHOCTAX; HEH3BECTHO TaKXKe
9KBHBaJEHTHH I JTH [Ba YCIOBHA IS MHOTOMEPHHIX yIapPHHIX BOJH, NOA-
YMHAOIEXCE ypaBHeHHIO Bloprepca ¢ ucyesaomei BA3KOCTbIO.

3ameuanme. Teopur YexanoBa (§2.4) u Boraesckoro (§2.5) roeopar o
TOM, 9TO BJIOXKeHHe JarpaHXKeBa MAOroo6Gpaind B IOCJIOHHO BHITYKIYIO F'H-
IepIOBEPXHOCTb HaJaraeT CTPOrHe TOIOJOrHYeCKHe OCpaHHYeHHA. DTO
HAaBOAMT Ha MEICIb O TOM, YTO ONTHYeCKad TONOXOTHA JOBOABHO CyIie-
CTBEHHO OTIHYaeTCA OT o6ImeH CHMILIEKTHIECKOH TOIOJOTHH (CM. TakxKe

[86]-(89]).

Hpo6aema. Sko6u B [90] ynomanys o ToM, 9To J1i06aid KayCTHKa CeMeli-
CTBa r'eoJe3UYeCKHX, CTAPTYIOIIEX B 06wWell TouKe 3IIMICOMLa, HMEET He
MeHee YeThIPEX TOYeK BO3BpaTa. BepHO /M 3TO AAd APYrHX PHMaHOBHIX
MeTpHK Ha cdepe (Hanpumep, Lif THIHIHHX METPHUK, GIU3KAX CTaHIapT-.
HO#)? OTO CBOHCTBO YeTHPEX TOUEK BO3BPATA, €CIH OHO HMEeT MeCTo,
JOMKHO GHITh 0GOGLICHHEM HA CHMILIEKTHYECKYIO TOIOJIOTHIO TEOPEMH O
9eTHIPEX BepIIHHAX, COMIACHO KOTOPOH 3aMKHyTad NJIOCKAad KpHBad MMeeT
He MeHee YeTHPEX TOYeK TOYeK SKCTpeMyMa kpuBu3HH (cM. [91], [92]).

e

Lo cai g

3 KoHTakTHaA reoMeTpnsn

KORTaKTHAf [eOMEeTpHA COCTABAAeT MaTeMaTHIeCKHH 6GalHc reoMeTpHIe-
CKOli ONITHKH B TAaKoM e CMHICAe, B KAKOM CHMILIEKTHIECKas TeoMeTPHA
ABAAETCA 6a3HCOM KIaCCHIECKOH MeXaHMkH. “OnTHKo-MexaHWYecKad aHa-
jgorua [aMHAbTOHA H03BOJIAET HHTEPIPETHPOBAThH IPOGIEMH H Pe3yAbTaThl
CUMILIEKTHIeCKOH [eOMeTpDHH Ha A3hKe KOHTAKTHOH reoMeTpHHE H Hao6o-
por. TeM He MeHee, IPAMOH NOAXOA B TepPMHHAX KOHTAKTHOH reOMETpHH
BO MHOT'HX CAydafdX IpeflOoITHTelbHee, IO KpaiHeld Mepe C TOYKH 3peHHA
reoMeTPHIeCKOH HHTYHIHY: OH JEMOHCTPHPYET reOMeTpHIeckoe CoaepxKa-
gue GOPMY] CHMILIeKTAYeckod TeopHH. CBA3b MeX Iy CHMIIEKTHYECKOH U
KOHTAKTHOH [eOMeTDHAMH IOJOGHA CBA3H MEX[Y CeOMeTpHeH JWHeHHBIX
IpOCTPaHCTB K IPOEKTABHOH reoMeTpHe#: JA4 TOro YTOGH HOXYIHTH KOB-
TaKTHHH AHAJOr CHMILJIEKTHIECKOro yTBepXJeHHA, HeoOXOTUMO 3aMEHHTh
GbYHKOMA CENepIoBepXHOCTAMH, apPuHHEE IPOCTPAHCTBA IPOCKTHBHEIMH
HT. I

B 5Toi riaBe KOHTAKTHaA MeOMeTPHA HCHOAB3YeTCA AJAf H3YIEHHA OCO-
6eHHOCTEH M IepecTPOeK BOIHOBHIX (PDOHTOB.

3.1. BoJuasoBe (PPOHTH

KaycTHKH MOryT 6HTBL ONMCaHH KaK ClIefhl, 3aMeTaeMbie 0COGeHHOCTAMH
IBHXKYIHXCA BOXHOBHIX ¢poHTOB. Teopus oco6eHHOCTeH BOAHOBHIX (POH-
TOB ABJIAETCA YACTHHIM ClydaeM oOIuedl TeOpHH JeXaHJPOBHIX 0COGeHHO-
¢Tell KOHTAKTHOH reoMeTpHH. JTa o6Ias TeopHA 3aHHMAeTCA KAacCHdU-
Kalldell oco6ennocTel npeobpasoBanuil Jlexkanpa raafkux QYHKOME U TH-
NepIOBEePXHOCTEH, AyaibHHX [MaJKHM IPOEKTHBHRM IOBEPXHOCTAM.

Oopegenenne. Konmaxmuoti cmpyxmypotd Ha MEOrOOGpa3dH HadHIBaeT-
¢4 nofe KacaTelbHHX PHIEPILIOCKOCTEH (KONMaKmHMYT 2unepnaocKocmet),
HEBHIpOX IeHHOE B KaXJoH Todke (puc. 31).

JlokaabHO Takoe Iofe OlipefeleH0 KaK loie Hyledl HekoTopoll 1-¢op-
MH (r, HA3HIBaeMOH Koxmaxmuou gopmot. YCIOBHA HEBHPOXKICHHOCTH 32~
KJII09a10TcA B clefylomeM: do HeBHpPOXJeHa Ha MMNEPIIOCKOCTAX, Ha KO-
TOPHX  paBHA HYJIO; KBUBaNeHTHO, B (21 + 1)-IpocTpancTBe:

aA(da)® #0.
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Puc. 31. KorrakTHas cTpyKTypa:
MaKCHMaJLHO HeHMHTEl PHDYEMOe
noJle KacaTelbHbIX MHNEPIIOCKOCTER

ITO ycloBHe BHPaXKaeT MaKCHMAIbHYIO HEMHTErPHPYEMOCTh, Tak KaK yc-
nosue Ppobennyca HHTErpUPYEMOCTH NIOJA THIEpILIocKocTell o = 0 cocTo-
HT B TOM, 49T0o o A dox = 0.

IIpamep 1. Rt o = dz — pydqy — ... — podg,. Bce xonmaxmusie
CMPYKMYPbL HE MHO2006pa3uu GuKrCuUPOeaHKOlT DPAIMEPHOCTU JLOKAALHO
xonwmaxmuomopPusi, u ece xonmaxmuvie Fopuvt aoxaavno JufdeomopPut
(u, cmegoBaTenbHO, MOTYT GHITH 3alMCAHLI B yIOMAHYTOH BHILIE HOPMAJb-
HOU (dOpMe, MCIOAB3YA NOAXOLALIMe Koopduramul Japby; CMOTpH, HalpH-
mep, [93], [14]).

IIpamep 2. Muozoobpasue J'(M,R) I-cmpyi dyskmmi M — R
(puc. 32) mMeeT ecTeCTBeHHYIO KOHTAKTHYIO CTPYKTYpy, “dz — pdg” (1-
crpys (z,p,q) dynknuu f AsaseTca MHOrOYIeHOM NEPBOR CTeNeHH eé pa3-
noxenud Tednopa f(z) = z+p(z —q) +...).

>

epapun
i- cp@ngs’uuuf

= "(‘} ), ? = 'amq(

T' M R)
2 qi=M

Puc. 32. KoATakTHad cTpykTyPa MHOr00G6pasma 1-cTpyit dbynkmmi

R SR
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IpamMep 3. Kouwmaxmusiti saemenm na V — 3TO CHIEPILIOCKOCTS B Ka-
caTeabHoM K V npocTpancTBe. Bce KOHTakTHHE dieMeHTH Ha V' o6Gpa3y-
0T pacclioeHHe Hajg V, cO clioeM — IPOeKTHBHRIM IIPOCTPaHCTBOM KOH-
TaKTHHIX DJEeMEeHTOB, IPHJICXKEHHKX B OfHOH ToYKe KOHTaKTa. Paccaoenue
KOHTMAKMMHBIT d4€MENMO6 Hak V eCTb NIPOeKTHBH3aLHA KOKacaTeIbHOIr'O
paccroends V. TakuM o6pasoM, npocmpancmeo npoexmueu3ayuy K£oKaca-
meabrozo paccaoenus PT™V nMeeT ecTeCTBeHHYIO KOHTAKTHYIO CTPYKTY-

py (puc. 33).

Puc. 33. KoHrakTHad CTPyKTYpa
MHOTr 006pa3id
KOHTaKTHBIX 3/1eMeHTOB Ha V

Ecmecmeennvie xonmaxmubie cmpyxmypst 1puMepoB 2 1 3 onpefeleHk
“yCIOBHAMH MHTErPHPYEMOCTH” H “ycIOBHEM KOHbka  COOTBETCTBEHHO.

CKOpOCTh [ABMXKEHHA KOHTAKTHOI'O 3MeMEHTA IPHHAIIEXHT KOHTAKT-
HOH T'HIIEPIIOCKOCTH, €ClIE H TOABKO €CIH CKOPOCTh ABHXKeHHA TOYKH KOH-
TaKTa IPUHALICKHT STOMY KOHTAKTHOMY 3AEMEHTY.

KorTakTHad CTpYKTypa IPOCTpPaHCTBa l1-cTpyH MYyHKHHH onpeieleHa
ClefyIOIIEM YCIOBHEM: MJA BCAKoM QyHKIHH MHOroo6pa3ume eé 1-cTpyH BO
BCex TOYKaX MHOroo6pa3ni M KacaeTcs (KOHTAaKTHOH) THIIEPIIOCKOCTH.

ODTa ecTeCTBEeHHAA KOHTAKTHAA CTPYKTypPa IPOCTPAHCTBa 1-cTpy# yH-
KOH# B JOKalbHHX KOOpPAHHaTax (2,p,q) 3aJaéTcd KakK NoXe HyleH KOH-
TaKTHOH 1-¢opMu dz — pdg (3fech z o6o3HavaeT 3HaveHHe PYRKOHUH, g
— ToYKa 06JRacTH onpeleleHud, p — 3HadeHHe lepBoro AguddepeRnuana
(YHKIHH B TOYKE ¢).

Teopema I'uBeHTaNa copaBefiMBa L4 INOIMHOTOOGPa3WHd KOHTAKTHO-
'O IPOCTPAHCTBA: AOKGALHAR BHEWMHIL 2EOMEMPUR ONPEdeseHa A0KAILHOY
enympenneti 2zeomempuet ([13], [14]).

Ha nogMaoroo6pasnit KORTaKTHOO MHOLGOGPasHd KOHTAKTHad CTPYK-
Typa onpefeiseT ndaddosy cTpykTypy. Ypasuenuen fadda nasnsaeT-
cfl ypaBHeHZe BHJa o = 0, e o« — ruddepennuanbaad 1-popma. HPadpo-
64 cmpyxmypa (IOKaAbHO) 321aéTCA KIaCCOM SKBHBAICHTHHIX yPaBHEHHH
Hoadda (sBa ypasnenuda IIdada Ha3HBAIOTCA IKEUGRIEHMNbIMY, eCIH
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COOTBeTCTBYOUIKE 1-POPMEI OTARYAIOTCA TOALKO yMHOXEHHEM Ha HUT e He
HyXenyio ¢yaxnumio). Idaddosa cTpykTypa onpefenfeT noje KacaTelb-
HHIX I'HIIEPLIOCKOCTed B TOYKaX, I'fe ndadpdoBu GOPMHE He paBHEI HYJXIO.
B oxpecTHOCTH Takoil HeBHpPOXIeHHOH TOYKH NdaddoBa CTPYKTYpa HOJ-
HOCTBIO OllpejelleHa COOTBETCTBYIOLIUM IIOJEM KacaTelbHbIX CHIEPIIOCKO-
cTeH.

Ipumep. Ildadodobu cTpykTypH, onpegenéunnte popmamu z dz u z2 dz,
COBII2JAIOT B OKPECTHOCTH 11060 HeHyIeBOHd TOYKH, HO OTANYAIOTCA B TOU-
ke z = 0.

Teopema 1. Pocmox nodmuozoofpasus Kowmaxmuozo npocmpearcmea
onpedeaén, ¢ mounocmuio do xonmaxmonopPusma, ndad@oso cmpyxmy-
potl, undyyuposannot Ha nNodMHOZ006PaA3UY U3 KOHMAKMHOY cmMpYyKmMypsl
06 ema0U4€20 npoémpaucmea.

Teopema 2. I[Ipednososcus, umo pocmuxu o0zpanuuenuts Ha n0JuH02006-
pa3ue 06YT KOHMAKMHUBIT CTRPYKTMYP 00HeMAIOUE20 NPOCTNPARCTEE COBNa-
dalom. Tozda cywecmeyem aoxasvuviti JufPeomopdusm 06vemmowezo
NPOCMPANCTNEG, HENOJBUNCHBIL HA NOOMHO2006PA3UY, OMNPAEARMOUUT
nEPSYI0 CMPYKMYPY 60 6MOPYO.

HoxasarenrcTBa umeoTes B [14].

Onpegenesne. Jexcandpossin nodmnozoo6pasuem KOHTAKTHOTO MHOLO-
06pa3ui HadHBaeTCH HHTErpaibHOE IOAMHOr0O6pasie MaKCHMAJbHON pa3-
MepHOCTH (paBHOH 1 114 (27 + 1)-MepHOro KOHTaKTHOrO MHOT006pa3ui).

Ilpumep 1. Cron paccioenuns PT*V — V — nexXaHIpPoBH NOZMHOLO-
o6pad3ud.

IIprmep 2. MHoxecTBo 1-cTpyit m060i dyuknun Ha M spiseTcs JexXan-
APOBHIM noAMHOrooGpasueM MHOroo6pasus J!(M,R) l-cTpyit ¢bymknumit
Ha M.

IIpamep 3. MHOXeCTBO KOHTAKTHAIX 31eMeHTOB V, KacaolWuXcs KaKOro-
a160 rja Koro NOAMHOroo6pasrs (1060l pasMepHOCTH) B V, ABAfETCH Je-
2KaHJIPOBHIM NOAMHOT' 006pa3neM NPOCTpaHCTBa KOHTAKTHHIX dJIeMeHTOB V.

Omnpejgenenne. Jexcandposvik paccaoenuesm HA3HIBACTCA PACCIOCHHE C
JeXXaHJPOBRIME CAOAMH.
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Ipumep 1. IlpoexTuBH3anNa KoKacaTelbHOro paccioenus PT*V — V,
COIOCTaBIAIONIee KOHTAKTHOMY DJeMeHTy ero TOYKY KOHTaKTa, ABIfeTCA
JAeXaHIPOBHM DacCIOeHHeM.

Ipumep 2. Paccroenue J!(M,R) — JI9(M,R) npocrpancrBa l-cTpyit
¢YHKOHHE Hal npocTpancTBoM (-cTpyil, onpegenénnoe “oTo6pakeHHeM 3a-
6nBaHMA DPOU3BOAHKIX", (g, p, z) — (g, z), ABAfETCA JeXKaHPOBBIM PacCio-
eHHeM.

Teopema. Bce aedcandpoebi paccaoenus 00UHAK080U PA3MEPHOCTIY A0-
KaabHo (8 OKPECTIHOCTNYU TNOUKU TLPOCMPAHCNEG PACCAOENUR) ACICARIPOEO
KU AAEHTIHDL.

CnpoeKTHpPYeM CHIEpLIOCKOCTh, ONpeeNdiomyio KOHTAaKTHYIO CTPYK-
TYPY, B3 TOYKH IPOCTPAHCTBa JeKaH[pOBa PacCIOeHH s BAOAL clod Ha 6asy.
Eé 06pas eCTh KOHTAKTHHH d7eMeHT K 6a3e B TOUKe, ABIAloUIeHcs 06pa3oM
HCXOAHOH TOYKH.

TaxuM 06pasoM MH CKOHCTPYHpOBaJH oTo6pakeH#e U3 IPOCTPAHCTBA
JeXaH IpOBa PacCIOeHAA B IPOCTPAIHCTBO KOHTAKTHHIX 3JeMeHTOB K bHase.
DTo oTobpaxkenme ABAdeTca (AoKaibHKIM) ZuPdeoMopdH3MOM, TaK Kak
HEBHIPOXKJEHHOCTh KOHTAKTHOH CTPYKTYpHl BJe4€T TOT ¢akT, YTO NpO-
eKI¥A IPHIEPIIOCKOCTH, 3afalolleil KOHTAKTHYIO CTPYKTYPY, BpallaeTca
HeHyJAeBOH CKOPOCTHIO, KOr'Ja TOYKa IPOCTPAHCTBa PacCIOeHHA JBHXKeTCH
¢ HeHYJeBOH CKOPOCTBLIO BAOJB CJOSL.

IJTo oTo6paKeHHe NEPEBOSHT HCXOAHKIe KOHTAKTHYIO CTPYKTYDY H Je-
WKaHLPOBO pacCioeHWe B KOHTAKTHYIO CTPYKTYPY H eCTeCTBEHHOE JeXaH-
IPOBO PacCIOeHHe IPOCTPAHCTBa KOHTAKTHHX dJHeMeHToB 6a3nl, 9TO M Jo-
Ka3hIBaeT TEOPEMY.

3ameuanne. CloH 1eXXaHIpOBa PacCIOCHHA JOKAJIbHO CHaGXeHHl eCTeCT-
BEHHOH N POEKTHBHOH CTPYKTypoH (oIpedeléHHOH B IpeAnIAyIIeM KoKa3a-
TeNbCTBe). OTa CTPYKTypa aHAJIOCHYHA eCTeCTBeHHOW apdUHHOU CTPYK-
Type CHO&B JarpaHKeBa PACCHOEHHA CHMIIAEKTHIECKOR reOMeTpHH.

IIpoekTHBHaA CTPYKTypa CJH0€B JAeXXaHIPOBa PacCIOEHHA HMeeT jJaxe
6oibillee reoMeTpHYECKOe CoAepXKaHHe, TaK Kak Jio6oe oTobpaxenue ie-
JKaHJPOBBIX PaccioeHHH (coxpaHfiolllee KOHTAKTHYIO CTPYKTYpY H CJIOH)
aBTOMaTHYeCKH HMHIYHHPYeT eIMHCTBEHHOe HPOeKTHBHOe OTobpaxkeHue
cl0éB (oupenenénHoe AeicTBueM JudpdeoMopdusma 623 Ha KOHTAKTHEIX
afeMeHTaX K 6asaM). B cHMIIeKTHYeckoM cirydae adduHHHE oTobpaxe-
HUA CHOEB OllpeJeleHH TOAbKO C TOYHOCTBIO JO CABULOB.
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Onpepenesne. [Ipoeknus aexanapoBa nogMHOT006pa3ua NI POCTPAHCTBa

JeXKaHApoBa paccloeHud B 6ady 3TOro pacCloeHHs Ha3hBaeTCH Jeicandpo-
6blu omobpadicenuem (puc. 34). O6pa3 1exan [poBa 0TOGpaKeHN A HA3LIBa-
eTcd ero fponmon.

X OHITZEH/TIAIOE
A OEOCODRIUe €M1,

Puc. 34. Jlexanapogo
oTobpaxeH#e U ero GppoHT

O6rr1H0 PPOHT ABASETCA PHIEPIOBEPXHOCTHIO 6a30BOTO IPOCTPaHCTBA
JeXanapoBa paccioeHud. VcKrouuTeNbHNe TeXaH POBH NOAMHOr006pa-
314 (HalpEMep, CAOH, 9bH (PPOHTH — TOYKK 6a3ku) 06pa3yioT MHOXKECTBO
GecKoHeTHOH KOPa3MepPHOCTH B IPOCTPAHCTBE BCEX MeXKaHPOBHIX 10 AMHO-
roo6pasmii NPOCTPAHCTBa PACCIOEHHS.

Iprmep 1 (Jsotcmeennocms Jesxcandpa). PaccMOTpEM HPOCTPaHCTBO
KOHTaKTHLIX 3/€MeHTOB IPOEKTHBHOI'O NpocTpancTBa P™. 3To npocTpan-
CTBO €CTeCTBEHHO H30MODQHO IPOCTPAHCTBY KOHTAKTHHIX JI€MEHTOB Y-
aJbHOI'0 NPOEKTHBHOI'O IPOCTPAHCTBa P™:

PT*(P™) =~ PT*(P™). (1)

B camoM gefte, Touka B IepBOM NIPOCTPAHCTBE MOXKET 6LITH pacCMOTpe-
Ha KaK napa, o6pa3oBaHHad TOYKOH ¥3 P™ M MHIEPHAOCKOCTHIO, COAepXKa-
el 3Ty TouKy. MsoMopdusM oTmpaiseT 5Ty mapy B 1apy, obpasoBaH-
HYIO PHIIEPIIOCKOCTDIO H 3TOH TOUKOH (TO eCTh MEeHAET MeCTaMH 2JeMeHTh
IapH ).

IeomeTpuyeckoii ocHOBOM Teopun npeobpasoBanuii Jexxanapa fBageT-
cA clefyiollad dleMeHTapHas

§3.1. Boanosbsie pormbi 65

Teopema. Ecmecmeennvii usomopgusmu (1) omnpasasem ecmecmeennyio
KONMAKMHYI0 CTRPYKIYPY NEPEO20 NPOCMPAHCMEE 8 ECTNECTNEENNYIO KON~
MmaKMUYI0 CMPYKIMYPY 6/MMOPO20 NPOCMPARCMEA. '

Jloxka3aTelbCcTBO. PaccmoTpuM riaagkoe NogMHOroo6palade NIpAMOro
npo#3BefeHuA MHOroo6pal3us Ha cebs, Kacaloieecs AHaroHaJIH (’rax 4TOo
KacaTeJbHoe IPOCTPaHCTBO NOAMHOroo6paind B TOYKaX AHACOHANH, pac-
cMaTpHBaeMoe KaK IOAIPOCTPAHCTBO KacaTelbHOI'o IPOCTPAHCTBa IIPOH3-
pelleHAA, COIEPXKUT KacaTelbHOe NPOCTPAHCTBO ,u;ua,I‘OHaJm). HaMm nonago-
6uTCH OYEeBH IHAA

Jemma. Kacameabnoe npocmpancmeo euibpannozo sviuwe nodunozoobpa-
3UA 6 MOoUKe CUGZOHAAYU UNEAPUGHTINO OTMHOCUMEABHO UHBOMOYUY TIPAMO20
npou3sedentr, 3adagaemot nepecmanoeKot comnorcumeaet.

PaccMoTpuM MHOTo06pasue daaros PT* P (Todka C rHOepnIOCKOCT)
B P". CkaxeM, 4To duaar domunupyemcs IpyruMm daarom, eciad TodKa O0-
¢refHero IPUHALIEKAT MHNepIIOCKOCTH IepBoro. ['paguk 3Toro oTHOIIE-
HEA ABAfeTCA IagKEM DOAMHOroo6pa3HeM NpoH3BeJIeHHA MHOIo06pa3ns
¢IaroB Ha ce6A H COepXHT JHaroHais. [lepecramoBka comMmoXKHTenel
npeo6pasyeT rpadHK OTHOLIEHHA “JOMHHUPOBATL’ B I'PadWK OTHOUIEHHA
“6LITH JOMHHHDYEMEIM .

KacaTenbHule n10CKOCTH K 060HM I'pacpikaM B TOYKe THATOHAJH COBIIa-
gator (coraacHo JemMe). CaefoBaTelbHO NepeceieHHA STHX KacaTelbHHX
IJIOCKOCTEH C KacaTeJlbHOH IMOCKOCTHIO IPOH3BeJeHUA NepBOr'0 COMHOXH-
Teld H 5TOH TOYKH (B paccMaTpPABaeMOH TOUKe JHAroHaxH) coBnafaioT. Ho
5TH [Ba NepecevYeHH ONpeleldioT eCTeCTBeHHhe KOHTaKTHHE CTPYKTYPH
Ha IepPBOM COMHOXKKTENe, pacCMaTpuBaeMoM kak PT*(P™) nii uepBoro
nepecedenus u kax PT*(P™) naa sroporo. CoBnaJenHe nepecedenni 10-
Ka3LBaeT TeopeMy.

3ameuanne. [logobHble pacCyIeHHA JOKAa3bIBAIOT aHAJIOLHIHYIO Teope-
MY AJf NOAHBIX (pAaroB (COCTOANIMX W3 IPOEKTHBHEIX IPOCTPAHCTB OpO-
H3BOALHBIX Pa3MepHOCTeH). DTa TeopeMa JBOHCTBEHHOCTH ABAACTCA OCHO-
BOH IPOEKTHBHOH JBOHCTBEHHOCTH KDHBHIX B IPOEKTHBHOM IPOCTPaHCT-
Be P™ (gBOoBCTBeHHaf KpHBAA JEXAT B P™ H COCTOMT M3 CONPHKACIO-
IIMXCS THIepHAOCKOCTel MCXOMHOH KPHBOH, pacCMaTpPHBaeMbIX KaK TOYKH
ABolicTBeRHOr'0 NpocTpancTBa. OHa TakxXe ABIAeTCA pebpoM BO3BpaTa H-
IePUOBEPXHOCTH, 06pa30oBaHHON BCEMH M'AIEpNIOCKOCTAMH, KacaloluMHCA
HCXOJTHOH KPHBOH).
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BosBpamascy x apoiicTBenHocTH JlexkaH[pa, PacCMOTPHM IBa eCTe-
CTBEHHHX pacC/OeHHA IPOCTPaHCTBa (praros (TOIKa, FHIEPIIOCKOCTS):

PT*(P") —» P"
=z

pT (P~ 5 pm

Coraacro TeopeMe, 06a PacCIOeHHA JeXKaHPOBH.

MsioxecTBo Bcex KOHRTaKTHHIX 31€MEHTOB, KaCAIOMUXCA SaHHOM runep-
noeepxrocTE H™™! C P™ apaseTcs JexkaH pOBHIM noAMHOrooGpasneM npo-
cTpancTBa ¢uaaros. CieloBaTelbHO, OrpaHMIeHHe NPOSKIHE T HA 3TO Je-

XKaHAPOBO NOAMHOrooGpadde ABAAETCA J€KAHIPOBHM OTOGparkeHHEM
(puc. 35).

Puc. 35. IlpoexTnBrasA
ABOUCTBEHHOCTD

Mex Ay runepuoBepxHocThio (H)
H eé dponTom (H*)

®dponr H* C P™ 3Toro oTo6pakeHHA Ha3HBaeTCH 2unepnosepzno-
cmbio, deoticmsennoti x H. Addurnas Bepcus nocTpoends PpoHTa LaH-
HOH [HIEPIOBEPXHOCTH HadhBaeTCH npeobpasosanuem Jewcandpa.

W3 npegrigymeil TeopeMhl BHTeKaeT, 9TO KORCTPYKIHA LBOHCTBEHHOH

CHIePHOBEPXHOCTH (H, ClieZOBaTeNbHO, IPpeoGpa3oBante Jlexxannpa) wnBo-
JIOTHBHO.

Caeacrsme. H** = H.

Bumecro runepnosepxsocts H M Moruau 6ul B3ATH HOAMHOrooGpasme
IPOU3BOALHOH Da3MepHOCTH B IIPOEKTHBHOM IPOCTPAHCTBE: OHO BCEra
onpefenfeT JexaHqpoBo oTo6paxenne. HanpuMep, dpout kpusoi B npo-
eKTHBHOM IPOCTpPaHCTBe (TO ecTh (PPOHT COOTBETCTBYIOMIETO JeXKaH [POBa
0TO6paKeHHs) ecTh MHOrooGpasne KacalOUIHXCA 9TOH KPHBOW THIEepILIOC-
KOCTeH.

IIpamep 2 (sxsuducmanme). [Ana raagkoi runepnosepxaocTd H eBKIu-
foBa npocTpaHCTBa R™ 3adukcupyeM Ha KaX[od HOpMall TOYKY Ha pac-
croanud t. Iloayium aexangposo orobpaxkenwe H < PT*R™ —3 R™.

RIS

prEerR
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@pOHT 3TOro oTo6paXkKeHus Ha3hIBaeTCA axeuducmanmoti TaHHOH CHIep-
nosepxaocTd H (pHc. 36).

Puc. 36. DKBUAHCTAHTHL JLIHICA

JlokaabHo, No6oe JdexKaHIPOBO OTO6pakeHHe SKBHBaJIeHTHO OTOGpaKe-
HEIO IpHMepa 1, a Takoke oToGpaxenuio npuMepa 2. DpoHT (nexamgpO-
Ba oTo6GpaxkeHHd NogMHOroobpasus B JY(M,R) uan PT*V) exmncTBen-
HHIM 06pa30oM olpegendeT JexXaHIpoBo oToGpaxkenue (uckmiouas MAOXeC-
TBO OTO6pakeHHH GECKOHe1HOH KOPa3MEPHOCTH B IPOCTPaHCTBe BCEX Je-
»aHIpOBHX oTo6paxienuit). CireloBaTelbHO (IOKANbHAA) TEOPHA NeXKaH-
JPOBHIX OCOGEHHOCTel COBNajJaeT C TeopHen oco?ennoc'rei& npeo6pa3oBa-
mui Jlexxanapa, a Takxke ¢ TeopHell 0COGEHHOCTed SKBHAUCTAHT [HIEPIO-
BepXHOCTEH.

O61ad TeopHus JeXKaHJPOBHX OCOGEHHOCTed I03BOAAET TPaHCHPOPMH-
poBaTh Mi060H pe3yIbTaT [eOMeTPHH BOJAHOBHEIX (POHTOB (a:cnn,zmc'raﬂ'r
runepnonepxnoc:reﬁ) B pesyIbTaT reoMeTpHH npeobpasoBanuil Jlexanapa
¥ Ha060pOT. SICHO, 9TO X MOXXHO IIPHMEHATD H B CIyvafX, [Ae KOHTAKTHAA
CTPYKTYpa He TaK O4eBHIHA.

IIpumep 3 (nedaavuvie zunepnosepruocmu). PaccMOTPEM rIaJKyio CH-
epOBEPXHOCTH €BKIH/I0BA IPOCTPAHCTBA, He COJepXKalllyio TOTKY O. He-
daabnotl 2uUNEpnoeeprHocmbI0 Ha3bIBAETCA MHOXXKeCTBO OCHOBaHHH HOpMa-
aeil, mpoBeféHHEX U3 O K KacaTelbHKM HIEPIIOCKOCTAM T'HIEpIOBepX-
moctH (puc. 37).

Puc. 37. [leganpHasa KpuBad 3/UTHIICA
(aBAseTCA A gKOM)

He,zxa.nbna.ﬂ CHUIIepIOBEpXHOCTh MOXeT HMeThb 0CO6GeHHOCTH.

3agaua. /oxaxuTe, 1T0 0COGEHHOCTH lIefaibHBX K THIHIHEIM CHIEpHO-
BEpXHOCTAM COBIAZaIOT (C TOYHOCTHIO Jo JEPdeoMopduama) c ocobenHo-
CTAME (PpPOHTOB THIHYHEIX J€XKaHIPOBHIX oTo6GpaxeHu# (H, clefoBaTelb-
HO, ¢ 0CO6EeHHOCTAMHE ABOMCTBEHHKIX T'HIEPIOBEPXHOCTEH [JIA THOHTHBIX
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DA KAX MHNEPHOBEPXHOCTEH X C 0COGEHHOCTAMH I'PauKOB N peo6pa3oBa-
uni Jlexxanpa TUOMYARIX TiajKHX GOYHKIHHA).

Ykasasue. [leganbnas moBepXHOCTb ecTh HHBEPCHS ¢poHTa JaHHOH I'H-
[epnoBEPXHOCTH, TO €CTh OHa MOXeT GHIThH NOAydeHa U3 JBOHCTBEHHOH C'H-

IeploBepXHOCTH MHBepcued. WnBepcua sBisercs gudpdeomopdusmoM BHe
Touky O.

Ilpumep 4 (o2ubGiouas HOPMAALHLLT 2unepnaocxocmet). PaccMoTpum
THIICPILIOCKOCTH, HOPMAIbHEE PaHyCc-BEKTOPaM THIEDPIOBEPXHOCTH (Ipo-
Be€HHHIM U3 Touku O, He IpHHA IAEXKAIEH CHNepIOBEpXHOCTH, (puc. 38)).
Oru6aomas 5Toro ceMeiicTBa MOXKET MMETb OCOGEHHOCTH (BnepBrie may-

daBuecd A.Kaau B cryvae nIOCKHX 31IMICOB H MPOCTPaHCTBEHALIX D/LIH-
ICOM IOB). '

Prc. 38. Oru6aomas mopmanei
K pajHyc-BEKTODaM 3JLIHICa,

3agaga. [JokaxuTe, 9T0 0COGEHHOCTH OrEGAIOIMX HOPMAJbHKIX T'HIep-
IIOCKOCTeH, NOCTPOEHHHIX IO THAOHYHOH FHIEePIOBEPXHOCTH, IH(Ddeo-
MOPQHEI 0COGERROCTAM GPOHTOB THHAIHHIX JeXKaHJPOBBIX 0COBEHHOCTEN
(u, cregoBaTenbHO, 0OCOGEHHOCTAM THIMYIHEIX BOJHOBBIX ¢ponTos, rpapu-
KOB npeobpa3oBanuil JlexaHpa K NeJaibHHX CHOepIoBEpXHOCTEN ).

Ykazaume. Oru6aiomas RopMaeidl eCTb GPOHT HHBEPCHH JaHHOH r'Hlep-
HOBEPXHOCTH.

3amedanne. CiroBo “GDpoRT” HAST OT PU3MIECKHX ¢poHTOB, OrpaHHIH-
BAIOIIUX 061aCTD pacnpocTpaHeHHd QU3IUIECKMX NPONECCOB B PUKCHPOBaH-
Hble MOMeHTH BpeMenn. Hanpuwmep, ecin ckopocTh pacnpocTpanenus pas-
Ha 1 ¥ HavanbHad 064aCTh BOOMYILEHHA OrPaHUYeHa HaYalbHEIM DPOHTOM
H (na puc. 36 — BuemmocTn 3IAMICA), TOTJa B MOMEHT BPeMeHH { BO3MY-
IieAne paCHpPOCTPAHHTCA Ha BHEUIHOCTH SKBHIHCTAHTHOH JIIHICY KPUBOH,
PacCTOsHHE OT KOTOPO# JO HajaibHOro (ponTa pasHo t. CTporo roso-
Pd, HaCTOAIHME PPOHT (rpaRuNa BO3MYIEHHOHR 061acTH) 06pa3yeT TOALKO
4aCTb JKBHAMCTAHTHOM KpHBOH (Ha puc. 36 — rpamuna obiacTH, HMeo-
me# popmy aunsul). Iloanas skemaucTanTHAA THIIepIOBEPXHOCTL HOJXKHA

foate
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HAsHBATBCA 604H06bLM Pponmon (Tak KaK PacHpoOCTpaHEHHe BOJH BEXET
K 06pa3oBaHKI0 0COGEHHOCTEeH BLOAb BCeH SKBMIHCTAHTHOMR rEneproBepX-
mocTH). [ad KpaTKoCcTH, B JaiabHedlleM ME 6yJeM TOBOPHTH O (POHTaX,
BMECTO BOJIHOBHIX (pOHTOB.

3.2. Oco6ennocrun GpoHTOB

Kraccudukanua JReXaHIPOBHX OCOGEHHOCTEH CBOAUTCA K H3YIeHHIO ce-
MeHCTB I'HIEPIOBEPXHOCTEH TaKHM 2Ke 06pa3oM, KaKHM H3yieHHe JarpaH-
JeBHIX 0COGeHHOCTeH GRLI0 CBEACHO K KNacCHPUKANMY CeMeHCTB PyHKIHA.

PaccMOoTpHEM JarpaHKeBo IoAMHoroof6pashe B IPOCTPaHCTBe KoKaca-
TelbHOI'O PacCIoeHus HEKOToporo MHoroo6pasui. OHO MOXeT GHITH HOJ-
EATO (IO KpaiHell Mepe JOKAJbHO) [0 JeXKaHJpOBa I0MHOr006pasud MHO-
roo6pasna l-cTpyil ¢yHKnuH Ha BHIGDAaHHOM MHOroO6pa3sniu:

q
z= / pdg.
g0

Ioaydennoe TakuM 06pa3oM JeXKaH IpoBO NOAMHOrooGpasye NpOeKTH-
pYyeTCa Ha HCXOLHOE Jar paHKeBo HOZMHOroo6pasHe ¢ HOMOUILIO eCTeCTBeH-
noit npoexnun J!(M,R) — T*M (“sa6uBaHHd 3Ha9eHHH QYHKIHE").

Takum o6pa3oM, IpOU3BOAAIlee CeMeHCTBO JarpaHiKeBa no,zmnoroo6pa,u—
38 omlpefeiseT JAexKaHIPOBO NOAMHOr006pa3Me NPOCTPAHCTBA 1-CTPYH
GYyHKIHA nepeMeHHOW ¢:

i
A:{(p,q;z)IEix:Fz=0,p=Fq,z=F(a;,q)}.

lpoeknua (p,q;z) — (g;2) ABAfeTcs AeXaHAPOBHM paccioeHHeM (KoH-
TaKTHaf CTPyKTypa dz = pdq). 4

MH DOXYYHIH JeXXaHAPOBO 0TOOpakeHHe NeXXaHAPOBa HOAMHOr006pa-
3ms A Ha cBOil GPOHT (B IPOCTPaHCTBE ¢ KOOpAHHATAME (¢, 2)).

[/TokanbHO, npUBeAEHHAA BhIlIe KOHCTPYKIHUA ONHACHBaET BCe JeXKaHAPO-
Bhl 0TOOpakeHHA. JleXkaHIpoBa SKBHBaJeHTHOCTD A€ aH JPOBLIX oTobpa-
XeHHH mpeobpasyeTci B CTabHAbHYIO SKBHBAJEHTHOCTb CEMEHCTB HIep-
noBepxnocTedl z = F(z,q) B z-npocTpaHCTBe (pacCiOeHHYIO Haj HPOCT-
paHCcTBOM IapaMeTpoB (¢, z)). IlonaTHe cTabuiusanuu a.lfaJIOI‘H‘IHO JaH-
HOMY B CHMILIEKTHIECKOM CIy4Yae AJIf NIPOM3BOLAIIEX CEMEHCTB JarpaHiKe-
BLIX OTO6pakeHHii. A MMeHHO, runepnoBepxHOCTs H(z) = 0 cTabuabHo
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3KBHBAJEHTHA YIBOGHHIO CBOErO [OIIOJHEHUHA (TO €CTh ABYAHCTHOMY Ha-
KPRITHIO OGBEMIIOIIEro NPOCTPAaHCTBA, PAa3BETBASHHOMY BJOJAb DTOH I'H-

NIePIOBEPXHOCTH). JTO Pa3BeTBIEHHOE HAKPHITHE ONPeJe]eHO YPaBHEHAEM
2 __
y’ = H(z)]

A c,,cauapom

npusas AX

A
J X
.F(&:,7,)J P= a'?/a9

F
poOHM A
Az —>
T° g

Puc. 39. JlexxanjpoBa oco6eHHOCTD Az U €€ MpOH3BOAAIEe CeMelHcTBO

IIpamep 1. [Ipoussogaiee cemelicTBO aAarpamxeBod ocoGeHHOCTH A
(puc. 39):

F(z,q) = «* + gz,
ompefenseT JexaHIPOBY KPHBYIO B 3-mpocTpaHcTBe {(p,¢;z)}:

3

g=-32%, p=1z, z=-2:°

ITo — raajKafd KPHBad, HO €8 GPOHT (IpH NPOEKIHH Ha (g; z)-naockocTs)
HMeeT IONYKYOGUIeCKYIO TOIKY BO3BPATa.

IIpamep 2. IIpouseoasiee cemedcTBO ocoGeHHOCTH Aj (cm. §1.3) ompe-
JenfeT ¢poHT, fuddeoMOpdHHIE TACTOIKHHY XBOCTY.

Teopema (cm. [2]). Pponmsi, onpedeaénnvie cemeticmeany A, D, E, ao-
Kaavno Jufifeomopdnsl (8 xomnaexcnot obaacmiu) Mn02006pa3usM Hepe-
2YAAPHBIT OPOUM COOMBEMCTNEYIOWUT 2PYNN, NOPONICIEHKBIT OTMPAICEHU~
amt (mo ecmb mmozoobpasusm zpynn Beiaa, coomeemcmeyowum npo-
cmoiu epynnan Ju: A, ~ SU,qy, D ~ Ogy, .. ).

Cea3b Mex< 1y ppoHTaMK ¥ IpynnaMu OTpaKeHHH 6yeT BaKHA B fadb-
HeiillleM, IOITOMY MBI OCTAHOBHMCA Ha Hell nogpoGHee.

Onpegenenne. Ompadcenues B IMHEHHOM eBKIRIOBOM IPOCTPAHCTBE Ha-
3BIBaeTCA OPTOrOHaJIbHOe 0TO6paXkeHHe, HellOABHKHOe HA MHIepIIQCKOCTH

b SR T - TR R

-
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(na3bIBaeMOH 3€pKaLOM DTOTO 0TO6paXKEeHHA) M MeHAIollee OPHEHTAMHKIO
HOpMaJH K 3epKady.

I'pynna ompaswcenui — KOHedHad IpyinIa, NOPOXKJEHHAA HEKOTODHIM
MHOXECTBOM OTPajKeHUH.

IIpamep 1. [lrockue rpynnH OTpaXKeHRH SBJAIOTCA TPYNmaMH CHMMeT-
puit I2(n) npaBRABHAEIX n-yroabuukos (puc. 40).

Puc. 40. 3epkaja u opOHTH
rpyuns 13(3) = Az

(=] Q

I'pynna orpaxkenni B R¥ geficTByeT TakKe Ha KOMILIEKCHOM IPOCT-
pancrBe C#. OpGHTH 5TOro KOMILIEKCHOT'O JEHCTBHA 0GpasylioT riajKoe
muoroo6pasme op6eT B, guddeomopdroe C# (aTo crenyer ua o6o6menus
TeOpeMEl O CHMMeTpHIHbX (PyHKOHaXx). Otobpaxenne C* — B, oTmpa-
BIfiolllee TOYKY B eé opGHTY, Ha3kIBaeTCA omobpadcenuen Buema.

IIpamep 2. I'pynna A, mepecTaHoBOK KOOPAMHAT (Zp, ..., 2,) AEHCTBYeT
Ha npocTpancTBe CAT1. DTo geficTBEe NPUBOAEMO: AWATOHAIb, H CIEJOBa-
TelbHO OPTOrOHaAbHAA €l MHOePIIOCKOCTh Zg+. . .+2, = (0, HHBapHaHTHA.
JeiicTBue rpynnel A, Ha NpPOCTPAaHCTBE

Ct={zeCF | 5n+...+2,=0}

HenpHBOTEMO (MHBapHaHTHHX IOJIPOCTPaHCTB HeT). IIpocTpancTBOM Op-
6UT ABIAETCA MHOroOGpa3ue MHOIO1LICHOB

PR YD Y s SN D W

OTo6pakeHue BueTa oTnpaBiseT MHOXeCTBO KopHel (zp,...,2,) B MHO-
XecTBO KoaddunuenToB (Af,...;A,). OTO oToGpaikeHHe OLPEJEJEHO dJe-
MEHTApHBIMH CHMMeTpHYeCKHEMH MHOIOWIeHaMH (02, ..., £0,41) OT 2.

I[Ipumep 3. I'pynna D, gedcrByer Ha CH Kak Ipylna nepecTaHOBOK Ko-
ODPIMHATHBIX OCelf, B KOMNO3UIHH C Y€THBIM THCIOM NepeMeH 3HaKOB HeKO-
TophX KoopguHaT. Orobpaxkenne BreTa onpeleseHo MHOTOWIEHAMH

al(zf,...,zz),...,:ta,,_l(zf,...,zi); 2.2
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Yucno Todex OPGHTH THNHIHOH TOYKH 1104 feHCTBAEM TPYIIILL OTpaXe-
HUHA paBHO THCIY dJeMeHTOB rpynnul. OJHAKO, HEKOTOphle OPGHTH MeHb-
we. TaKie OpOUTHL HABKIBAIOTCA HeEPeSYARPHLIMIL.

Onpegenenne. MHoroo6pasue Hepery/IApHEX OpGHT Ha3mBaeTca duc-
xpumtinanmuotl 2unepnosepruocmoro. JHCKpHMHHAHTHAi THIEPHOBepX-
HOCTb ABIgeTCa 06pa3oM 3epxal npH oro6paxeHuu Buera.

1

eennudoso npocmpancmeo NPOCIMPAHCINGO opourn

Puc. 41. Oro6paxerue BHeTa u MHoroo6pasue HeperyiapHEIX Op6HT
(ABCKpHMHHAHTHaA IHOepIIOBEPXHOCTD) TPyNHHl Az

IIpamep 1. JucKpuMHHaHTHHM MHOTOOGpasMeM rpymnu A (mOpox-
AEHHOU OTPaXKeHHAMH IIOCKOCTH OTHOCHTENbHO TPEX MPAMMIX, 06pasyio-
mux yras 120°) ABaseTcd naocKas noryky6udecKas mapaboua (puc. 41).

Ilpamep 2. JucKpHMEHaHTHHIM MHOrOOGpas’MeM TIpYIIbI A, ABIfeTcA
MHOXXeCTBO KOMIIEKCHBIX MHorodiesoB ¢+l 4 /\Ix"‘l + ...+ AL, HMelo-
LIKX XOTA 6Bl OJHH KPATHHIA KOpeHb (“0606wénnviti aacmouxun reocm B
M-MeDHOM npocTpaHcTBe”).

Takum o6pasom, npexpigyliias TeopeMa YTBEPXK Ja€T, 9TO QPOHTH, OL-
pefelénuble MPOUIBOAAIIMMHE ceMeiicTBamu A, D, E, rudpdeomopdunl o6-
OGIIeHHEIM JaCTOTKHHBIM XBOCTaM, ACCONAHPOBAHHEIM C COOTBETCTBY IOITH-
MH HempHBOIMMBLIMH T'PYNIaMH OTPaKeHHH.

JAas Toro, 4TOGH ONpefeldTh ITH TPYIIH, JOCTATOIHO ONHCATDH 3ep-
KaJa NOPOX JalolMX OTPaKeHUH. ITH MHOXeCTBa 3epKal ONHUCHIBAIOTCA
“duazpammany Junxuna” (Taxxe HasHBaeMBIMH JHarpammaMi Kokcrepa
¥ u306peTénnniMu, Kaxercd, E.BurTom):
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A#! o——0—0—0 o
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E7Z o—0 o
°
Eg o——o oo

Kaxgas ToYKa nmpeicTaBIfeT BeKTOD B €BKIHJOBOM U-MePHOM IpPOCT-
paHcTBe. [Be TOYKH cOeNHHEHH JHHHEH, eCiH COOTBETCTBYIOIINE BEKTOPHL
o6paayioT yroa 120°. B npoTuBHOM ciyiae BeKTOpPH OpTOrOHAJbHH.

O6pasyiomse 3epKaja — CHNEPIIOCKOCTH, OPTOrOHANbHLIE STUM BEK-
TOpaM.

JlexauapoBul oco6ennoctu TunoB A, D, E ycroiitaBul 1 npocmut (He
uMeoT MoRyeit). THOAYHNEE JexXaHAPOBH 0OTOGpaXKenHs 7 MHOroO6pasHil
Pa3MepHOCTH 1 < 5 MMeIOT TOAbKO HPOCTHE H YCTOHYHBHEE OCOGEHHOCTH,
JeXaH 1poBo SKBuBagenTHEe Ay, D,, E, (4 < n+1). Oco6eBEocTH THIOB
Ay, Dy, E, (4 ToabKO OHH) ABIAIOTCA NPOCTHIMA H YCTOUIMBHIMH M IPH
66ab1nx N.

TunuiHEEle TeXaHIPOBH OTOGpaXKeHuA MHOrooGpa3sii Pa3MepHOCTH
n > 5 uMmeloT, KpoMe ocoGeHHocTed TunoB A, D, E, u gpyrue ocoGeH-
HOCTH, HMefomue MoAylu (HeOpepHIBHHe HEBapHaHTH). Bolee moxpo6HO
KlaccHpHKanud JexXaHPoBHX ocoGennocTeil onucana B [94], [28], [29].

Asnoxennan BHIlle TeOpua NPHBOAUT K cleAyiolleMY CIIHCKY ocoGeHHO-
CTed THNAYHEIX BOIHOBBIX (DPOHTOB Ha INIOCKOCTH M B TPEXMEpHOM IpOC-
TPaHCTBe:
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Oco6endocTn WiIockux ppoHTOB
o munuunsle (noayxybuuecxue) mouxu eozepama (Asz);
® MOUKU MPANCEePCatLRO20 Camonepecevenus (AyAj).

O6e 0COGEHROCTH YCTOHYHBEI (COXpaHAIOTCA IPH Majoil JedopManHH
dponTa).

3amewannme. OgHOMepHEIH (HPOHT ABIAETCA NpOeKNUeH NPOCTPaHCTBEH-
HOH KPHBOH Ha IIIOCKOCTS. IIpoeKIud THiMYHOM KpUBOH HE HMeeT TO4eK
BoaBpaTa (pHc. 42). JlexanapoBa DpHpPOJa Hallledl KPHBOH JellaeT MPOeK-
nuio 6onee 0co6oil YeM B o6lleM ciydae (M TOYKH BO3IBpaTa CTAHOBATCA
HeyCTPaHHMLIMH). OTO — NposABiIeHHe o6lllero npHHIEIA: 0CobennocmU
npumszuseaom ocobennocmu. [JelcTBHTeNbHO, HeXaH POBO MEOI'0O6pa3ne
ABIAeTcd npoeKNuel MHOXecTBa KpATHIecKHX (OCOGHX) TO9eK GyHKnmi
NPOHU3BOALIEIO CeMEHCTBa. '

Puc. 42. UcvesHoBeHie TOYKHU
BO3BpaTa NpH MaloM H3MeHeHHH
HalpaBleHHA IPOEKTHPOBAHHUA

—""

/ 1\
[ <<

A1A1A1
Puc. 43. TunudHble 0cO6€HHOCTH BOMHOBLIX PPOHTOB B 3-IPOCTPaHCTBE

Tune9HE#A PPOHT B TPEXMEPHOM NPOCTPAHCTBE HMeeT ClelYolllHe 0Co-
6ensocty (puc. 43):
Oco6GeHdHOCTH mMpOCTPaHCTBeHHLIX (GPOHTOB

o (noayxybuvecxue) pébpa eozepama (Asz);

e

o
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o aacmouxunst zocmui (Asz);

e MOuKU Mmpanceepcaisnozo camonepecevenus (A1A1), (A1As),
(A1A141).

CBa3b MeXJRY 0cOGeHHOCTAMH ()POHTOB W TeOpHeH I'DYNN OTPaKeHHH
oKa3aJach MOIIHLIM HHCTPYMEHTOM NpH H3y4YeHHH TeOMeTpHH (PpOHTOB,
IPeJOCTABIAA BO3MOXKHOCTD HCIOAb3OBATh TEOPHIO HHBAPHAHTOB, IPYNM X
anre6p Jlu, arre6pantecKyio reoMeTpHIO ¥ T. 1.

3.3. IlepecTpouxku ¢ppoHTOB

OcoGeHHOCTH ABHXYVIIUXCA ()POHTOB MOI'YT H3MeHATb CBOIO (opMYy. Ha-
npuMep, GPOHT BO3MYIIEHAA, PacHPOCTPAHAIOUIErocs BHYTPL JJIHICA
(BHyTPeHHHe DKBHIMCTAHTH DJIHIICA, CM. PHC. 36), ABNAeTCA MIAJKHM JAA
MaJbIX ¢, TpEO6GpeTas 4 TOYKH BO3BpaTa OpH GOABIUHX E.

IlepecTpoilKi ¢POHTOB, KaK H nepecTpOHKH KayCTHK, Jerie u3ydarb
B npocTpaHcTBe-BpeMend. O6LeiuHenHe GPOHTOB B PasidIHBIE MOMEHTH
BpeMeHH 06pa3yeT I'HIEPIOBEPXHOCTh B HPOCTpaHCTBe-Bpemend. Jlerko
By eTh, YTO 9Ta M'ANepPHOBepXHOCTh, 00pa3oBaHHad THNMIHKNM IBAXYIIHM-
¢ poHTOM, caMa ABIAETCH (PPOHTOM THIHIHOTO JeXaHJpPOBa OTOGpaxe-
HUA TOAMHOroo6pasnd, pa3MepHOCTh KOTOpPOro Ha 1 6oablile pa3MePHOCTH
H3ydaeMoro ABHXKYyIlerocia pOHTa.

NeficrBuTenbio, nycts Fi(z,q) 6yieT NPOHIBOJAIIMM CEMEACTBOM Je-
»aHpOBa OTOGpakeHHs, 3aBACALIEro oT Bpemeny ¢. Torga, paccMaTpuBas
t KaK JONONHHTEIbHHH HapaMeTp, MK MOXeM paccMarpuBaTh F Kak npo-
H3BOJAlllee CEMEHCTBO JexaHApoBa oTo6Gpaxkendd B (g,t) IpOCTPAHCTBO-
BpeMa. ['mIepnoBepXHOCTH B IPOCTPaHCTBe-BpeMeHH, OGPa3OBaHHYIO
&pOHTaME B pa3IWiHblE MOMEHTH BpeMeHH, OyJeM Ha3LIBaTh 60AbWuM
Pponmon.

Mpamep. O6besuuenne BHYTPeHERX SKBHJUCTAHT DILIUNCA, TOMEIIEHHBIX
B padimiHHX IIocKocTax ¢ = const (rge ¢ — paccrosnue [O >IAMNCA),
ApadeTca 60aplaM GPOHTOM B TPEXMEPHOM NPOCTPAHCTBE-BpeMeHH. ot
&hpOHT HMeeT 4 JacTOYKHHa XBOCTa (pHuC. 44).

TaxuM 06pa3oM, 0OCOGeHHOCTH OGONBLHIIMX (PPOHTOB, OGPA3OBAHHBIX

B npocTpaHCTBe-BpeMeHH HepeCTPOﬁKaMH B THINIHBEIX ceMelcTBaxX ABHA-



76 Taasa 3. Konmaxmmnas zeomempus

Puc. 44. Mepecrpoiika
SKBHAACTAHT DJUIHIICA,

¢

<

KYIIUXCA PPOHTOB, HIBECTHH: ITO — OCOGEHHOCTH PPOHTOB THIHMIHEIX
JieXXaHJPOBHIX OTOGpaXkeHHH B HPOCTPAHCTBO Pa3MepHOCTH Ha 1 Goablue
Pa3sMepHOCTH IPOCTPaHCTBa, I'le JBHXKEeTCA HCXOAHLIH PPOHT.

IIpumep. Ecam ucxoguoe npocTpancTBO TPEXMepPHO, TO OCOGEHHOCTH TH-
DHIHHX GoabmuXx ¢poHTOB JuddeoMOopdHE JAHGO AUCKPUMHHAHTHOMY
MHOr006pas3uIo ({HCKpAMUHAHTY) rpynnu A4 uan Dy, 1460 Ipou3Be [eHAIO
IpAMOH Ha JHCKPHMHHAHT rpynnsl As (1aCTOYKHH XBOCT), 1RGO MpOU3Be-
[AeHHIO IOCKOCTH Ha JHCKPHMHHaHT Ipynnn Ay (moayKy6udeckylo Napa-
6oxy). BoaMoXHB TaKKe TpaHCBepCalbHEE CaMONEPeCedeHn .

Bpems ¢, paccmaTpuBaeMoe Kak GyHKOHS Ha npOcTPaHCTBe-BPeMeHHn,
He MMeeT KpATHYeckuX TodeK. CiegoBaTelbHO, H3yIeHHe epecTpOeK TH-
NHIHBIX ABHXKYUIHXCA BOJHOBHX (POHTOB BeJET K H3yUeHHIO QYHKIHH, He
HMeEIOIUX KPUTHIeCKHX ToOdeK, Ha HpPOCTPAHCTBe, coepKalleM 6OAbIIOH
®POHT (0COGeHHOCTH KOTOPOIo H3BECTHH). A UMeHHO, MHI NpHBegéM Y H-
KIHIO BpeMeHH K HOpMalbHOH dopMme gH(deoMopduaMaM, COXPaRAIONIH-
M# 60abioH PpOHT. ITO AOCTATOYHO NPOCTO B ciAydae, KOrLa GOABIION
GPOHT AuddeoMOpdher TUCKPAMUHAHTY TPYNIH OTPAXKEHHH

Teopema 1 (cM. [1]). Pocmox munuunot gynxyuu e nyie muozoobpasus
opbum nenpusodumot zpynnbi eéxaudostir ompadcenutd (3navenue Gynx-
YU 6 Hye PasHo nYw0) npusodim K pocmxy aupetinoti dynxyuu duddeo-
MOPPUIMOM MHO2006pa3UA OPOU, COTPAHRIOUUM JUCKDUMUNAHTMKYIO 2U-
nepnoeeprrocmo. Tounee, on modcem 6bimb npusedén K pocmxy uneapu-
anma saumenvwed cmenexu (pasnod 2).

CaeacrBue. Pocmox munuunot gynxyuu nepemennviz (A,...,A,) 6 ny-
se npusodum x eudy A1 + const duddeomopPusmon, corpansouum 0606-
WEHNBIE AaCTNOYKUN T60CT

{AeCH 2 4+ A2# 7 4L+ A umeem xpamuniti xopens)

(ycaosue munuunocmu: 8f/9A |o# 0).

e
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IIpumep. ['1agKas kpuBad, IPOXOJdllad depe3 TOYKY BO3BpaTa MOJYKY-
6uvecKoi napabGolarl ¥ He Kacaooujaicd napabolH B Hy/le, MOXeT ORTH npe-
of6pa3oBaHa B npamyio (He Kacaolllylocsi mapaboianl B Hyixe) gudpdeomop-
(pU3MOM, COXpaHAIAM napaGony (puc. 45).

A2 A2

Puc. 45. BrnpamaeHde
DyHKIHU BpeMeHH

JlokazaTelbCTBO TEOpPeMEl OCHOBAHO Ha DKBHBAPHAHTHOM aHAJOre jJeM-
Mel Mopca:

TeopeMa 2. Ecau emopoi dufdepenyuaa 6 nyae dynxyuu, uneapuanm-
HOtl OMHOCUMNEABHO HENPUGOOUMOT KOMNAKMHOU 2PYNNbL AUNHEUNBT nNpe-
obpazosanut, He6WPONCIEN, THO 6 HEKOMOPOU OKPECMHOCTIYU KYaR Pymx-
Yus npusoduma x ceéoetl xeadparnuunoti Yacmu 3Keusapuanmuuim (Mo ecmo
xroMMmymUPYIOWUM ¢ deticmeten zpynnot) Judideomopdusmon.

OTa TeopeMa Jerko JOKal3biBaeTcCi, mogo6HO oGuIHo# semMe Mopca,
roMoTond9ecKuM MeToA0M. EIHHCTBeHHHIM HOBHLIM HHT PEIHEHTOM ABIA-
eTCA NOCTPOEHHe DKBEBAPHAHTHOrO PelleHHA POMOTONHIECKOr O YPaBHEeHUA
ycpeqHeHueM no koMnakTHo# rpynne. letann goxkasarenbcTs Teopem 1 B
2 waaoxeun B [1]. O6e TeopeMbl BepHH B [OJOMOPMOHOM, aHATHTHAIECKOM
H IMaJKOM ClIydafx.

3ameuanre. XoT#A ClejCTBHE JerKO CiefYeT U3 DTHX TeOPeM, KaXKeTCH He-
BO3MOXHHBIM OTKPHITh ero ¢ ux nomoiunsio. JelicrBurensyo, reopems 1 u 2
6L OTKPHITH TOJBLKO NOCAE TOrO, KaK CIeJCTBHe OLLTO JOKA3aHO HYTEM
JIMHHBIX BRIYHCAeHHH (HMCHONB3OBABIAX ABHBIE GOPMYIH A1f BeKTODHEIX
HoJlell, KacalolMXCA JacTOYKHHA XBGCTa). MHB BepH&MCH K DTUM BeKTOp-
HEIM moaaMm noaxe (§§4.1-4.2).

Teopema 1 gocTraBiferT HOPMaaH3aluio GYHKOUH BpeMeHH B Hauboiee
BHIPOXK JeHHHIX TO9KaX 6oubuioro ¢pouta. Oauako, 60bm0H HPOHT UMe-
eT TaK)Xe MeHee BEIpOXJeHHble TOUkH. Hampumep, Goabiod ¢poHT B
TPEXMEPHOM N POCTPaHCTBe-BpeMeHH HMeeT, NOMHMO JaCTOYKHHBIX XBO-
cTOB, pé6pa Bo3BpaTa (T. e. AHHEH OCOGeHHOCTeH). B THnHIHOA TOdKe pe-
6pa BO3BpPaTa M30XPOHa (IOBEPXHOCTH (PUKCHPOBAHHOIO BPEMEHH) TPaHC-
BepcaibHa pe6py. Ho B HekoToOpmIX TOukax peGpa BO3BpaTa 3Ta mOBepX-
HOCTL MOXeT KacaThc pe6pa. DTo cOGhITHE TaKXKe MOXKeT GbTh YCTOHTH-
BLIM (He HCYe3HeT mocje MaJioit gecdopmanuu ¢poura). Takne ToIKH ABAA-
I0TCH KPATAYeCKAMH TOYKAMH OrpaHudeHHs (PyHKOUHM BpemeHH Ha pebpo
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Bo3BpaTa. U3y1uM mepecTpoilku pOHTOB B TakHX ToYkax. [lag IpPOCTOTH
OrpaHHIMMCA COJOMOPMHBIM CIYdaeM.

PaccmoTpum k-mepHoe “pe6po” 60abmioro GpoHTa, COOTBETCTBYIOLICE
oco6ennoctd THna X, (rge X o6osnadaer A, D wim E). B HeBHpOXen-
HEIX TOYKaX OrpaHHIeHHsd PYHKNHH BpeMeHH Ha pe6po llepecTpOeK MLHO-
BeHHBIX GPOHTOB HeT. B HeKoTOpDOHW OKpeCTHOCTH HeKDHTHYIECKOH# TOUKH
60abIIOH (PPOHT, BMECTE € ero CedeHAAMH H3OXDOHAMH, nuddeomopder
IIPOH3BEJCHHI0 MTHOBEHHOTO DPOHTA Ha OCh BPEMEHH (aroT auddeomop-
¢u3M NPOCTPAHCTBa-BpeMEeHH COXPaHAeT BPeMsa M He coXpaHdeT, B o6IeM
ciydae, TOIKH IPOCTPAHCTBA).

Orpanmvenue Ha “pe6po” MHOroo6pasns THNMIHOH GYHKIHH Ha mpo-
CTPaHCTBe-BpeMeHH AMeeT TOAbKO H30AHPOBaHHBEIE HEBHIPOX JeHHBE (MOp-
COBCKHe) KpPHUTHIecKHe Toiku (puc. 46). PaccMoTpuM ofHY M3 TaKuX To-
JeK. Bri6epem xoopgmuarst (71,...,7k; Ar,...,A,) Ha IPOCTPaHCTBe-Bpe-
MeHH TakK, 9To “pe6po” 3agaéTca ypaBHeHHeM A = 0 H GOJbLIIOH GPOHT
HMeeT BHA “A NDHHAANCXKHT TUCKPHMHHAHTY X,”.

X

S =0
Puc. 46. Tunuinas oco6eHHOCTD
OIpPaHHEHHA PYHKIHU BPeMeHH '
Ha “pe6po BoaBpaTa” X,

CoriacHo napaMeTpHIecKoH JleMMe Mopca, B nogxoalux KOOpPIHHA-
TaX T QYHKOHA BpPEMERH MOXeT GHITh IPHBe/leHa K JOKaILHOH HOpMaJbHOM
dopme

2 2
T +"’+Tk +¢(/\1,...,/\#).

Hns TaNEIHOK QYyHKIMA BDeMeHH POCTOK ¢ B Hy.le THNHKYeH, ClIeJOBATEAbLHO
(mo Teopeme 1) npuBoHM K BHAY ¢ = Aj + const (rge Ay ecTh uHBapHAHT
-HaHMeHbIIH cTenesH) auddeomopdu3MoM MHOroob6pasus op6uT, coxpa~
HAOUIAM THCKPHUMHHAHT.

Takum 06pasoM, MH HOIYYHIH HODMalAbHEE (POPMBl THOHIHHIX nepe-
CTPOEK, 3JaBHCAIIMX OT BpeMEHH ()POHTOB B IPOCTPAHCTBaX Pa3MepPHOC-
TH < 5.

IIpamep. B mpérmeprom npocmpancmee-spement munuunsie nepe-
cmpotixu xadcdoti semeu Fponma mozym Gbims A0KaILHO ceedenbl K cae-
OYIOUUM HOPMAALRBIM BOPMAM:

i
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THI 60nbIIOH QPOHT dYHKOUA BpeMeHu
Az {/\ | 22 + A]Zz + Xoz + A3 A
HMeeT KPaTHHIH KODeHb }
As {Al23+/\12+/\2 T HIH :I:Al:tTl2
MMeeT KPaTHHH KOpeHb }
Ay A =0 T owam £\ £ 18 £ 73

[lepecTpoiike gBYyMepHBIX PPOHTOB B MOMeHT BpemeHH t = 0 mao6pa-
JeHbl Ha pHC. 47 (Ha pHCYHKe H306paXkeHH (POHTH B MOMEHTH t < 0,
t=0mut> 0, npomoe u 6yayilee MOTYT MEHATHCA MeCTaMH).

TN g
Puc. 47. TunniHbie nepeCTpORKH

BOJHOBBIX (P)POHTOB Ha
MJIOCKOCTH

As A, Ay

Kpome Toro, pasiuinbie BeTBH (PPOHTa CBOGOTHO ABHKYTCA APYL
ckBo3b gpyra. CiresoBaTelbHO, B M3OJIHPOBaHHEIE MOMEHTH BO3HHKAIOT
JONONHHTEAbHEE ePeCTPOiKH: OfHa BeTBb MoXKeT HPOXOIHTh Jepe3 Tod-
Ky OepeceveHud ABYX APYTHX, HId Yepe3 TOUKY BO3IBPATA; [Be BETBH MOLYT
KacaTbCid JPYr Apyra, COOTBETCTBYIOLad HepecTpoiKa — poXJeHHe HIH
CMepTh ABYX TOYeK llepecedeHHs.

[lepecTpolikn HPOHTOB B HPOCTPaHCTBaX GOABLIMX Pa3MEpPHOCTEH OMH-
cainl B [95), [96], [28]. U3o6paxkenns mepecTpoek GpPOHTOB B TPEXMEPHOM
MpPOCTPaHCTBe NpHBeJeHH Ha puc. 48 (BasToM H3 [98]).

¢Z<8

’ Aa. A3 Aln ’Dz D

Puc. 48. Tunu4Hbie HepecTPOKKH BOJHOBLIX PPOHTOB B 3-IPOCTPAHCTBE
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3ameuanme. HexoTophie 3 ONHCAHHHX BHIE nepecTpoeK (POHTOB He
peanu3yeMul IDH PacOpOCTpaHeHHH BOIHOBHIX (pOHTOB. B camom gere,
HeTPHBHAJbHEE IEPECTPOHKH Aj U A HIMEHAIOT YHCIO CBA3HBIX KOMIO-
HEHT COOTBeTCTBYIOIIEro JeXXaH 1poBa MHOrooGpasusa. ClegoBaTenbHo, OHH
He MOI'YT DOABHTbCA KaK MepeCTPOHKH 3KBHIHCTAHT I'HIlepHOBePXHOCTei.

Tem He MeHee, OHH MOT'YT MOABHTLCA NPH H3YIeHHH “JeKaHIPOBHIX KO-
6opIuamMoB”, KaK, HAIPHMED, B Clefyiollell CATyamud. PaccMOTPHM clef
ABHXYIIErocs B IpOCTpPaHCTBe (GPOHTa (CKaxkeM, yJaPHOH BOJHH OT JeTH-
ero camonéra) Ha nosepxHocTd 3emau. Tomonorus sexangpoBa MHOTO-
06pa3uf, COOTBETCTBYIOLIEro PPOHTY B IPOCTPAHCTBE, B IpoNecce ABHXKE-
HHA $poHTa ocTaérci HemaMmenuoi. Ho jexanapoBo MHOroO6pasue, OmH-
CrlBalolllee ciej HPOHTA Ha IOBEPXHOCTH 3eMJIH, B Ol pee]eHHEIe MOMEHTH
BpeMeHH OpeTepneBaeT (MOPCOBCKHE) NepPecTPOMKH.

4 CpopaYdBaHHME HHBAPDHAHTOB
H OTOO6paKeHHA HEPHOAOB

B oTol riaBe Ml ONHIIEM alleSpaMdecKylo TEXHHKY, HCIOAB3YeMYIO IpH
npuBegeHHd JAuddepeHIHAIbHO-TeOMEeTPHIECKAX OGBHEKTOB K  HOp-
MaJbHbIM ¢opMaM. HampuMep, Teopus HOpMaIbHHX GOPM HepecTpoeK
BOMHOBHIX ()pOHTOB, ONHCaHHAA DaHee,  OCHOBaHa Ha IPHBefeHHH K HOP-
MalbHHIM dopMaM QYHKIOHH BpeMeHH KHddeoMopduaMaMu IpOCTPaHCTBa-
BpPEMeHH, COXPaHAIIIAMHE JaCcTOYKHHE XBOCTH. Aire6pa Jlu rpynnu Ta-
KHX npeoGpa3oBaHHil 06pa3oBaHa BEKTOPHEIMHE NOJIAMHE, KacalolUMHACH Ja-
cTO9KAHa XBocTa. OCHOBHHE pe3yAbTaThl JaHHOH rlaBhl B CKaTodl dopMe
ONKCHIBAIOT OTH BeKTOPHLIe NIOJA; 3Ta MHAOPMANHA MOXeET OHTH TakXKe
golydeHa NPAMBIMH, HO QIMHHBIMHE BHIYHCACHHAMH, HCHOAbIYIOLIAMHE CHM-
MeTpHIecKue PyHKIOHH.

Ycnex gocTHraeTcs C MOMOLIBIO PedYAbTATOB TEOPUHM HHBAPHAHTOB
rpynm eBKIXJOBHIX OTpakeHmii. B koHme 3Toil raaBm u3aaraercd Teo-
pua orobpaxenuil mepuogos, paseutas A.H.Bapuenko u A.B.I'nmBenTanem.
OTa TEOpPHA MOXET pacCMATPHBATHLCA KaK oGo6IUeHHe Ha caydal Hempo-
CTHX KBa3HOIHOPOIHKIX OCOGEHHOCTEH reOMeTpHH BEKTOPHHIX HOJMeH, Ka-
CaloLI#XCd THCKPHMHHAHTOB [pYln OTPaXeHHH.

OTo6pakeHds NePHOJOB IePeHOCAT GOPMY HepecevdeHHH U3 OPOCTPAH-
CTBa COMOJIOTHHl HEOCOGOI0 MHOXECTBA YpOBHA GYHKI UK Ha 6a3y BepcaJb-
HOH gedopManud, onpefeisd moie 2-opM Ha KOKacaTeAbHHIX NPOCTpPaH-
crBax 6a3pl. JTO 1OJe MOXET PacCMATPHBAThCA KaK aHAJOr PHMAaHOBOM
MeTpHKHM Ha OPOCTPaHCTBE PEeryJAPHHX OPOUT rpynnbl eBKAXAOBHIX OTpa-
JKeHHH.

4.1. BekTopHmIe noas, Kacawipecsa ppoHTOB

DpoHT npOCTOk 0COGEHHOCTH GUr010MOPHHO IKBHBAJEHTEH JUCKPHMHUHAH-
TY KOHeTHOH IPYmmHl eBKIHIOBHX orpaxennit (§3.1). [looTomy mMul 6yem
H3y4aTh rOJOMOpP(dHBIE BEKTOPHEE NOJA Ha MHOroo6pa3un OpOHT, Kacalo-
Mecs JUCKPHMHHAHTA (TO eCTb MHOXKECTBA HEPESYARPHLIT Opoum).
HanomMuuM HekoTophie 0603HadeHuA. [pynima oTpayKeHHH geHcTByeT
Ha eBKIHJOBOM HpocTpancTBe R* n Ha ero Komuaekcudukanuu CH. Muo-
2oobfpasue opbum B gnddeomopduo C#. O6osmaiuM gepes m : C*¥ — B
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3aMeganue. HekoTopnle 3 OnHCaHHHIX BHIIE DEpPecTPoeKk (PPOHTOB He
peajan3yeMbl IPH pacnpocTpaHeHHH BOJHOBHIX ¢pOHTOB. B camom geie,
HeTPHBHAJbHEIE HepecTPOHKH A; ¥ A HIMEHAIOT YHCJAO CBA3HBIX KOMIIO-
HEHT COOTBeTCTBYIOIIEro JexaH poBa Muoroo6pasusa. CiegoBaTeibHo, OHI
He MOTYT NOABHThCA KaK DePECTPOMKH JKBHIACTAHT CHIEPIOBEPXHOCTEH.

Tem He MeHee, OHM MOI'YT HOABHTLCA IPH H3YIeHHH “NEKaHAPOBLIX KO-
GopaH3IMOB”, Kak, HapHMep, B clefyolllell cuTyanun. PaccMoTpuMm cies
JBHXKYILErocs B IPOCTpaHCTBe PPOHTA (CKaiKeM, YAAPHOH BOJHEL OT JeTH-
ero caMoJaéTa) Ha NOBePXHOCTH 3em.aH. TOHNOJOTHA JeXaHIPOBa MHOLO-
0o6Gpa3ns, COOTBETCTBYIOLIEro )POHTY B IPOCTPAHCTBe, B pOLECcce ABHXKe-
HHA (poHTa ocTaércd Hewamenuoil. Ho nexanapoBo MHoroo6paswme, omu-
CHIBalolllee cle]] (PPOHTaA Ha NOBEPXHOCTH 3eMIH, B OnpefeNsHHble MOMEHTH
BpEMEHH IpeTePHeBaeT (MOPCOBCKHe) MepecTpPOHKA.

ey T T T

4 CBopaYmBaHHWe WHBAPHAHTOB
B 0TOOpaKeHHA NEPHO OB

B >Tol riaape MH ONHIIEM alre6pandecKyio TEXHHKY, HCOOAbIYeMYIO LHpH
opEBefeHHH auddepeHnHaIbHO-TeOMeTPHIECKHX 00LeKTOB K  HOp-
MaabHEIM ¢opmaM. HampuMep, Teopms HOpMalbHHX ¢opM HepecTpoek
BOJHOBHIX ()POHMTOB, ONUCAHHAA paHee, OCHOBaHa Ha NPHBEJEeHHH K HOp-
MaJbHHM dopMaM QYHKIOHHE BpeMeHH AuddeoMopdHaIMaMH NPOCTPaHCTBa~
BpEMEeHH, COXPaHAIIIMMHA JaCTOYKHHH XBOCTH. Aarebpa Jlu rpymne Ta-
KHX npeo6pa3oBaHii 06pa30BaHa BEKTOPHEIME NOJAMH, KacaOUuMUCT Ja-
cToiKAHa XBocTa. OCHOBHEE Pe3yAbTaTH [AaHHOH I'TaBH B CXKaToH popme
ONHCHBAIOT 3TH BeKTOpHHE 1IOJA; 3Ta HHPOpPMaQud MOXeT GhHITh TakXKe
noiAydeHa NPAMBIMH, HO IAMHHBIME BHIYHCICHHAMH, HCIOAB3YIOIIHMHE CHM-
MeTpHYIecKue QYHKIHH.

Ycnex gocTHraeTci C DOMOLILIO pPe3YJIbTaTOB TEOPHH HHBADHAHTOB
rpynn eBKAHJOBHX oTpaXKenuil. B xoHme »To# ruaBu H3iaraercs Teo-
pus oToGpaXKeHH# nepuogoB, pasBuTad A.H.Bapdenko u A.B.I'uBenTalem.
OTa Teopus MOXeT PaCCMaTPHBATHCA Kak 06oGlleHHe Ha cAydadl HeOpo-
CTHIX KBa3sHOJHOPOAHKIX OCOGEHHOCTeH reOMeTpUH BEKTOPHHIX moJeH, Ka-
CAIOIUXCA TNCKPAMMHAHTOB I'PYNn OTpPakKeHHH.

Oto6pakennsa OepHAOJOB EPEHOCAT (HOPMY mepecedeHKH U3 NPOCTpaH-
CTBa COMOJOTHH HeOCO60r0o MHOXeCTBa YPOBHA GYHKIHE Ha a3y Bepcalb-
HOHl JedopManun, onpegenss moie 2-popM Ha KOKacaTeAbHBIX IPOCTpPaH-
crBax 6Gaspl. JTO MOJe MOXKET PAaCcCMATPHBATHCA KaK aHaJoOr PHMaHOBOH
MEeTpHKH Ha OIPOCTPAHCTBE PeryAdpHHX OpGHT IPYNNH eBKAHAOBHIX OTpa-
JKeHHH.

4.1. BekTopHmIe noasa, Kacawumecs (ppoHTOB

PpoHT npocToi 0CO6eHAOCTH GHr0IOMOP(HO IKBHBANEHTEH JUCKPHMHHAH-
TY KOHeYHOH IPYNNH eBKIHI0BHX orpaxkenni (§3.1). IlosTomy Mu Gyngem
H3YIaTh rOJOMOpPHEIE BEKTOpHEE NOJAA Ha MHOr'oo6pasmm OpOHT, Kacalo-
IHecs JACKPHMHHAHTA (TO €CTh MHOXECTBA HEPESYAAPHBIT Opbum).
HamoMuuM HeKoTOphle 0603HadeHHA. [pymma OTpaxkeHHH gedCTByeT
Ha eBKAHJOBOM nIpocTpascTBe R* n Ha ero koMmlekcudukanuu C*. Muo-
2006pasue opbum B guddeomoppro C#. O603navum yepea T : C¥ — B
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omobpadcenre Buema, ornpaBifioiee TOYKY B eé op6ury. Juckpumunanm
Y. (MaOrooGpasue HeperyafapHuIX OPGHT) eCTh HIEPIOBEPXHOCTH B B, ona
o6pa3oBana o6pa3aMu 3epKal. [IHCKpuMEHaHT 6YJeT TaKXe Ha3bIBaThCA
0606 UENNBIM AACTNONKUNDIM T6OCTOM B CBASM CO CISLYIOLHM MPHMEpOM.

IIpamep. B crysae A, MHOroo6pasne opGuT B ABIAeTCH MHOrooGpasnem

BCeX KOMILIEKCHBIX NOIuHOMOB 2Pt Ay z¢—1 4. -+A,. Oro6paxenne Bue-

Ta CONOCTaBIAET HEYNOPA JOIEHHOMY MHOXKECTBY KOPHEeH TaKoro MHOrovie-

Ha YHopAZO9eHHOe MHOXECTBO ero kodddHUnueHTOB. 3epKala onpeleieHbl

ypaBHeHHAMH 2; = Z; (cM. pHC. 41, rae g = 2); 3%ech z; — [AeKapTOBH

koopauHaTH Ha CFt!l u CF ecTh rumepmiockocTs 3 z; = 0.
MHoroo6pa3ue HeperyAapHHX OpGHT: -

T={x€B|z** £ A\z*! ...+ )\, uMeeT KpaTHIl KopeHs}.

Jas g = 3 5T0 — O6HIHEI NacTOIKAH XBocT B C3,

DyHKNun Ha B HasmBaoTca uneapuanmamu (Tak Kak qas o : B —» C
¢yHknud aon : C# — C uHBapHaHTHA OTHOCHTENbHO PYNILEL OTPaiKeHHH,
u n106ad HHBapHAHTHAA QYHKIHA JONYCKaeT NpeJCTaBICHHE ¢ O 7).

Ounpegenesune. Onepanueit céopavusanus unsapuanmos ® HasmBaercs
OuIMHeHHAaA omepaluA, CONOCTAaBAAIONIAA Nape MHBAPHAHTOB eBKJHJOBO
CKaJApHOe IIPOH3BeJeHHe HX €BKJIHIOBHX rpajueHToB B CH:

T*®(a,b) =< yr*a, y7*b >,

rge < .,. > H \/ — eBKJHJOBHl CKalApHOe IPoH3BelleHHe U rpajuentT B CH,
Ta=aom

IIpumep. PaccmoTpum geficTBue rpynnsl As Ha naockocTd. CBopaduBas
fa3ucHble HHBADHAHTH A} H A3, NOAY9UM (HPOBOJA HEKOTOPHIe BHIHCACHH A
C CHMMETPHICCKEME DYHKIOUAMHE):
®(A;, A1) = =201, ¥, ) = —3) Ag) = 222
(A, A1) = =221, @(A1, A2) = —=3X2, B()y, 2)=§’\1-
Onepanus cBOpaYMBaHWA HHBADHAHTOB CHMMETDHYHA, OHIHHEHHA X

yxoBiaeTBopseT modxcdecmnesy Jetbnuya: npr PUKCHPOBaHHOM HEePBOM ap-
ryMeHTe OHa ABJAdeTcA guddepeHnHpOBaHHeM BTOPOro apryMeHTa,

®(a, bc) = b®(a, c) + cP(a,b).

CregoBaTenbyo, KaXuH HHBapHaHT & : B — C onpegenseT BeKTopHOe

noxe V, Ha MHOroo6pa3uu opOHT: NpOM3BOJHAA WHBapHaHTa b Broap V,
ectb ®{a,b).
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ByaeM Ha3nBaTh V, NOMEHYUAILHDLK TLOAEM C TIOTMEHYUGIOM G.

Teopema. Bcaxoe nomenyuaabroe noae V, xacaemcs mnozoo6pa3us ne-
pezyAApHbLT opbum.

JTokasaTenbcTBO. EBKIHIOB rpajHeHT HHBaDHAHTHOH QYHKUHH 7*a HH-
BapHaHTeH OTHOCHTeAbHO oTpaxkenui. ClresoBaTenbHo, OH Kacaercd 3ep-
kal. Takum o6pa3oM, TPOEKNHS 3TOro rpajHenTa Ha MHOroo6pasue opGHT

‘KacaeTcd NPOeKO#H 3epKal, 4TO H TpeboBaloCch JOKa3aTh.

BrifepeM 6asuc HHBapHaHTOB (T. €. KOOpDIHHATHYIO CHCTeMYy
(Aty .- Ap) Ha B; na B ne gukcupyercs HHKaKO# JHHeHHOH CTPYKTYPpHI).
Ilo yHKnuAM )\; DOCTPoHM 4 BeKTopHsIX motell {Vi;} Ha B, kacaromuxcs
IUCKPHMHHAHTHOH I'HNepIOBEPXHOCTH. JTH HOAA GYAYT HadwBaThcd ba-
JUCHBLUY.

Hpumep. Basucume nons gas 6asuca MHBapHaHTOB (A1, A2) rpymmbl Az
TaKOBH:
V = —2A13r - 3A2¢.)\2
. _ 2A d
Vi, = —3/\25x + 535,
(3To crefyeT u3 mpegblIyliero npumepa). B oToM caydae gucKpuMHHaHT-
Had CHIEPHOBEPXHOCTb ABIAETCA MONYKYGHieckol mapaGopoir A = 0, rge
A = 4A3 + 27)3. TlepBoe 3 STHX nONeH ABNAETCA SHIEPOBHIM KBA3HOJHO-

pPONHHIM 1OJeM, BTOpoe — TIaMUJIbTOHOBO NOJ€ C raMHIbTOHHAHOM A/18.

Teopema (cm. [98]). Bexmopovi p 6a3uchblr noset He3a6UCUMBL 8 110601
mouKe MHO2006pa3UR peeyisphbiz opbum. Ha mnoz006pasut nepe2yiapHbls
opbum uT onpedeaumens uMeem HYab NEPEOZO NOPRIKA.

B mouxe mn02006pa3UR HEPESYAAPHLIT OpOUN OA3UCHBIE MOALL NOPO-
Hdarom Kacamesbroe NPOCTAPANCTIEO K CPATNY €CMECMEENHoT cmpamu-
Puxayuu CUCKPUMUNARMHOL 2UNEPTOBEPTROCINT, co&epmcawemy dannyro
mouxy.

3Had 6a3ucHEIe BeKTOPHEIE NONA, MH MOXeM IOCTPOHTH MHOXeCTBO
IPYTHX moleH, KacaolllAXca ITHCKPEMHEHAHTA: Ji0Gad AAHEHHad KoMOHHa-
0#A Ga3UCHEIX moJel ¢ (PoIoMOPGHHIME) GYHKIHOHAIbHEIME KOd(HmHeH-
TaMi ABJAETCS TaKOBOH.

JIi660e roioMopdHoe BeKTOpHOe mole (ero pocTOK), Kacalolleecd JIHC-
KPHMHHAHTA, [IpeJCTAaBHMO B TaKOM BHJe, a COOTBETCTBYIOIHE OIOMOPD-
Hble KOdUIHEHTH (EX POCTKH) OIpe/eleHbl eIHHCTBEHHEIM 06pasoM [99].

JlpyruMu cloBaMH, POCTKH B Hyle FOJIOMODMHEIX BEKTOPHHIX NoeH, Ka-
CAIOIIAXCA JHCKPEMAHAHTA, 06Pa3yIoT CBOGOHLIH MOLYIb Ha C-ajre6pon
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(PocTKOB) rosoMOpdHbIX GYHKNME C 4 06DPa3yIOIUME (B KadeCTBe KOTO-
PHIX MOXeT GHTb BHGPaHa JI06ad CHCTeMa Ga3HCHBIX Nolei).

IIpamep. Jlo6oe miockoe BeKTOpHOE O, rOIOMOPdHOE B Hylle H Kacaio-
Ieecs NONYKyGudecKol napaboast A = 0, umeet Buj a1V), +a2 Vi, (acnoas-
ays o6o3HadeHHd OpedblIyIlero NpuMepa); roaomopdusie KosddunaeHTH
onpejeseHsl eJAHCTBEHHRIM 06pa3om.

3ameqanne. BeckoHedHO riajkoe BeKTODHOe NOJe Ha BellleCTBEHHOM
TPEXMepHOM DPOCTPAHCTBe, Kacaiolneecs BellleCTBEHHOIO JaCTOIKKHEA XBO-
cTa (06pa30BaHHOIO BEIIECTBEHHEIMH NOMMHOMaMH z% + \12% + Moz + Az €
KPaTHHIM BellleCTBEHHEIM KODHeM), B OGllleM CIydYae He ABAAETCH JAHHEHHOMH
KOMOUHanHe# Ga3sHCHHIX NoJAell ¢ MalKuMH Koo dunEeHTaMu.

B camom gnese, B R3 nacToukun xBocT nMeeT amuuio caMonepecedeHus
(puc. 49), anaruTHYecKOe MPOAOIKeHHe KOTOPOH B APYTYIO CTOPOHY OT
BePIIYHLI JaCTOIKHHA XBOCTa ABJAETCA KPHBOH, He NpHHa JJeXallel Bellle-
CTBEHHOMY JaCTOYKHHY XBOCTY (COOTBeTCTBYIOIMe KPaTHbie KOPHH KOM-
naekcunl). I'1akoe BeKTOpHOe TOMe, Kacalolleecs BellleCTBeHHOrO JacTOq-
KAHa XBOCTa, B O6llleM cIydae He KacaeTcd STOH IPOJOMKeHHOH KPHUBOH, B
OTJHYHEe OT Ga3UCHHIX HOJeH.

2/ N\

Puc. 49. Jluansa caMonepeceeHus BellleCTREHHOT'O JacTOIKMHA XBOCTA
H e€ aHaJIMTHIECKOE MPOAOcIXKeHHe

Bo BcikoM ciyvae, 3nanHe 6a3HCHEIX nOMel YPe3BRIYAiHO MONE3HO NS
OPHBEJEHHUA K HOPMalbHHM (OpMaM Dal3JHYHBIX FeOMeTPUIeCKHX O6bek-
TOB C NOMOWBIO COXPaHAIOMIEX AUCKPHMHHAHT fuddeomopduamos, moc-
KOJIbKY 1106ad ¢hyHKIHOHAJNbHAA AUHelHAA KOMGHHAL KA 6a3HCHEIX Noqelk Ka-
caeTcAd JHUCKPHMUHAHTA.

SlBHbIe QOPMYABI A1f KOMIOHEHT Ga3HCHHIX HOJeH, KaCAIOLIHXCH IHC-
KPHMHHAHTOB I'PYNI OTpaXeHHH, umelorca B (1], [98], [100]. Tak xax >Tu

H

o R R,
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koMOOHeHTH paBHH P®();, A;), JOCTATOTHO BHITHCIHTH CBEPTKH GA3UCHEIX
HHBApHAHTOB. .

IIpamep. Matpuna ®(A;, \;) 414 A3 3amucrIBaeTcs CleyOIHM 06pa3om
(B yKa3aHHOM BIIle Ga3uce):

221 3 423
— | 32 4x3 -2 A

2
4hg -2 -2

2

CaefoBaTenbHO, 6a3U¢ MOIYIA BEKTOPHLIX NOAeH, KacaloluXCcd JacTOIKHHA
xBocTa B C3, 06pasoBan noaaMu

Vi
Va

20101 + 3A20; + 4303,
) A1
32201 + (423 — A1)3y — 17233,

AL 32
Vi = 4%0 - S0+ (20— = 2)0s.

O6mwas popMyia 414 CBEPTKH HHBapHaHTOB rpynnul A, Gulra HaijgeHa
J.B.®Dyxkcom [1]. O603natum depes 0; i-YI0 CHMMETpHIeCKYIO GYHKOHIO OT
xopueil Muorodnena z¢t1 4+ Az~ 4 AL

0’0——-1, (251 =0, 0’2=A1, 0’3=—Az,...,0#+1=:EA#,0'#+2=...=0.

Torpga, gas : < 7,

2(0it1,0541) =

.#—’—0','0']‘ - Z(,B - a)oa08,

rfe CyMMApOBaHHe BeJéTcs N0 BceM NapaM («, §), YIOBIETBOPAIOLIAM

atf=i+j, O0<a<i

@opMyIH I OCTAILHHEIX IPOCTHX ocobeHHocTedl umeloTca B [101],
[102).

HpakTudeckuii MeTOX i GHICTPOro BHIMCIeHHA BEKTODHHIX IOJei,
Kacalompuxcs GpoHTOB, 6611 H306peTén B.M.3akamokuusm [95]. B kBasu-
OJHOPOJHOM CIydae ero KOHCTPYKIHAA HadMHAETCH C BepcalbHOH fedopMa- -
upH F KBa3uogHopojgHOro moruHoma f,

F(z,A) = f(z) + Mg1(z) + - - - + Apgp(2),
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rje gy CyTb MOHOMHI, o6pasyomue (nas C) r0KarbHYIO aarebpy
of

= Cl|lz -
Qr=Cll=ll /|3 -
(3aecs (0f/0z;) o6o3navaeT “upgean, o6pa’oBaHHLIE GYHKIHOHAIBHEIME
JHHeHHHIME KOMGHHauuAME ) h;3f/3z; B anre6pe C[[z]] dopmanbubix
CTeNeHHHX pAJOB nepeMeBHHX z”1). DTOT Maear SBAAETCA KacaTelbHHIM

IPOCTPAHCTBOM K Op6uTe f noA sedicTBHeM Ipynnn AuddheoMOpHHIMOB. )
PaccmoTpuM pasnoxenue

6@ F@ ) = Y hij(e, »gg + 3 Vi (W (a),

CyIIeCTBYIOllee COrIAacCHO TeopeMe Beliepmrpacca (cM., HanpuMep, [28]).
BekTopunie noas

d
Vi= 3 VisMay

KacalTcd QpoHTa, onpeleaéHHoro GopmyaamMmu
¥ ={X € C*| mHoroo6pasme V) = {z | F(z,A) = 0} oco6o}.

Jlio60e BekTOpHOE IOJE, FOIOMOpP(hHOE B Hy.le U Kacalollleecs PPOHTa, e JHH-
CTBEHHEIM OGpal3oM NPeJCTABIACTCE B BHJe JuHeHHOH KOMOHHAmWH Gasuc-
HHIX noJeit V; ¢ roioMOpHHME B HYJe KOX(QHIHSHTAMH.

KoHcTpyknua 3akalioKmHa OCHOBaHa Ha CAeIYIOUHX COOGpaiKeHHAX.
Paccmorpum manyio gedpopmanuio (14 £g)F cemeiictea F (¢ — Maabli
DapameTp). OTO ceMeHCTBO R-DKBUBAICHTHO CeMeHCTBY, HHIyNHpOBaH-
Homy u3 F' (Tak xak F Bepcanbuo, cM. [28]). CooTsercTByiomas 3amena
nHapaMeTpoB 61u3Ka K ToXJecTBensoil. E& npowssognas no €, npu € = 0,
maeT TpeGyemoe BeKTopHoe moJe. OHO KacaeTcs ¢poHTA 3, TaK KaK MHO-
roo6pasua V) (u, clefoBaTelbHO, GPOHTH PACCMOTPEHHHIX ceMelcTB) He
3aBHCAT OT £. TaK kak 3aMeHa IapaMeTPOB IePeBOAHT POHT BO (pOHT,
eé npouaeognad V kacaercs ppoHTa L.

) Auzebpori (pysximmi, pagos n T. 4.) Ha3HBaeTCH JMHeNHOe NPOCTPAHCTBO HJEMEH-
TOB (yHKITA,. .. ), cofepXkalllee BMECTe ¢ MIOOHMHU JBYMA DIEMEHTAMH WX IPOW3BEJe-
Hue. Hdeaaom HasmBaeTcA TMHEHHOE MOANPOCTPAHCTBO AITe6pH, cojepxalijee BMECTE
¢ Mo6HM CBOUM 3/leMEHTOM BCe NPOW3BEAEHAA ITOTO SJEMEHTA HA SIEMEHTH AIe6PH.
DaxTop-mpocTparcTBo @ = A/ amre6pH Mo MOZYMIO Mieala caMo ABIAETCH anmre6poi.
Anre6pa HasmBaeTCa 40xaasbMoll, €CIH OHA HMeeT €JUHCTBEHHHI MaKCHMAJXLHEI Hhearx
(ne copepxaummica B Apyrux njearax, OTAMIHEX oT amrebpu), Amreépa C[[z]] tokam-
Ha, MAKCUMGAbNbIY udead obpa3cpaH pagaMM Ge3 CBoGOJHOrO WIEHA.

n
3
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4.2. JInHeapuaoBaHHOe CBopaiMBaHUe WHBAPDHAHTOB

PaamepHocTs anre6phl JIu BeKTOPHHIX molel, KacaloluXca HPOHTA JeXKaH-
ApOBa 0TO6parkeHHd (MM JHCKPDHMHHAHTA PYNOH OTPaXKeHHi ), GeckoHed-
ga. OnHaKo, MEL MOXKeM NIOCTPOUTH KOHeYHOMepHYIo aare6py Jlu, 3amenan
KaXXJ0e BeKTOPHOe HoJe ero JMHeHHOH YacThio B Hylde. B GoiblIHHCTBe
BHIYHCIeHHH, HCOOAB3YIOIMX Kacakolluecdi (PPOHTOB BeKTOpHBIE IIOJA, HO-
¢TATOYHO 3HAHHME ITHX KOHeIHOMepHHX aare6p. B oTamyme oT cBopatuBa-
HEA MONHHIX MHBADHAHTOB, aAre6pa JHHeaPHIOBAHHLIX CBOPAYMBAMHUH [0-
[ycKaeT mPOCTOe ABHOE ONMCaHHE B TeDMAHAX YMHOXEHHA B JOKalXbHOH
rpaJyHpPOBaHHOM aire6pe cOOTBETCTBYIOIEH OCOGEHHOCTH.

Byaem o603nadaTs KacaTelbHOe IPOCTPAHCTBO B HYJI€ K MEOI006pa3uio
opbHT rpynnu orpaxeHuidl Jepea T, IBOHCTBeHHOe eMYy NPOCTPAHCTBO —
qepes T*.

Onpegenenne. JJuneapu3o6annbiu C60PALUSEHUCM UNBAPUAHTIIOE8 HAIH-
BaeTcA GHIHHel{HOe oTOGpaXeHHe

¢:T"xT* =T,
onpejelénnoe HOpMyIoH
¢(da, db) = d(®(a,b)),

rie d ecTh guddepennual PYHKOHH B Hyle MHOroo6pasus op6ur u @ —
CBOpPadMBaHHe HHBADUAHTOB.

Jlerko BugeTh, 9TO OnpeAeleHHe KODPEKTHO (3HaleHHe ¢ 3aBHCHT TOAb-
KO OT JudepeHnranos a, b B Hyle, a He OT CaMHX UHBADHAHTOB &, b).

IpaMmep. O603natuM guddepeHnualsl KOOPIHHAT A; B HyJe MHOrooGpa-
aufg op6uT B Temm ke 6ykBamu \;. Torga oia rpynnsl A3 JIuHeapu3o-
BaHHOe CBOpaiMBaHHe HHBADHAHTOB ONHCHIBaeTCA (B o6o3Hadenusx §4.1)
“TpeyroJbHoi” MaTpHuIeil

221 3hy 4
—1l 32, 4x3 0
4 0 0

Tpeyroabuas MaTpHHa NOLOGHOrO BHAa ONKCHIBaeT JHHEAPHIOBAHHOE CBO-
padMBaHHe HHBapHAHTOB 41i A, (mepsas cTpoka — (2A1,...,(u+ 1)A,)
H BCe 3JeMEHTH Ha JHHHAX, HapallelbHHX BCIOMOINaTeIbHOH JHAlOHAIH,
DaBHH MeXJy coGoi).
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DTOT IpHMep NOKA3BIBAET, 1TO, B OTIHTHE OT NOJHLIX CBOpaiABAHMI,
JHHeapH3OBaHHLEIE MOI'YT OLITH ONHCAHH B NPOCTHIX TepMHHaX. B geil-
CTBATEeAbHOCTH, JHHEeapH30BaHHOE CBOpDaYHBaHHE HHBAPHAHTOB AOMYyCKaeT
eIHHO06pasHoe onucaHde IJA BCEX I'PYHNN eBKIHIOBHLIX OTPaKeHHH, cBA-
3aHHBIX C OPOCTHIMH KpPaeBHIMH OCOGEHHOCTAMH, B TEPMHHAX JOKAJLHBIX
rpafyHpOBaHHLIX aJarebp ocoGennocTei.

OTH JOKaNbHLIE aAre6pLl HEMEOT BHJT

Q = C[[z1, zm-’bs]]/(“lgzil’ g:{;’ ga{;) ’

(MbI pakTOpHE3YeEM HO HAealy, KOTOPHIA eCTh KacaTelbHoe IPOCTPaHCTBO K
op6HTe rpynnul guddpeoMopdH3MOB, COXPaHAIOMIHEX Kpaid H AeHCTBYIONIHAX
Ha NpoCcTpaHCTBe QYHKUUE.) 3jech f OpHHAMIEKHAT cAefyoOIeMy CIHC-
Ky NPOCTbIT Kpaesbir ocobennocmeti POCTKOB PYHKOEA Ha MHOroo6pasnu
(C3,0) c “kpaeM” z; = 0:

THO|HOpManbHan dopma fi ry ra T3 h

1
Au| zi+ait 423

guarpamma [AbLIHKAHA

2u+2 2 pu+12u+20—0—o0—o0—o0opu>1

By| ai+zi+a] 2 p B 2 |0—0—0—0—0pu>2
Cul zizo+zh+2% [2u-2 2 i 2u |o=0—0—0—0—0 >3
Dyl mi+23z3+a8™' [2u—-2p-2

2 2;‘—20—1—0—0—0—0#24

Es zy + 23 + 23 12 4 3 12 O—O-—I—o—o

Er| &y +a3 + 2003 18 6 4 18 O—G—I——o—o—o

Es z1 + 23 + 23 30 10 6 30 O—O—I—O—O—o—o
Fy #? + a3+ 22 3 2 3 6 |o—o=0—0

(mBoiiHBIE pEGpa o6o3HaYaloT yroa 135°).
Caszp MexIy 5TAMHE QYHKIEAME H COOTBETCTBYIOIMMHE IPyNIaMH OT-
paxeHddl o6bicHeHa HHXKe. PaccMoTpaMm sepcausnyio deopmayuio kpae-

T,
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poii 0co6eHHOCTH f QyHKNEH Ha MHOroo6pasud (C3,0) c “kpaem” z; = 0:

F(z,}) = f(2) + ) _ Nigi(z),

rie g; — TaKHe MOHOMHI, 1TO HX 06pa3kl NOPOXKTAIOT JAHedHOe IPOCTPaH-
crBo @@ Hag C.

1<:<p,

Hpamep. B ciytae Fy:
F(z,A) = f 4+ Mz1z2 + Aoz1 + A3z2 + Aq.

Onpejgenenne. Bugyprxayuonnoi duazpammoti xpaesoti ocobennocmuy Ha-
3LiBaeTCA THIepIOBePXHOCTL B Gasze CF = {\} BepcaapHO#l JedopManum,
o6pa3oBaHHAA TeMHA 3Ha4eHHIMH DapaMeTpa A, NIPH KOTOPHIX [HIepIoBepX-
HOCTBb HYJE€BOI'O YPOBHA

W ={z € C*| F(z,\) = 0}
1E60 ocoba, TH60 HeTpaHCBepcaibHa “kpaio” z1 = 0 (pzc. 50).

3ameqanne. IIpuBe SHHLIH BHIle CIACOK COAEPXKAT BCe NPOCTHE, YCTOH-
q@Bble KpaeBEe OCOGeHHOCTH, ¢ TOYHOCTBIO 1O COXpaHAIOWeH Kpall cra-
GHABHOR DKBHBAJEHTHOCTH (A1f TOro YTOGH NOIYIHTH HOpMalbHhie (GOp-
MBL IPOCTHIX, YCTOR YEBHIX KPaeBHX 0cOGeHHOCTel PyHKIAH GOMbIIero u-
clia HepeMeHHBIX 1, HyXHO JOGaBHTH KBapaThl HOBLIX IePeMeHHLIX; B CIy-
qae n = 2 OIyCKaeTCs ClaraeMoe 3 B HOpMaJbHEX dopMax Ay, By, Cy, Fy;

B cIydae n = 1 OmMycKaeTCs ClaraeMoe z3 + z3 B HOpMaabHO# dopme By ).

Teopema (cm. [3]). Budyprayuonnas duazpamma moboti xpaesot ocoben-
nocmu Ay, ..., Fy oJufdeomopPra Juckpumunanmy coomsemcmsyio-
wetl epynnvl esxaudoebiz ompadxcenut.

BarosoMopdamil rAdGdeoMopda3M Gaskl BepcalbHOH JedopManud B
MAOr006pa3de OopGHET TPYINLL OTPalKeHHH, OTOXIeCTRIAIOMAE 6udypKa-
NHOHHYIO AHATPaMMy ¢ ZHCKDEMHHAHTOM, He efuHCTBeH. Takue auddeo-
MOpdU3IMHE (TOUHee HX POCTKA B HyJe) GyAyT Ha3hIBATHCA OOTYCTUMbLMY
omoagicdecmedenuimy 6a3bl ¢ MEHOrooGpa3neM OpOHT.

3ameuanue. Coucok KpHECTAJIorpaduiecKdX CPyNN eBKAHIOBHIX OTpa-
eHu#t (au rpynn Beinsa npocrsix rpynn JI#) cogqepxuT ellje oiHy rpynny,
Gs (rpynna cEMMeTpHA NpaBHJILHOrO IecTHyroibHmka). (Cnmcok Henpu-
BOEMHEIX TPy eBKIKJOBLIX OTPaXKeHHH COJEPXKHT, NoMaMo rpynn Bei-
i, ofHy GeckoHeyHyio cepuio, I2(p) (Cpynnel CAMMeTpHH NPaBAIbLHEIX P-
YTOABHUKOB), | B HCKIIOYATeIbHbIe rpynnbl, H3 (caMMeTpHid HKOCa3Apa)
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u Hy (Tpynna caMMeTpr# TENEePHKOCa3[pa — NPaBHJILHOrO MHO[OTPaHHH-
Ka, BMeloiero 120 BeplI#H, B 4eTH PEXMEPHOM €BK/IH/I0BOM NPOCTPAHCTBe).
Oco6eHROCTH, CBA3aHHEE C DTHMHE IPyNNIaMH OTpaXKeHHH, GBLIA OTKPBITEL
0O.B.Jlsmko, O.I1.1llep6akom u A.B.I'upedTanrem. B raase 7 MH o6cyamm
3TH 0COOeHHOCTH.

HopMannHue ¢opMH GyHKIAE f B npeJEIylHeM COHCKe ABIAIOTCA KBa-
31O fHOPOAHHIME MHOT'O4/[eHaMH C NOJOXATeIbHHIMH BeCaM® w;. JTO 3Ha-
qut, 4To f = Df, rme D = ¥ w;z;(3/0z;) ecTh KBa3HOZHOPOAHOE BEKTOD-
soe noke. Beca w; = u;/h 0603HaYeHHl B CIACKe HOPMAJBLHEIX GODM.

JiinepoBo ,qnq)q)epeannpoaaanez) D coxpanfieT uieas B DHaMeHaTele
dopMyaH, onpefensiomei Q. CrefoBaTelsHO, OHO AediCTBYeT Ha () Kak
magdepennupopanne. ByleM Taxke 0609Ha4aTh 3T0 JAPDepeHIEPOBaHAe
qeped D m HaswBaTh ero duffepenyuposanuen Itaepa.

Teopema ([98], [100]). JTuneapusoeannoe csopawusanue uHEAPUARMOS
T* x T* = T* sxsusasenmuo(xax 6uauneiindi onepayul) OMOGPANCEHUIO
Q X Q — Q, onpedeaénnomy gopuyiany (p,q) — S(pg), 2de
S=D+(2/h)E

OToxX fecTBIeHAe NpocTpaHcTB T™ 1 (), MOApa3yMeBaeMoOe B 9TOH Teo-
peMe, NOCTATOYHO HeecTecTBeHHO. (ymecTByeT 60lee ecTeCTBEeHHOe OTO-
X JeCTBIeHAe KacaTelbHOro NPOCTPaHCTBa MHOr006pasnsd op6uT B Hyre T
H JOKalbLHOH ajarebGpH (.

B caMoM jgeise, paccMOTDHM [ONYCTHMOe OTOXJeCTBIeHHe (a3nl Bep-
calbHOH MedOpMalHH C MHOrOO6pasmeM OpOHT (POCTOK B Hyle GHIOJO-
MOP{HOrO OTO6pakeHHs, MepPeBOAAIIEr0 POCTOK GH(ypPKaNHOHHOX Jua-
rpaMMBI B POCTOK MHOT006pa3nd HepelyJdpHBIX op6uT). Ero mpomspon-
Had B HyJe oTOXJecTBifeT T ¢ KacaTelbHHM NPOCTPaHCTBOM K 6a3e Bep-
calbHOH JeOpMallid, a nOCHelHee eCTeCTBEHHO H30MOPPHO NPOCTPAHCT-
BY JOKaJbHOM aAre6pH () (CKOPOCTH JeOpMallHHl COOTBETCTBYeT eé Klacc
B Q).

Takum 06pa3oM, MhI ONpefedHJn Jonycmumoe omodcdecmesenue T
c Q*. Cuefyoman TeopeMa ONHUCHBaeT NepeHOC Ha (J* IHHeapA3OBAHHOTO
cBopadYHBaHHA HHBAPHAHTOB, HO CHavala HaM NOTpe6GyeTCs BCIOMOraTelb-
Had KOHCTPYKIHA.

Onpefenerne. JleMeHT | IBOACTBEHHOr 0 JOKaIbHOR alre6pe NPOCTPaH-
CTBa (Q* Ha3HIBaeTCHA JONYCTUMDIM, €CIH JuHedHad PyHKnud [ : Q — C He
PaBHa HyJIIO Ha aHHYJIATOPE MaKCHMAJLHOTO H/eala aare6pH @ (pHc. 51).

z)ﬂuﬁﬁepeuuuposauue.u (vommymamuenod) asze6pul HABHBaETCA ImHeHHOE 0TO6pa-
XeHHe TO} aIre6pH B ce6s, yAOBIETBOpsIOWee Mpasmry Jleidbmma D(ab) = a Db+b Da.
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Prc. 51. MakcEMaTbHHEH HAeal, AKOOAAH B JONYCTHMEE JHHeAHEIE HGOPMEL

3ameuanne. JTOT aHHYIATOP OfHOMeped. OH 06pa3oBaH KIACCOM AKO-
6uana QyHKnHE w3 3HaMeHaTels GOPMY]HI, oNpefensiomen ¢, (cM. [103]
uan [28]). CrefioBaTenbHO nedonycmumbie ssemenmot Q* obpasyom zunep-
naocKocmb, 4 mMunuunbil daeMenm Jonycmum.

Onpegenenne. Buaunetnot gopamod By : Q x Q — C, accoyuuposannot
¢ donycmuMbim ssemenmonm | € Q*, HasnIBaeTCA GopMa

Bi(b, c) = 1(be).

Ora 6nanHeliHaA PopMa HEBHIPOXK JeHa, eClIE d1eMeHT [ fomycTEM (cM. [28]).
O6oznainM vepea N; : Q — Q* IHHeRHHI ONepaTOP, ONpeJeIfOMHEE PTY
dopmy.

Teopema. .Jo60e donyemumoe omoscdecmenenue conocmasasem aunea-
PU30BAHHOMY CEOPANUSAHUIO UHEAPUANTIIOS ONEPAYUIO

$:Q*x Q"= Q*, ¢i(a,b) = R*Ny(N'a, N[ b),

2de R=FE — D ul — donycmumbiii saemenm Q*.
Jhobas u3 onepayut ¢i(c donycmumbin I) seasemca obpazom aunea-

PU3060HHO20 C6OPAUUSANHUS UHEAPUGHMOE Npu nodzodawem CONYCTNUMOM
omodcdecmedenu.

CaepctBue. Bce onepayuu ¢ ¢ donycmumbiuy | Ixeusatenmubi.
3ameuanue. [Ipeguigymme Teopembl, oTKprITHe B [98] maa cepmi A, B,

C, D, 661a cpOPMyAEPOBaHL! B TepMEHAX 080UCMEERROCTIU COOMEEM-
CTSYIOWUT ceMetice K6adpamuutbls dops.
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3adukcEpyeM ZONYCTHMOe OTOXAeCTBJeHHe KacaTeJbHOI'O IPOCTPaHC-
rBa T MHOroo6pa3ms OpOHT H JHHEHHOTO NPOCTPAHCTBA JOKAJILHOH ajre-
6pul . JInHeapH3OBaHHOE CBOpaiHBaHHEe HHBADHAHTOB A KAXJOrO dJe-
MeHTa ¢q € () olpelelseT cAMMeTpHAYecKylo GHIRHedHYI0 GOpMY:

P :Q* X Q* > C, y(a,b) =o(a,b) |g.

W3 npefbAyInEX TeopeM BHITeKaeT

Caeacreue. Cemeticmsa gopau {Bi} na Q u {¢g} na Q* dsoticmeennv g
Mo CMbicae, ¥mo 048 wobotl nesvipodcdennoti fopmbt u3 odnozo cemeti-
cmea dsoticmsennas eti Popma npunadaescum opyeomy cemelicmay.

Coomnousenue meaicdy napamempamu deoticmeennuiz dopmu l u ¢ neau-
netino. OHO AUNEUNO IKGUGGIERMNO OTIEPatUL OBPGUEHUS 6 AOKGABHOT
auazebpe Q.

Noso6HEIe GOpMYJEL CNpaBeATABEL B B BellleCTBEHHOM Clydae. J[Bo#-
CTBeHHHe BellecTBeHHHe GOpMH B; H 1)y EMeOT OJHHAKOBEE HHIEKCHI
nrepnua. Ho carmarypa ¢opmun B, paBHa mutekcy Ilyamkape cooTBeT-
cTBylowell oco6ernocTH (Goaee nogpo6HO cM. [98]). CregoBarennno undex-
coi [Tyanxape xpaesviz ocobennocmets Co6nAGAIOM € CUSHAMYPAMY COOM-
semcmeyowuz Gopm 1Py, NOPOICOEHHBIT AUNEAPUIOSAHHBLM CEOPANUCAH U~
eM UNGAPUANTO8. OTH yTBepXKIeHHd, OGHapYKeHHbIe SKCHepAMEeHTaIbHO,
NpABEIH K OTKPHTHIO NBOMCTBeHHOCTH MeXJy JHHeapH3OBaHHLIM CBOpa-
YABaHHeM HHBApHAaHTOB H Ollepalldedl YMHOXeHAA B JOKaJbHOH alre6pe co-
O0TBeTCTBYIOLIed 0CO6eHHOCTH, OIECAaHHOH BHILIe.

TeopeMH O TAHeapA30BaHHOM CBOPaYHBaHAY HHBAPAAHTOB MOT'YT GHITH
cpOpMYAAPOBAHLl B TepMHHAX aiare6p JIn AMHEHHHIX BeKTOPHHIX NOJeH.
Tlonnoe cBopaiMBaHHe HHBAPHAHTOB onpefleifeT BeKTOPHHE HOJfA, Kacalo-
m@ecs JACKPEMHHAHTHOH FHIEPIOBEPXHOCTH (H, ClefoBaTeIbHO, GPPOHTOB
COOTBeTCTByOIHUX ocoberHocTel). Ha THHeapu3oBaHHOM yPOBHE 3Ta KOH-
CTPYKIHA JoCTaBifeT AAHeAHOe ceMeHCTBO JHHeHHBLIX BeKTOPHHIX HoJeH Ha
KacaTelbHOM HPOCTPaHCTBe MHOr006pa3nd OPGHT B HyJle. DTH BeKTODHEIE
nofig napaMeTpH30BaHLl TOYKaMA JBOMCTBeHHOr'O mpocTpaHcTBa 1.

Qupegenenne. JluneilHoe Iole wW,;, GCCOYUUPOSAHHOE € IACMEHTMOM
a € T*, onpeflelfeTcsA yCIOBAEM: NPOH3BOAHaA M0G0 AMHeHHOR PYHKIHH
b Ha T BHONB W, ABAZeTCA IHHEAPHIOBAHHLIM cBopadnmBanneM ¢(a, b). Apy-
CEMHA CIOBaMH, W, ABIAETCH AUHEUHOU HACTNDIO 6 HYAE 6CKMOPHO20 NOAR
V., oIpeiel8HHOrO NOJHLIM CBOpaYHBaHAeM mEBapanToB (§4.1).

Teopema ([98]). IToas w, o6pasyom p-napamempuvecxyo aszebpy Ju.



94 Taasa 4. Csopauusanue unsapuanmos 4 omobpaxcenus nepuodoe

Aas mobozo 6asuca (ay,...,a,) npocmpancmea T* sexmopvi wq, Au-
netino nesasucumbl 8 w060l mouxe T, ne npunadaesncaweti eunepnaocro-
cmu, xacaoueiica Mno2006pasus nepezyaipuviz opbum (coomsemcmayio-
WAR ePYNNa oMPadcenuli HenpusoouMa).

Ypaenenue amot uckaonumeavnotl sunepnosepzrocmu: a, = 0, ede a,
— dufPepenyuan unsapuanma nausbicuseti cmenenuy.

3amedanue. Mul conocraBein J060H CpyIlle eBKIKIOBLHX OTPaKeHHAH B
{~MepHOM NpOCTpaHcTBe (HalnpuMmep, rpyine Beias npoctoi rpynnu Jin
paHra u) aure6py Jiu pasmeproctu . CooTBeTcTByOmas rpynna Ju ecthb
rpynna NHHeAHBIX 4acTed AU(PPeoMOPPHIMOB, COXPaHAIOMHAX “0606mEH-
Al acTo4keH xBocT”. Takde nuHeldHble OTO6paiKeHA COXPAHAIOT Kaca-
TeJbHYIO MENEPIIOCKOCTb K JAaCTOYKHHY XBOCTY B €ro BepIIHHE, a TaxxKe
MHOXeCTBO KacaTedbHEIX IPOCTPAHCTB K Pa3fdiHLIM CTPaTaM ecTeCTBEH-
HOH CTpaTH(HKaNH# 0GOGIIEHHOTO JACTOYKHHA XBOCTa (BKIIOYad JHHHIO,
COOTBeTCTBYIOIIYIO aHHYIATOPY MaKCEMAJILHOI'O HAeala).

Opnako, Halla Ppynna JAHEHHBIX OTOGPasKeHH MeHbIlle, YeM BCA TPYII-
Na JWHEHHRIX 0TOGpaKeHHH, COXPAHAIOINAX KacaTeldbHble IPOCTPAHCTBA K
crpaTaM. Hamia rpynna coxpanseT HeKOTOPYIO ZONOJIHATEILHYIO CTPYKTY-
py Ha T', HeKOTOPHE NPuU3pax 060CUIEHHOrO TACTOYKAAA XBOCTA, XKABY A
B ero KacaTelbHOM N POCTPAHCTRe.

Ipensinyuime TeopeMnl onuchBaloT aare6py JIu nolei w, B TepMH-
HaX I'paJyHPOBAHHOM JOKAJLHOK AIre6pEl COOTBETCTBYIOMeR 0COGeHHOCTH.
O6o03ra4uM 1epes M, : Q — @ omepaTop yMHOXXeHHA Ha BJeMeHT g € Q.
Jna mwo6oro nuddepennnpopannd D : () — (Q onpefgeauM JuHeHHHH one-
paTop:

W, =M;R:Q— Q, R=F-D.

Teopema ([98]). Jar awbozo dufdepenyuposanus D xommymamusnod
aazebpbi Q, onepamopvr W, obpasyrom aszebpy Jlu. )

Feau D ssasemca staeposvin dufdepenyuposansesm 4oxaabrot adze-
6pwi npocmoii ocobennocmu, mo awzebpa Ju {W,} usomopdra aszebpe Ju
{wa} Auneapusayuil sexmopubiz noseil, KACHMOWUTCS FUCKPUMUNARTG.

Coomuotienue medcdy napamempanmy q 14 G COOMEEMCMEYIOUMUT GeK-
mopubiz nodet aunetino. Ilocae donycmumozo omoscdecmsaenus Q u T,
3o coomuouwenue daémcs gdopmysor a = Ny(q) (20e b 3asucum om ebvi-
6opa omoscdecmeaenus).

Anre6paddeckas cBA3b MeXIY JTHHeaDHIOBAHHHIM M MOJHHIM CBOPaYH-
BaHHeM HHBapHaHTOB [0 CHX NOpP He coBceM AcHa. CymrecTByeT ad GopMy-
Jla, BeIpaXKaloujad IIOJHOe CBOpaidBaHHe HABAPDHAHTOB B TEPMHHAX JHHea-
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pU30BaHHOr0 (IOZO6HO popMyse af onepanuu B rpynme JIm B TepMmrax
KOMMyTaTopa aire6ps JIn)? KakoBH aKCHOMEL /1 NOJHOLO JHHeapH-
30BaHHOT'O CBOpaiMBaHHA WHBapmaHTOB? JlymMaeTcd, 4TO OTBeTH AOMXK-
HHl HCNOXb30BaTh JHHeapA3OBaHHOE CBOpPaiNBaHHe HHBAPHAHTOB BMeCTe C
ero KOCOCAMMeTPHIHLIM GAHIHENOM: CHMIeKTHYeCKOH HAE IyaCCOHOBOH
CTPYKTYPOH, onucanEuIME HIXe (§4.3—4.6). Takum o6pasoM, npefcTaBis-
eTCA HHTePeCHHIM HaHTH HeKOTOPHIH CylepaireGpamiecKnii NoAxox, 0606-
WAOMAR CAMMeTPAIECKER B KOCOCHMMETDPHIeCKHHE CIyYan.

4.3. OTo6paxeHua nepuojoB

CywecTByeT 0606iienne onmepanuii CBOpaiKBaHAA WHBADHAHTOB Ha CIy-
9all HeNPOCTHIX OCOGeHHOCTeH. DTO 0606umenne, oTKphTOoe A.B.I'mBenTa-
aem u A.H.Bapienko [104], ocHOBaHO Ha CBA31X MeXKIy STHMH ONepPALEAMH
¥ o61uel TeOpHed aCHMITOTHK HHTerpaloB, paspaborannoi A.H.Bapyenko:
(43], [42] (cMoTpum Takxe §2.1 u [44]).

HaM momajo6aTca HekoTOphie (IPOCTHE) MOHATHA, CBA3AHHBE C OTO-
6packeHAeM NePHOLOB IPOH3BOILHOrO JOKAJIbLHO TPHBHAILHOIO PACCAOCHHA.
PaccMOTpEM paccioeHns rOMOJIOTHI B KOTOMOJOTHi CI0EB TAKOI'0 paccloe-
HEA (Ha[ OHOH H TOM Xe 6230i). DTH HOBhIe PACCIOCHHS ABIAIOTCA JOKAIb-
HO TPUBHAJILHLIMH, X, B OTAHIHE OT HCXOJHOI'O PacCHOeHAA, KAHOHATECKH
JOKaJbHO TPHBHAJA30BaHH. B caMoM gere, 10601 nefodAcieHHHE NAKI B
¢lloe MOXeT GHITh OJHO3HATHO, Ha YPOBHe [OMOJOrHH, lepeHeCéH B GaH3Te-
XKallEH CloH. (DTH TONONOrHYECKH ONpefeléHHEe JOKATbHEE TPHBAANA-
3allMA PaCCAOEHHHA I'OMOJOTHH M KOTOMOJIOLHA Ha3HIBAIOTCH CEAIHOCTIAMU
TI'aycca-Manuna.)

Onpepenenne. Omobpascenuesm nepuodos Ha3HIBaeTCA CeYeHHe ACCOLH-
APOBaHHOI'O PacClIOeHHA KOT'OMOJOI'HH.

IIpumep 1. IpefnonoxeM, 9TO Ha TOTAILHOM IPOCTPAHCTBe (raagxoro)
Paccnoednd 3a(UKCHPOBaHa IHPdepedNnalbHas PopMa, 3aMKHyTad BLOJAb
cnoéB. OTobpakeHHe, CONOCTABIAIOIEe TOYKe Ga3H KIACC KOMOMOJOTHH
OrpaHAYEHHA >TOK GOPMEI Ha CHOH (HaX STOH TOYKOH), ABIfETCA OTOOPA-
XeHHEM HEPHOIOB.

Onpejgeneane. OTo6paxenne npamepa 1 Ha3HBaeTCA omobpadcenuem
nepuodos Juddepenyuaabrot Gopmbi.
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IIpamep 2. 3adukcEpyeM BeKTOPHOe fI0Je Ha Gase. IIpomaBoguasn ao6Goro
rIaJKOro oTo6paskeHHA NepHOJOB BAOJb DTOro MOAA ABIAAeTCA OTOGpaxKe-
HHeM NepHOIOB.

JeficTBETeNbHO, GIH3JeXKAInAe CIOH PACCIOCHHA KOTOMOJOTHHE MOLYT
6LITH OTOXJECTBAEHL C NOMOINbLIO TONOJOoruieckodl TpuBraimzanud. [lo-
¢lle >TOr0 OTOXKeCTBICHAS, CeIeHAS PACCIOSHAS KOI' OMOJOTHHE (JOKAJILHO)
CTaHOBATCA OTOOParKeHAAMH B CJIOK A MOTYT OHITh JAddepeHNEPYEMEl KaK
OGBIYHBIEe QYHKIAH.

Hpumep 3. PaccMoTpum vacTHHHE ciydYal, Korja 6asa fBJAfeTCS KOM-
ILIIeKCHHIM MHOr000pa3HeM, i KOMIJIEKCHbIE PAa3MePHOCTH 6a3bl B ciod (KoM-
IIeKCHOT'0) KOTOMOJOIHYeCKOI'0 pacCliOeHAd COBIAAAIOT.

Onpegenenne. OTo6paxkende NePHOJSOB HA3LIBACTCA HESBIPONCOECHHDIM,
eclii ero IpOA3BOJHbLIEe BIOAL JHHEHHO He3aBHCEMBIX BEKTOPHEIX HOJEH JH-
He#HO HezaBHCHMHBL. /IpyruMu clioBaMH, COOTBeTCTBYyIollee JOKaJbLHOE OTO-
6paxkenne 6a3bl B CIOH JOMKHO GHITH TH(PGeoMOPPHIMOM.

Ipomr3Bognas a060ro 0TO6paX<eHHd NePHOJOB OmpefeideT IAHeHHOe
0TO6pakeHHe KacaTelLHOTO IPOCTPAHCTBA 6a3H B CIOH KO[OMOJOIAYeCKO-
ro pacciaoedns. HeBripoxieHHOe oTOOGpaikeHHe IePAOJOB OnpelenseT HIO-
MOp(}H3M OPOCTPAHCTBA KACATEILHOI'O PpacclOeHAs 6a3bl C KOTOMOJOrHie-
CKHM pacCClOeHHeM.

JIBOACTBeHHLIA H30MOP(HU3M OTHpABIAET MOMOJOTHIECKOEe paccloeHHe
6a3bl B IPOCTPAaHCTBO eé KOKacaTelbHOr'o paccioeHnd. TakaM o6pasow,
Hesbipodicdennoe omobpascenue nepuodos OMNPAGAREM 6CE CMPYKMYPOL,
NPUCYMCTNEYIOUUE HA CAORT 20MOAOZUNECKO20 PACCAOEHUR, HA KOKACA-
meabHbie NPoCMPAncmea 6a3bt.

Hpumep 4. IpeanonoxuM, 4TO CAOAMHA HCXOLHOIO PACCHOEHAA ABAAIOTCA
YéTHOMepHEle, ODHeHTHpOBaHHEle, TIalKhe MHOrooGpasus. PaccmoTpEM
n-MepHHE [OMOJOTHYecKoe B KOTOMOJOIHYeCKoe PACcCIOeHnd, TAe . paBHO
I0JIOBAHE Pa3MEPHOCTH CJIOA HCXOLHOI'O PACCIOeHHAA.

Bununeinas ¢opma mepeceyeHHH, onpefeiéHHad Ha 3TOM IOMONOr#4ie-
CKOM pacclOeHHH, CAMMETPHYHA, eCii Pa3MepPHOCTH CIOEB KpaTHa 4, B KO-
COCHMMeTpPHYHa B NPOTHBHOM ciyiae. OHa He BHPOXKJeHa, eCiH CIOH 3a-
MKHYTH (ABASIOTCA KOMIAQKTHHIMA MHOT00Gpa3sniMy Ge3 rPaHHMIL); B NPo-
THBHOM Clydae OHa MOXeT HMeTh HeHYyJeBoe AJPO.

Iipumep 5. IpexnonoxeM, 4To ¢popMma NepecedeHHH HeBHpPOXKJeHa. B
5TOM ClyYae HEeBHPOXJeHHOe OTOGpakeHHe NIepHOJOB HATYINEPYeT Ha Ga-

e e
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3e JE6O CAMMeTpHYecKyIo AU deper THalLHY IO $opmy (ecan Pa3MepHOCThL
ClI0€B KpaTHa 4), 1160 BHEUIHIOW AuddepeRNAAILHYIO dopmy.

Teopema. Hudyyuposannai @opma séaremcs aubo naockots xoMmnaexc-
Hotl ncesdopumanosoti mempurxoti Ha 6a3080M npocmpancmase, Aubo xoM-

naexcnot cumnaexmusecxol cmpyxmypot (ecau pasmeprocms caoés pas-
na 4p + 2).

JeiicTBATeNLHO, HEAYHHPOBaHHAA AAMPePEeHNIAATLHAT (HOPMa JOKAIDb-
HO HHAYNHEPyeTCA H3 GOPMH C MOCTOSHHEIMHE KOIDPHUHEHTAMH Ha IpoC-
TpaHCTBe roMonoraid. ClefoBaTelbHO OHa 3aMKHYTa B KOCOCHMMeTDH de-
CKOM Cliydae H olpejefeT ILIOCKYIO METPHKY B CHMMETPHIECKOM.

I'mBenTans n Bapyenko npaMennnn 3Ty 0611y1o KORCTPYKIHIO K CAyYalo
BepcalbHOH fedopmanmu pocrka gpynknma f : (C™, 0) — (C,0) B HyIeBOK
KPHTHIeCKOH TO4Ke. JapUKCEPYeM IedopMalrio

F(z,\) = f(z) + Mgi(z) + ... + Agu(z),

Ile MOHOMH g; 06pa3yloT Ga3uc JokaibHOK anre6pu Q = C[[z]]/(df/dz),
paccMaTpPEBaeMOH KakK JHHe#HOe NpocTpaHcTBO HaX C. YA06HO cimTaTh,
910 g, = 1. Takum o6pasom, A, ABIfeTcAd “CBOGOJAHLIM WieHOM” ceMeHcCT-
Ba F.

acdrKcHpyeM JOCTATOYHO MaiHH map B BOKpYr HyId B Z-TPOCTpaH-
crBe C". 3arTeM 3auKcHpyeM HOCTATOYHO MajJui Wap A (3aBHCANIEE
ot B) B A-mpocTpancrse C¥,

Onpegenenne. Toyka A € A nasniBaeTcs 6udyprayuonnot, eCln MHO20-
obpasie yposus

Va={z €B| F(z,)) = 0}
BRIpOXKJeHO (pHC. 52).
Onpegenenue. MuokecTBo 6AQyPKaNHOHHHEX TOYeK Ha3hIBaeTcA Ouc-
Kpumunanmos L (ocoGeHHoCTH f HAE eé BepcaabHOl fedopManun F).

Hax A \ ¥ muOroo6pasus yposus V) 06pa3yioT JOKaJAbHO TPEBHEAIL-
HOe paccloeHHe. PasMepHOCTH p 623B paBHA Pa3MepHOCTH IpPOCTpPaHCTBA
KOTOMOJIOTA# ciod. BemjecTBenHad pasMepHOCTH ciof 4éTHa (OHa KpaT-
Ha 4, ecI® 9ACAO T apryMeHTOB f HeiéTHO). ITOGH NPHICKHTH NMpefH-
AYUIYIO TeOPHIO, Mhl JOJKHH TOIbKO HAKTH HEBHPOXJeHHOe OTOGparkKeHHe
NlepHOI0B.

PaccMoTpaM ronoMmopdryio aEddepernmanbiyio (n — 1)-popMy Ha
B x A. Takas ¢opMa w 3aMKHyTa BAOJB JI060T0 cliod V), clefoBaTelbHO
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\éﬁeocodoe

'\/;\ ocoboe

Bucupumuranm
o
ba3a.

onpefiensieT oTo6paXkenne mepHoZoB: Toike A € B\ ¥ oHo comocraBigeT
KJIaCC KOT'OMOJOT HH

Puc. 52. MuOroo6pasnusa
yposHsa Vj,
6a3a A BepcaibpHON

HeopManud H
AACKpAMAHAHT %

[wix € H*1(3,C)
orpaHadeHnd GpOpMH w Ha cloit V).

Onpegenenne. Oro6paxenne A — [w]) Ha3hBaeTCA 0MOGPaANsCEHUEM TLe-
puodos gopubt w.

(Kone1Ho, ME MOXeM HAaYaTh ¢ POCTKa oJOMOpGpHOR ¢opmul. Heko-
TOPHIH [PeACTABATENL ITOr0 POCTKA oNpelieidseT oToGpakeHHe NePHOJOB
Ha HeKOTOPOH 4HacTH A.)

Hpumep. MNycts f = z? + ... + z2 6yser pynkumeir Mopca. B sTom
ciydae KPaTHOCTH p paBHa 1, BepcaabHas gedopmanis F = f + A, caod
V) roMoTonHYecKH >KBHBaleHTeH “Hcyesaloled coepe” S;‘_l. Coepa S,
A < 0, ABAgeTcA NepecedeHAeM Cliof C BellleCTBeHHEIM NpPOCTparcTBOM. Pa-
AEyc >Tol cepsl r =| A |/2 man, ecam A Mao.

HuTerpan TrnrdHO# rosoMopdHok (n—1)-@popMH 1Mo Acdezawwed cope-
pe y6nBaeT kax | A |*/2 npu A — 0. B caMom jfese, TOT mHTerpal paBeH
IOTOKY BeKTOPHOI'O MO/, aCCONHAEPOBAHHOrO c >Toll (popMOH, Yepes Io-
BEPXHOCTDH CepHl. ITOT NOTOK paBeH HHTerpaly AUBEepreHlAd NOAd IO
n-XHCKy pajAyca r. UHTerpan GyHKIOUE 0 TaKOMY JUCKY paBeH

Cpr™ 4 Crar™2 4.

I'fle IepBoe claraeMoe NPONOPHHOHAILHO 06beMy IHCKa (M 3HATeHUIO DYH-
KIUH B OeHTPe).

I e e
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CrenoBaTeabHo, omobpasicenue nepuodos Mopcoecxol ocobennocmu do-
nYCKAEM GCUMTIMOMUNECKOE PA3AOHCEHUE

[w])\ls)\:C’/\”/2+... npu | A= 0,

rge C # 0 f41a THOHIHOA GOPMH w.

Oupejenenre. k-M GCCOYUUPOSAHHLIM OTNOOPAICERUEM TEPUODO8 T[OJO-
MOp(]HOK (OPMH w Ha3HBaeTCA k- NPOR3BOAHAN OTOGPaKEHAA ePHO JOB
©®OPMH w BJIOJL BeKTOPHOro noas 9, = 3/9A,.

3amevande. BexkTopHoe nose d, TpaHCBepCAlbHO B HyJe (H, ClejoBaTelb-
HO, Be3/le) IHIePIIOCKOCTH, KacalomeRca JACKPEMAHAHTA, TaK KakK g, = 1
COracHO HallleMy BHIGOpY BepCaibHOH JedopMalliH.

IIpumep. 3HadeHHe k-rO acCONMAPOBAHHOIO OTOGPaXKeHHS NEPHOJOB TH-
nAYHOR GOPMHl w Ha HCYesaiomem NuKie S, ¢pyaxnar Mopca acaMnToTH-
qeckn paBHo c\(n/2)—k A1 HedéTHOro 1 Mam Aad k < n/2 (B o603HaYeHAAX
npeAHIYIHEro NpEMepa).

Ecam n 4étHo ® k > n/2, TO nopagok cTpemieHns K HyJMio Bhilue (Tax
KakK JHddepeHnApOBaHAe YOHBaeT INIAaBHLIA YJeH aCHAMITOTHKH).

Booppaluadcs K o6mell BepcalbHOil ZedopMaldi NPOHIBOALHOM IOJO-
MOPO)HOK GYHKIHH, PACCMOTPHM k-e aCCONRMPOBaHHOE 0TO6pakeHHe NepH-
0l0B THNMYHOH GOpPMH. 3adHKCHPyeM Ga3HC NPOCTPaHCTBa Ned0YACHeH-
HBEIX [OMOJOTHH CJIOf, HelIPEPHBHO DABACAIINA OT TOYKH 6a3H (B HEKOTOPOH
OKPECTHOCTH BhIGPaHHOE TOYKH Ga3hl) — “NOCTOAHHHH 6a3mc” KaHOHH-
4ecKOH JOKaJbHOH TPEBHAJIM3ALAX. PaccMOTpHEM onpefelrmTeih MaTPHIE
IPOU3BOJHKIX BJOAb 6a3HCHEIX BeKTOPHHIX noxeii 8/0\; KoMnonenT (B 3TOM
6asmce) oTO6PaKeHAA IEPHO/IOB.

Ilpumep. Jas ¢yukome Mopca >ToT onpefeaMTelh INPONOPHHOHA-
ser A(*/2)=*=1 npy wewéTHOM m maE pE k < n/2.

ITOoT onpefeddTeNs (ANA MOPCOBCKOH H, pa3yMeeTc, XA IOGOR ¢GyH-
KIWH) ONpeJeléH ¢ TOYHOCTHIO 0 3HaKa (TaK KaK Pa3lTHiHke Ga3HCHl NPO-
CTPaHCTBa TFOMOJOTHH NOAYy4aloTcd APYT HD Apyra peo6pa3oBaHHAMHE C
onpefeqnTeseM +1). Kpaapar onpegeanTtens ects roroMopdHas GyHKIHS
Ha A \ ¥ (Tak KaK HHTerpal roloMopdHOH GOPMH 10 THKIY ABIfeTCA Io-
IOMOpGHOE PyHKnAeH NapaMeTpoB). Ima dynryus MepomopPna na A.

Jna moxaszaTeabCTBa ZOCTATOYHO PACCMOTpeTh THHHYHHE (HeoCO6HE)
TOYKH JACKPDAMHEHaHTa. B Takoif ToOdke BHpOXIeHHe crof V), mMeeT MOp-
COBCKAH THI, H, CIeJOBaTEIbHO, BeTBIeHAe Ha NHUKJe ONACKIBaeTCA (POPMy-
namu [Iukapa—Jlegpmena.
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Mu MoxkeM NpeHe6pedn Golee CIOXKHBIMA OCOOKIMA TOYKaMH THCKPHMH-
HAaHTa, TaK KaK OHA 06Pa3’yioT MHOXeCTBO KOMIUIEKCHOH KOPa3MepHOCTH 2
B A. CrefoBaTeabHO, COrIacHO TeopeMe XapTorca, Jdiofad QpyHKIHA, Me-
poMopdHas BHe 3TOMO MHOXECTBa, MepoMop¢dHa TaKKe H B TOYKAX 2TOr0
MHOXeCTBa.

Jdemma. [Topadox cmpesmaenus K HyL0 onpedeaumeas’) k-zo accoyuupo-
sannozo omobpadcenus nepuodos munuunot 2osomopProts fopmbl na Kpu-
0tl, mpanceepcasbrotl QUCKPUMUNRGNMY 8 Hyde (Hanpumep, 800ab ocu A,),
ne menvwe vem u(n — 2k — 2) /2.

Jlns MOPCOBCKOH TOYKH BHIYHCIAeHHS OLLIE OPOBefeHH B IPeJbIAYLIHX
npaMepax. W3 sToro caefyer, 4T0 B THIHYHOK TOYKe IHCKPAMHHAHTA MO-
PAMOK CTpeMJeHAS K HYIIO ONpefielATe]s 0TOGpaXKeHAd NepAOLOB THIA Y-
HOi roloMopgHOi ¢popMul pasen (n—2)/2. TunAYHAA AHTerpatbHad JHHEL
nons Hanpabiennmit 3/0\, nepecekaeT JACKPEMHHAHT B [ TOYKaX (CM., Ha-
npumep, [28]; puc. 53). CaelopaTelbHo HOPAJAOK CTpeMJIeHAS K HYIIO (mpnm
IBHXKeHHH K BepllIFHe IACKPEMHAHAHTA) orpaHnieHAd Ha TPaHCBepPCAILHYIO
KPHBYIO OIpe/leATelS OTOGpasKeHAS NeproAoB paseH u(n —2)/2. Kaxzoe
IApdepeHIAPOBaHAE 3JIeMEeHTOB MaTPANH NOPAIKA (i CHHXNKaeT HOPALOK
CTpeMJeHHA oNpefeanTens kK Hyxio Ha (kak MaHEMyM) . [locie k mudde-
peHIAPOBaHAH MONYYHM yTBepXJeHHe JeMMH.

PHc. 53. u Todek NepeceveHusas THOAYHOK KpPABOR
A ZECKpHMHAHAHTHOK I'HIEpPIOBEPXHOCTH B HEKOTOPOH OKPECTHOCTH BEPUIMHE

Onpejgenenne. k-e accONAAPOBaHHOe OTOGPaXKeHHe TOJOMOPPHOE Gop-
MBI UHPUHUMESUMAIbHO HEBBIPOJICIEHO, eClIH NIOPAJIOK CTPeMIeHAS K HYTIO
(IpHE cTpeMJeHHH K BepLUEHe AHCKDAMHHAHTA) OCPaHAIeHHA ero olpele-
AMTens Ha ),-OCh WMeeT HaEMeHblllee BOBMOXHOe DHa%eHHe (paBHOe f(n—
-2k — 2)/2). -

%) papHIH [OMOBHHE HOPAJKA YOHBAHUA K HymO KBajJpaTa ONpEjeNHTeld.

P e e
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Hpumep. k-e acCONHHPOBAHHOE OTOGpaKeHHe NEPHOLOB THIHIHOH TONO-
Mopcpaoﬁ ¢opMbI HHOHHATEIUMAILHO HEBLHIPOXKJeHo aad ¢oynkmua Mopca
OT N NepeMeHHBIX, OPH YCIOBHHE HeY&THOCTH 7; OHO HHPHHHATE3AMAJILHO
BLIPOJK/IEHO, ecid T YéTHO B k > n/2.

I'naBELIMHE pesyiabTaTaMu cTaThd ['mBenTand 0 Bapienko aBiadioTcd cae-
gylomde 11 Teopem.

Teopema 1. Ecau k-e accoyuuposannoe omobpaicenue nepuodos undu-
HUMEUMAILHO HEBLIPONCIEHO, THO OHO HEBLIPOICTENO,

Teopema 2. Omobpadicenue nepuodos munuunod @opmuvt undunumesu-
MaabHo neguipodicdeno. Ecau @opma nepeceuenus neswviposcdena, mo k-e
AccoyUUPOEanHoe omobpadicenue nepuodos munuunot Gopmvi unPurume-
FUMAADHO HEEBIPOICOEHO DAk 106020 k.

“HeTwna41HbIe POPMH” >TOH TeOpeMH NPHHALIEKAT COGCTBEeHHOMY I'o-
JOMOP(PHOMY HOIMHOXKECTBY HPOCTPAHCTBA CTPYH AOCTATOYHO BHICOKOT'O
NopAJKa B HyJe.

Ounpefenenne. H3omonued Ha3wBaeTCA MIafKHi IYTh B Ipylme (Bemre-
c'rBeaube) AadpeoMOpGH3MOB, HAYHHAIOLIMACA B eHHANE DTOH I'PYIIIELL.

UzoTonusg 6a30Boro npocTpaHCTBa JONYCKaeT efHHCTBEHHOE NOLHATHE
10 MOCIOHHO JHHEeHHOH H3OTONHH KOrOMOJOI'HYECKOr'O PacclioeHHS C KOM-
NJIeKCHBIME KO3pPHIAeHTAMA (coxpaumol.uee KOI'OMOJIOTHH C INeJOYHCAeH-
HEIMHA Koaq)qmnnea'raun): HeJOYACTeHHBIA MAKI HaJ TOYKOH Gasnl Helpe-
PLIBHO IlepeHOCHTCA B LeJoYHACHeHHble OHKAL HaJ TOYKaMH NyTH Ha 6a3e,
HHAYUHPOBAHHOT'O JaHHOH H30TONHEH.

Onpeaenenne. Jonycmumbim omobpadceriem PacCIOeHHA KOTOMOJOTHE
B ceOd Ha3hLIBaeTCA KOHeYHAad TOYKA HOAHATOR H30TONNH, HHAYIHPOBAHHOK
H30TONHeH 6a3khl.

Ornpegenenue. [[Ba 0TO6paKeHHA NEPHOJOB HA3KIBAIOTCA IKEUSGAEHTN-
HbiMU, ecAH 00pa3 HepBOr'o M3 HAX Npeob6pa3yeTcs B o6pa3 BTOpPOro NpH
IOMOLIE JONYCTAMOI'O OTO6PasKeHHA KOTOMOJOI'HYeCKOr0 PacCIOeHHS.

B paccMaTpuBaeMOM HaMHE cllefHaJLHOM ciydae paccioendd Hag A\ X
(rze ¥ ecTh JHCKPAMAHAHT BepCalbHOH HedopMamud c 6a3oi A) Mu 6y gem
PacCMaTpPHBAThH TOJBLKO OieHh Y3KAH NOAKAACC KAacca BCeX H30TONAK 6a3h:
a HMeHHO, OyTH B I'pPylde roJOMOpGHEX AAdpdeoMopduaMoB A, coxpand-
iomux Y. B nocaenyiomeM, sxsusatenmuocms omobpadcenuti nepuodos
UNGYYUPYETICA FMNUMU CNEYUGILHOLUY U3OTNONUAMY,
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Teopema 3. Ecau k-e accoyuuposannoe omobpadcenue nepuodos zoso-
MOPpPHOil POPMBL UHGUNUTEIUMAILHO HEGHIPOICOEHO, MO OHO YCTNOUNUEO
(mo ecmb aoxaabno (8 Mmouxaz, GAUIKUT K 6EPUIUNE) OHO IKEUGGAEHMHO
k-my accoyuuposanromy omobpadicenuio nepuodos w060t 6au3xod Popubi).

Teopema 4. Bce unfunumesumaibuo neewvipodcdenuvie k-e accoyuupo-
sannbie omobpaicenui nepruodos zosoMopPunz Fopu IKEUCAMEHMHD, NPU
ycaosuy K8a3uodnopodnocmu uczoduod Pynxyuu f.

4.4, @dopMH NepeceyeHNA 0TOGpAKEHNN NEPHOAOB

Onpegenenne. Popmuotl nepecevenus HESLIPOICIEHHOZO OMOOPANCEHUR
nepuodos Ha3LIBAETCA Noje 2-popM Ha CAOAX KOKACATEILHOIO pacCiOeHHd
T*(A\ L), sEAynEpOBaHHOE OTOGpPaKeHHeM IepPHOJOB H3 HOPMHI Hepece-
YeHHd Ha CPeJHHX IOMOJNOTCHAX (TO eCTh HA M'OMOJOI'HAX NOJOBHHHOH pa3-
MEpHOCTH) MHOXECTB yPOBHA I'0JOMOPGHBIX GYHKOUHE N NepeMeHHBIX.

Teopema 5. Dopma nepecevenus k-20 accoyuuposannozo ungunumesu-
MAABHO Hesbipodcdennozo omobpadcerus nepuodos zosomopdua sne duc-
xpumunanma u donycxaem zosomop@roe npodosdcenie Ha UCKPUMURAHT,
ecaun < 2k —2. )

Teopema 6. Dopmua nepecenenus u3 meopemvt 5 yemotivusa (dee maxuz
Popubl, onpedeséunvie k-Mu ACCOYUUPOBAHNbIUY OMOEPANICEHURMY TEPUO-
dos 6ausxuz zosomopPuviz dopm, npeobpadyomes dpye 8 dpyza Guzoao-
MopPuvim omobpadsicenuen napvi (A, L) na cebx).

Teopema 7. Jhobvie dea pocmua Fops Tepeceuenus, ONpedesénnbiz un-
PUHUMEIUMAADHO YCMOtNUSLIMY K-MU GCCOYUUPOSAHNBLMY OTOGPAICEHUA-
MU TEPUOD0E 20A0MOPPHBIT HOPM, FKEUEGAEHMNDLI, NPU YCA08UL K6A3UO0-
Hopodnocmu uczodnod Gywxyuu f.

2TH dopMul mepecedeHrd 0GOGIAIOT cBOpainBaHAe HHBAPHAHTOB, ON-
pelleléHHOe JIA NPOCTHX ocobenHocTed B §4.1. B caMom gene, sadukcn-
pyeM EH(QUHATe3UMAILHO HeBHPOXJAeHHOe k-e acCONHAPOBaHHOEe OTOGpa-
XeHHe TepHOJOB, rie 2k + 2 > n (Hamboree BaxKeH clydak n = 2k + 1).
ConocraBaM nape GyHKIHH, FOJOMOPPHLIX B Hyle 6a3b A’ BepcalbHOH Je-
¢dopMannH, HOBYO (OYHKIHIO, 3Ha9eHHS KOTOPOK B ToYKaX BHe JHUCKDHMH-
HaHTa pPaBHH 3HaieHHAM (POPMH NepecedieHHS OTOOpaKeHHA NEPHOJOB Ha

- e o RDemersT
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guddepennranax GYAKNAE Naphl B 3TAX TOYKAaX. JTa HOBaA PYHKIAA ro-
JOMOP(HO NPOTOMKaeTCs Ha JACKpAMAHAHRT (10 Teopeme 5). 2Ta pyHKIAA
6MIMHEHHO 3aBHCHT OT ABYX lePBOHAYAIbHKIX GYHKIHA. DTa GHARHeAHaA
¢hopMa CHMMeTDHYHA J/Id HeYSTHHIX 7t M KOCOCHMMeTpPHIHA [ad 16THHIX.

Jagd Toro 4ToGHI MOAYYHTH CBOpadiWBaHMe HHBAPHAHTOB, NPAMEHHEM
ONMHCAHHYIO BhIllle KOHCTPYKIHIO K NPOCTHIM ocoGernocTaM (A, Dy, E,)
¢GyHKIHEA 1 = 2k + 1 nepeMeHHBIX.

[Ipennonoxxnm, 4To popMa NepecedeHns HeBHpPOXAeHa. Oneparop, 06-
PATHHIA K ONepaTopy 3TOi (OpMHI, OnpeseadeT obpamnyio Pfopsy Ha ABOH-
CTBEHHOM IIPOCTPaHCTBe. B 3TOM ciyiae HeBHIPOXJeHHOe OTOGpaKeHHe
NepuOJOB HHAYNHpPYeT 2-PopMy Ha XacameabHos NPOCTPaHCTBe Gasu (B
ZoNoIHeHHe K GOpMe NepeceieHnH, OnpeJeléHHON Ha KOKACATeIbLHOM HpPo-
CTpaHCTBe).

Oupepenerune. Obpamuot dopamoi nepecevenuti HeBLIPOKIEHHOIO OTO-
6pakeHAA NePHOJOB Ha3hIBaeTCA 06pa3 06paTHOH POpPMH MepecedeHHH Ha
IPOCTPAHCTBe KOTOMOIOTHE NOJ fleACTBHEM A30MOP(H3Ma MeXIy KOrOMO-
TOTHYeCKHAM ¥ KacaTeJbHKM PAacCIOeHHAMH, Ol PeledéHHEIM 0To6pakeHHeM
epHoOIOB.

TeopeMma 8. Obpamunas fopma nepecevenuti UNGUHUMEIUMAILHO HEEbI-
podcdennozo k-20 accoyuuposannozo omobpadcenus nepuodos 2040MopP-
1ot opmer donycraem 2osomopdroe npodosscenue Ha FUCKPUMURANT, OTL-
pedeass cumnaexmuueckylo gopmy na 6aze sepcaavbrot dedopmayuu, npu
yeaosuu n =2k + 1.

OrpanuyeHnd CHMINIEKTHYECKOH CTPDYKTYPH HD TeopeMH 8 Ha pasami-
Hble cTPaThl JACKPEMHHAHTA “JaNOMEHAIOT’ THIH KPATHYeCKHX TOYeK,
onpeflelAOMAX ITH CTPATH.

Ipamep. (p/2)A;-cTpaT sBAfSeTCH JarpaHKeBHIM.
JlefcTBATeIBLHO, COOTBETCTBYIOLIAE (/2 NUKIOB HCIE32I0T Ha OZHOM H
TOM 2Ke YpOBHe H, ClleJOBaTeIbHO, He NlepeceKaloTcs.

3amedanue. Takum 06pa3oM MH ONpeleNdIH eCTeCTBEHHYIO CHMILUIEKTH-
4ecKylo CTPYKTypy Ha Gase A BepcaibHOH HedopMaumdn

F(z,\) = PRARINED PPl TS P

TEN2 A, (9Ta CTPYKTYpa fABAdeTCs O6PATHOH (OPMOH HepecedeHHH [Ans
F(z,\) + yz)‘

Panee MuI onpefennnn ecTecTBeHHYIO CHMIIEKTHYECKYIO CTPYKTYPY Ha
IpoCcTpaHCTBe MHOrodwieHoB B §l1.1. ODTa CTpyKTypa HMHIYIMpPOBaHA
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SL)-AHHBapHAHTHOR CHMILIEKTHYeCKOH (pOpMOH Ha NPOCTpaHCTBe GHHAp-
HBIX (popM cTeneHH 27 + 3. '
IBe ecTecTBeHHHe CHMIUIEKTHYeckde CTPYKTYDhI, onpejeféHHbie Ta-
KHM 06pa3oM, Ha >TOM NPOCTPAHCTBE MHOT'OUIEHOB PAIAUNNBL.
JleficTBETENBHO, A4 NepPBOH CTPYKTYPHI (Ol peJeléHHOR 0TOGpaKeHHeM
NlepHO/IOB) MHOXeCTBO MHOTO4IeHOB, HMEIOLIAX T ABORHLIX KOPHel,

{z" +a1z" ... +a.)*(z — 2a1)}, (1)

ABIfAETCA JarpamXKeBHIM NOJMHOr0o06pa3HeM, B TO BpeMs KaK Jafi BTOPOR
cTPYKTYPH (onpegenéunon SLy) oHO He JarpaHkKeBo.

C apyroii CTOpOHEI, AA4 BTOPOH CTPYKTYPH (ONpeleléHHOR C NOMOLIBIO
S L) MHOXeCTBO MHOTOWJICHOB, HMEIOIIHX KOpeHb KPATHOCTH 7 + 1,

{@ +bie™ .. b)) (e -}, bi=c(r+1), (2)
ABIAeTCA JarpPaHKeBHM NOAMHOTOOGDa3HEM, B TO BpeMs Kak JIA NepBoi
CTPYKTYPH OHO He JalpaHXeBO.

O6e CTPYKTYPH 0Je3HH, HO IJIA Pa3HBIX Mele.

Ocobble HarpankeBhl MEOr006pas3nd (1) u (2) gudpdeoMopdHH (OHE Ha-
3LIBAIOTCA “PacKPHITHIMHA’ JACTOYKHHHIMH XBOCTaM# PasMEpPHOCTH 7', TakK
KaK IEdPepeHIUpOBaHHe MHOTOYJeHOB H3 (2) oToGpaxkaeT 3TO MHOLO-
ob6pa3ne B OCRIYHKIH r-MepHHHE JaCTOYKAH XBOCT B IPOCTPAHCTBE MHOTO-
YJIEHOB CTeleHH 2r).

PacKpHTHR HaCTOYKHH XBOCT ABJifieTCA HOpMalH3anued oGLIYHOrO Ja-
CTOYKAHA XBOCTa: IPOeKIHd, olpeleléHHAdA BHIle, OfHO3Hai1Ha BHe IpO-
o6pa3a JMHHEA CaMollepecedeHAd

{@r+1)(*~ )7}

OGLITHOI'O JACTOYKHHA XBOCTA; >Ta JHHHEA HAKPHIBaeTci ABaxAnl. BHe eé
1poo6pa3a NPOEKNHA ABIfeTCHA JOKAIbHHM AHPPeoMOopdhHIMOM, CleOBa~
TeIbHO, PACKPHITHHE JAaCTOYKHH XBOCT HMeeT Te XXe OCOGeHHOCTH, ITO H
O6GLIYHLIM TAaCTOYKHH XBOCT, eAMHCTBeHHOEe HCKJII0YeHHe — OTCYTCTBHe JH-
HEH caMmollepecedenus (cM. pc. 10). Orcioga crefyeT, 4TO PaCKPHITHH
JaCTOYKHH XBOCT roMeoMopdeH eBKIHJOBY IPOCTPaHCTBY.

Yupaxuernue. [JokaxuTe, 1TO JOoNoJHeHHe BelieCTBEHHOrO PACKPHITOrO
JacTOYKHHA XBOCTa B IPOCTPAHCTBe BellleCTBeHHBIX NOJIHHOMOB ITuddeo-

moppro R?>" \ R".

Yxasamme. CmoTpr [92].

T

84.5. ITyacconosti cmpyxmyps: 105

3agata. [oxaxuTe, 4T0 AarpamKeBs MEOroo6pasus (1) m (2) cammirex-
TOMOPGHH (CYLIECTBYeT CHMNIEKTOMOP(hHEIM, NepeBOAANIAR NepBylo cHM-
NIIEKTHYECKYI0 CTPYKTYPY BO BTOPYIO H lepBOe MHOrooGpasre BO BTOPOe).

Ykasanue. Muorowieny

P(z) =z™+ Mz™ ...+ Ay, n=2¢+1,

COIIOCTaBbTe MHOI'OWIEH
Q(z) = RES;—oo[(t — )29~ 1P(£)]V/? ds.

Oto6paxenne P ++ () €CTh KBa3HO JHOPOZHKIE AH(DHeOMOpPHIM Ha NPOCT-
PaHCTBO MHOT'OY/ICHOB CTelleHH 7 C PHKCHPOBAHHBIM (HeHYJIeBhIM) CTapPIIEM
kod¢pdpunuerTOoM. [loANPOCTPAHCTBO MHOrOYIEHOB C HyJeBHIM KOI(GMHIH-
eHTOM NIpH YleHe cTemeHH 1 — 1 (T. e. Ay = 0) oro6paxkaerci B npoc-
TPaHCTBO MHOT'OWIEHOB C HYJeBHIM KOI(PQPHIHMEHTOM INpH 4YleHe CTeleHH
n — 1. Muoroo6pasne (1) oTo6paxkaeTci B MHOroo6pa3ne MHOTOYIEHOB,
NpPONOPIHOHANBHHX MHOro4wIeHaM n3 (2). TakuM 06pa3oM CTPOHTCH Aud-
tdeomopgpmdM Mex Ay MHorooGpasmame (1) u (2). JlokalbHas SKBABAJEHT-
HOCTb CHMILIEXTHYeCKHX CTPYKTYP, B KOTODHX OHH JarpaHKeBH, CliefyeT,
O CYINeCTBY, H3 TeopeMH 'WBeHTans (§1.2), TouHee wd eé 0606MIeHAd Ha

HelIPHBOJHMEle KBa3MOJHOPOAHEE 0COGHEe MHOT006pasus (6oaee M0Apo6HO
cM. [8]).

3aMedanne. JKBHBAJEHTHOCTH MHOroo6pasuit (1) u (2) 61u3K0 cBA3aHa C
ArddeoMopdPHOCTRIO KAyCTHKA B cTpaTa MakcBelna ceMedcTBa QyHKIOHH
2% +az3 + bz’ +cx (cM. puc. 28): 06e MOBEPXHOCTH — NACTOYKHEBL XBOCTHL.

B cay1ae, xorga ¢popMa nepecedeHul Ha OPOCTpaHCTBE MOMOJOIHH BbI-
poXJleHa, HHAYIMPOBAHHAA CTPYKTypa Ha Gade BepcalbHOH JedopMaldm
He ABJgeTCA CHMIJeKTHYecKoH. JleHcTBATEALHO, HeBHIPOX AeHHOe 0TO6pa-
XeHHe NepHOJOB ONpelelfieT B ITOM Clydae BLIpOXKJeHHHEe 2-GOpPMH Ha
KOKacaTeJbHHIX NPOCTPaHCTBaX Ga3kl (BHe SHCKPAMHHAHTA).

Ecau (xomnaercras) pasmeprocmp caos wewémua, mo amu 2-@opusi
Kococummempudnbt. PaccmoTpuM 10T cayvad 60jee 0Apo6HO.

4.5. IlyaccoHOBHI CTPYKTYpPH

Nycte f w g — dyHkOUA Ha MHOrOO6pa3Md, KOKacacaTelJpHOe paccloe-
HHe KOTOPOI'O CHaGKeHO NOoJeM KOCOCHMMeTPHYHHX ¢opM. Deps snadennd
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GOpPME Ha JAddepeEnuantaxX dTHX GYHKIAH, MOJAYIMM HOBYIO DYHKIHIO.
TaxaM 06pa3oM MH olpeieiui# CGHHApHYIO ollepaquio Ha NPOCTPaHCTBe
(C*) dpyuxn#i Ha MHOr006pa3wd. DTa oNepanus GHINHeAHA M KOCOCHM-
MeTpHYHa. 3aHKCAPOBAB OJHY HD QYHKIHA, NONYyYHM onepanuio Tudpde-
PEeHIMPOBaHAA BTOPOro apryMmeHTa BJoJb HEKOTOPOI'0 BeKTOPHOL'O HOJAA

f 8
{f,9}=> cijl=z 6fazg]

Oupepenenne. [lore xocOCHMMeTpHYHNX GHAAHEHHEX (OPM Ha KOKacCa-
TeJbHHX NPOCTPAHCTBAX MHOI006pa3ns HA3HBALTCA NYACCOHO80T CIPYK-
mypot, eclH BHIYNAPOBaHHAA ollepalusi Ha (PYHKUAAX (Ha3bIBaeMad CKoO-
xoti [Iyaccona u o603anavaemasn {.,.}) yaoBreTBOpAeT moxcdecney Axobu

{{a,8},c}+ {{b,c},a} + {{c,a},6} = 0.

Teopema 8. Hesbviposcdennoe omobpascente nepuodos onpedeasemn ny-
acconosy cmpyrmypy na 6a3e eepcaavnott defopmayuy ocobennocmu (da-
ace ecau Popma nepeceuenil guipodcdena).

Tox gecrBo Ako6m cregyer @3 Toro, 4To Hallla GOpMa HEIYIHPOBaHA
15 QOpPMH NepecedeHEH, EMeomeR “NocTofHHbe KO3 pUuIreH T .

Jaa mokasareancTBa APYTHX CBOKCTB O0TOGpakeHHH NepHOJOB HaM IO-
TpebyeTcs 6ojee nofpobHad EHGOPManAd O IyaCCOHOBHIX CTPYKTypaX.

IIpumep 1. IIpocTeniunii NpEMep NyacCOHOBOHR CTPYKTYPhl AOCTABAAETCA
CHMILIEKTHYeCKO# CTPYKTYPOH, Iad KOTOPO# ckobka Ilyaccona AByx dyH-
KIOHH onpefeleHa KakK NPOM3BOJHAA OJHOM (PYHKNHA BAONL MaMHJILTOHOBA
BEeKTOPHOI'O NOJA, ONpefleIéHHOr0 Ipyroll pyHKnHed.

IIpumep 2. [pyroil Baxubii OpEMep NYACCOHOBOH CTPYKTYPH GHLE pac-
cMoTped flxko6u u Jlu (sTa cTpykTypa O6GLIYHO Ha3HBaeTcA CTPYKTYpo#
Bepesuna-KupainoBa~KoHcTaHTa, Tak KaK ITH yiéHble OGHapYXHJIH eé
Ba)KHbie IPEMeHeHH ).

B aToM ciiyyae nyaccoHoBo MHOroo6pa3re eCTh JBONCTBeHHOe JAHEHHOe
npocrpancTBo aare6pni Jlu. [Juaa onpegenenns ckobkm IlyaccoHa xio6bIx
IBYX QYHKOHEA PaccMOTpHMM cHadalla JHHedHbhie PYHKIUH. OTH PYyHKIHHE
ABASIOTCA daeMeHTaMA anre6pu Jiu. Mx cko6xa [lyaccona, no onpegene-
HAWO, ecTh HX KoMMyTaTop B aarebpe Jlm. Cxo6xm Ilyaccona Heammei-
HEIX PYHKOUE Telepb AaBTOMATHYeCKH ONpelefeHHl, TaK KaK 3Ta olepalus
AOJKHA YAOBICTBOPATH NpaBuly JlekGumna:

af ag
Z 9z: 0 a;,, ;] g

{f, 9} yaccon =
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(Mu MOXeM NOBTOPATH 3TY KOHCTPYKIHIO: HAYAHAA C aAre6pH JIE MBI
cTporM (IyacCOHOBY) CTPYKTYPY Ha NPOCTPaHCTBe (PyHKIHH Ha NBOHCT-
peHHOM anre6pe JIE npocTpaHcTBe. IJTO NPUCTPaHCTBO PYHKHHHE TakKe
apaseTCA (HOBO#) anre6poit JTu. ClefoBaTenbHO, 3Ta KOHCTPYKIHAS (IpAMe-
HEHHAA ellé pa3) CHabXKaeT MyaCCOHOBOH CTPYKTYPOH ABOMCTBeHHOe >TOR
(HoBol) anre6pe Jlm MPOCTPaHCTBO, ABIA0OMeect IPOCTPAHCTBOM paclpe-
AeJeHHAH Ha HCXOJHOM IyacCOHOBOM MHoroo6pasnd. TakaM o6pasoM moiy-
4aloTCA eCTeCTBeHHHE IYaCCOHOBH CTPYKTYpPHI ypaBHeHHH Baacosa B Ma-
TeMaTHYeCKOR Qu3HKe.]

IIpumep 3. PaccMOTpEM cHCTeMy IaMEJILTOHOBHIX AH(depeHNAaIbHEIX
ypaBHeHnH. IlepBhle HHTerpaisl TOH CHCTEMHI MOTYT PacCMaTpPHBATHCA
KaK PYHKIHA Ha “NpoCcTpaHCTBe OP6HT” CHCTEMHL. ‘

EcTecTBeHHas yaccOHOBA CTPYKTYpa Ha 3TOM IPOCTPaHCTBE Ghlla BBe-
fera fxo6m (cM. [90], ra. 1). B caMoMm fere, (cEMIZeKTHYecKas) CKOGKa
[Iyaccona AByx HepBHIX HHTerpaJoOB eCTh CHOBa NepBuii mpTerpan. Cie
JoBaTeAbHO, HCXOJHaA CAMIJeKTHYeCKad CTPYKTYpa Ha ()a30BOM INpPOCT-
pPaHCTBe onpejeldeT IyacCOHOBY CTPYKTYpPy Ha npocTpaHcTBe opbuT. Ilo
BHpakeHuIo flko6H, MH BHIOHpaeM NepBble HHTerpalbl CACTEMH H KaXK-
OB pa3 foGaBiseM ax cko6kH [lyaccoHa K npefufyinEm HHTerpanaM. Ha
HEKOTOPOM IIare MhI HOAYIHM QYyHKIHOHAILHO 3aBACHMbIe HHTEr PAJLl; 3a-
TeM MBI BRIGHDaeM MaKCHMalbHOE MHOXeCTBO (PYHKIHOHANLHO HedaBHCH-
MBIX HHTelPajoB (KOOpJHHATH Ha NPOCTPaHCTBe OPGHT). Bce ocTarbhule
HHTerpalkl (H, CliefOBATeIbHO, X ckO6kH [lyaccona) ABAfIOTCE GYHKIAA-
ME BhI6paHHbIX. B vacTHOCTH, k068 paccMoOTpen KOHCTPYKIHIO NpEMepa
2 gas CpyNNbl BpPalleHER U FPYNNH ZBIKEHHH eBKIMAOBA [POCTPAHCTBA.

Ecan npocTpaHcTBO Op6HT raajgkoe, To KOHCTPYKnEA SIKo6H coBmaja-
eT C COBPpeMeHHHM OlipefieleEReM IyaccOHOBoH cTpykTypsl. OJHakxo, oTa
KOHCTPYKIHSA HMeeT TO PEAMYIIeCTBO, YTO OHA pab0oTaeT TaKXe B cCAydae
0co60r'o NPOCTPAHCTBa OPOGHT: B AeHCTBHTeNLHOCTH SIKO6H BBEX ocobbie
NYLACCOROSbL MHO2006pa3UR, A& He DIeMeHTaPHbIe [MalKAe NYaCCOHOBH MHO-
roo6pa3ns CBOHX SIHTOHOB.

PyHKNEA Ha NyacCOHOBOM MHOI006pa3ny ollpeleifeT BeKTOPHOe IIOJe
(Takoe, 4T0 cko6ka Ilyaccona Toil (GYHKIHE C OPOH3BONLHOM (PyHKIHeH
ABASETCA NPOM3IBOJHOH BTODOH (YHKIHUH BIOJAL DTOI'O BEeKTODHOTO IOJA).
ITO noJle HA3HIBAETCSA 2GMULTIONOSLIM BEXMOPHLIM Tiodes (M HadalbHad
¢yaknua HasbiBaeTcd dynxyued [amuabmona sToro nound). [Be Todku Ha
IyacCOHOBOM MHOI0OGPa3HK HA3LIBAIOTCA docmusicumbiiy (ApYT U3 Zpyra),
ecln cyllecTByeT (3aBHCAUlafd OT BpeMeHH) (PYHKUHA ['aMHILTOHA, TPaeK-
TOpPHAA MaMHJIbLTOHOBA IOJSA KOTOPOH COoeJHHAET ITH TOYKH.
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RocTHXEMOCTh ABIAETCH OTHOLICHHEM 5KBHBAIEHTHOCTH. TOYKH, Jo-
CTHXKHMEIE A3 JAaHHOH TOYKH, 06pa3yloT KJacc S5KBHBAJEHTHOCTH, HA3hIBa-
eMBbIH AUCTMOM DYACCOHOBOH CTPYKTYPH. JIHCTH ABIKIOTCA TAAAKEME MHO-
rooGpasnsamu. TakuM o6pa3oM, OyaccOHOBA CTPYKTypa Pa3faraeT MHOTO-
o0pa3ne Ha CJIOH, H FaMHAIbTOHOBHI HOJS KACAIOTCA STHX JHCTOB. B obuieM
ClIy1ae Pa3MePHOCTH Dal3NHYHLIX JHCTOB He DABHH APYT APYTLY.

Ilpamep. JlucraMu ecTecTBeHHOH MyacCOHOBOH CTPYKTYPH Ha JBOHCT-
BEHHOM HpoCTPaHCTBe alareGphl Jlu 50(3),

{Q:, y} =2z, {ya Z} =2z, {Z, x} =Y
apagioTcd 2-chepht z2 + y? + 22 = C u Touxa (0,0, 0).

JIACTH ecTeCTBeHHOH MyacCOHOBOH CTPYKTYPH JBOACTBEHHOTO aarebpe
JIE mpocTpaHCTBa ABIAIOTCA OPOHTaMH KONDPHCOEIHHSHHOLO OpeAcTaBle-
HHS COOTBeTCTBYyMOWel rpynnsl JIn (puc. 54).

Puc. 54. IlyaccoHoBHI JIHCTH -
B ABOHCTBEHHOM HIpoCTpaHcTBe aare6pu Jlu
rpynnsl agp¢UEHRIX NpeobpasoBaHuil TpAMOH

604 000secannee

Paameprocru amcToB nyaccoHoBa MEOr00Gpasns 96THN. B caMoM Jene,
KaX bl JHCT HMEeT eCTeCTBEHHYIO CHMILIEKTHIECKYIO CTPYKTYPY (ckobka,
[lyaccona koTopoli coBnajaeT ¢ orpaHAYeHHeM HCXOJHOW CKOGKH HA, HTOT
JHCT). B

TakaM 06pa3oM, 0yacCOHOBO MHOr0o6Gpa3He ecThb Habop CHMILIEKTHYe-
CKHX MHOr006pa3nil pa3HEIX Pa3MePHOCTeH, IbH CHMILIEKTHYECKHE CTPYK-
TYPEI TaKOBRI, YTO HOJy4Yalolladci moaHas ckobka Ilyaccoma spasercs
TJIa TKOH.

IIpumep. YcroityuBoe oTO6paxKkeHHe NEPHOJOB OCOGEHHOCTH As,

f =a*+y?, onpegenser na 6ase BepcarbHOM Aedopmanud (puc. 55)
F::ar:“+aar:"’~f—bar:~f—c-|—y2 (w=ydz)

NYaCCOHOBY CTPYKTYDY, TOJOMOD(HO HPOJOIKAEMY!0 HA JHCKPEMHHAHT

(TO ecTh Ha NacTOYKEH XBoCT B (a, b, C)-IPOCTPAHCTBE).

JlucTamu 3Tol MyaccOHOBOH CTPYKTYDH SBASIOTCA BepTHKAIbHBIE IIOC-
KOCTH b = const, H CTPYKTypa MOXeT 6LTh IpHBeJeHa K BHAY

{a,} = {b,c}=0, {a,c}=1
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Puc. 55. IlyaccoHOBa cTPYKTYpa
oTo6paXxeHna Hepro 0B 0COGeHHOCTH Ag

AudppeoMopdHEIMOM, COXPAHAIOLWIEM JACTOYKEH XBocT. CHMIIEKTHY9eCKHe
CTPYKTYDH Ha clloax b = const paBan daAde. PaccMoTpuM mio6y1o myacco-
HOBY CTPYKTYPY Ha (a, b, c)-npocTpancTBe, cofepxKallieM JACTOYKHH XBOCT.
IIpeAOONOXKHEM, 9TO JHCT, COJEpXalldil BepINHHY JACTOYKHEA XBOCTA,
TPaHCBEPCaleH KacaTelbHOH MIOCKOCTH JAacTOYKAHA XBocTa (dc = 0) m
COJEPXKHAT THHHIO CAMONEPEeceYeHu .

Ynpaxaerne. [oKaXHuTe, 9TO 410644 NYaAccono8a CMpyKmypa C 3mMumt
ceodcmeamu Mmodcem 6bimb npueedena K 6bLLENPUBEIEHNOT HOPMAALHO
Popue aoxasbrvin JuBPeomopPusMom, COTPAHAIOUIUM AACTROUKUH TEOCT.

IlyaccoHoBH cTPYKTYPH Ha 6a3ax BepcalbHHX JedopMaluil, ompeje-
JéHHEBIe THONAYHBIME OTOODAXKEHHAME HEPHOAOB, He ABIFIOTCA THOHYHLIMA
IO OTHOIIEHHIO K COOTBETCTBYIOLIHM OH(pYDPKAZHOHHKIM AHATPAMMAM; HX
orpaHHYeHHA Ha Pa3jHYHble CTPATH GH(YPKAUHOHHEIX JHArpaMM HJIH Ha
KacaTelbHHe OPOCTPAHCTBA K 9THM JHACDAMMAaM B TOYKaX CTPATOB MeHb-
IIAX Pa3MePHOCTeHd COXPAHAIOT HEKOTOPYIO HH(POPMANHIO O THOAX BHIPO-
XKJIeEHH Ha STHX CTPATaX COOTBeTCTBYIOLIHX MHOroo6pa3ni ypopHS V).

Jlarpan:keBa DPEpOJa PaCKPHTHX JACTOYKHHEIX XBOCTOB H TOT (haKT,
YTO JHHHA caMollepeceieHHA OOLIYHOI'O JACTOYKAHA XBOCTA OPHHA, IIEXKHT
CJIOI0 OYacCOHOBOH CTDYKTYPH, OHPEIeNéHHOH OToOpakeHHEM NePHOJOB,
ABJAIOTCH OPOABJIEHHAME ITOr0 o6Lero peHoMeHa.

[lif macTOYKHHHX XBOCTOB 66ibliedl pa3MepHOCTH OrpaHHYeHHA, Ha-
KA EIBaeMEIe Ha NYaCCOHOBH (HJIH CHMIVIEKTHYECKHAE) CTPYKTYPH, Pealn-
3yeMule 0TOGPa KeHHAME NepUoJoB (THOHYHKX HOPM), HE TepevnCIeHkl.

4.6. I'naBHBIe 0TOGpPaXXKeHUA MEPHUOOB

PaccMorpuM cayvai, korja clion EMeOT Y8THYIO (KOMIUIEKCHYIO) pa3Mep-
HOcThb. B 5ToM ciiydae hOpMa Hepece4eHHA CUMMEMPUUNG.
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Onpejenenne. [1anviuy  OMOOPANCEHURMY nepuodoé  (yHKOHH
n = 2k + 1 nepeMeHHHX Ha3HBAalOTCA HHQHHATE3AMAILHO HEBHIPOXK/JEH-
Hule k-e aCCOMEAPOBaHHEE OTOOPaXKeHHS NEPHOJOB FOJOMOPGHHNX (GopM.

[Bubop k obocHOBaH moBejeHHEM OTOGDaXeHHHA Burera Ha 3epKaJax
npocToli ocobemmoctu. [is ¢yEkmuH Mopca oToGpakeHHe HepHOJOB
acEMoTOTHYecKH paBHo a\*/? + ... CuegoBaTenbHO, k-e acCONHEPOBAH-
Hoe oTofpaxkeHHe BeleT cebsa moJo6HO pA(n/2)~k Mnpg n = 2k + 1 nepBHi
qJeH 2TOH ACHAMIOITOTHKH DaBeH bA1/2. Takum o6pazoM, IpH TOM BHOGO-
pe k, k-e acconnupoBaHHOe 0TOGpakeHHe 1ePHOJOB HYHKUHE Mopca aue-
eT B A = 0 mpocTeiilliee BeTBJIEHHe BTOPOro HOpAKa (KaK ¥ GyHKIHHE VA).
DTOT OpEMep MOKAa3HBaeT, YTO JIf JIOGOH GyHKIHH N IepeMeHHHX k-e
aCCONMEHPOBAHHOE OTO6paXKeHHe ePHO/IOB (C OnpejelEéHHAIM BHIILe k) ame-
eT Ty Xe 0ocoGeHHOCTb, 4TO H 06paTHOE OTOGpaXkKenHe BueTa B THOHYHRIX
TOYKaX JHCKPEMEHAHTA (MHOrOO6pa3Hs HePeTyIAPHHX OPOHT) MPyIIH OT-
paKeHHH. | :

Teopema 9. Ecau @opma nepecexenuii nesvipoacdena, mo uzomopPusm
T*(A\E) = T.(A\ E), onpedesénnviil a106biu 24a6HbMM 0MOOPAdICERUEH
nepuodos, u3omopdno omobpadcaem #modyas pocmxos 2oaomopduviz dud-
Pepenyuaavnniz 1-gopmu na A Ha modyav pocmxos 6 wyae 2oaomopPruiz
sexmopnbiz noaet na A, xacarowurcs L.

DTa TeopeMa ABASETCH OPAMBKIM 0GoOIeHHEM KOHCTPYKIHHE moJed, Ka-
CalolIAXCH (PPOHTA, OCHOBAHHOH Ha CBOPAYHBAaHHH HHBAPHAHTOB IPYNNH
eBKIHJOBHX OTpaXkeHmi. B oflieM clyYae eBKIHJOBA MeTPHKA 3aMeHEHA
dopMoii mepecedeHHl IMABHOTO OTOOPaKeHHS OePHOJOB.

PaccMOTpPEM [IaBHOe oTOGpaXKeHHe MepHOJOB IS OJHOH B3 HPOCTHIX
ocobernoctel Au, Dy, E,. B arom cayvae ¢popma HepecedeHdl SABEAET-
s onpefenénnoii. [pynna MorojpomuH (06pa3 OpeJCTaBIeHES (YHAAMEH-
TaxpHOH rpynnH 6a3st A\ L B npocTpancTBe KoroMoxorui H 7~1(V3) caos)
ABIAETCA TPYIIOH eBKAHJOBhIX OTPaKeHHH.

OTob6pasxeHne IEPHOIOB CONOCTABAAET TOTKe 623H 3MeMeHT IPOCTPAHC-
TBa KOTOMOJOTHH 04 HAJ 2TOH TOYKOH; dIeMeHT ONlPe/leNél ¢ TOYHOCTHIO
1o AeHCTBHSA CPyIOH MOHOADOMHH. B ciyvae mpocTod OCOGEHHOCTH MH
HOXyYEM oToGpaxenne MEOroo6pasua A\ L (romossedrd K GEYPKanHOH-
HOMY MHOXXECTBY B 6a3e BepcalbHOH JgedopManin) B MHOroo6pasue OPOGHT
COOTBETCTBYIOUIeH Py OTPaKeHHH.

Teopema 10. [lasnoe omobpaxcenue nepuodos daa npocmold ocobenno-
crmu Modcem Gvimb npodoadceno do U30MOPPUIMA, OMNPAEAIIOWESO 6-
3y A 6 npocmpancmeo opbum coomeemcmeylouel epynnbi ompaxcenut, u
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bupyprayuonnylo duazpammy T 6 duckpumunanm smoil zpynns ompaorce-
nuth (MHO2006pA3UE HepezyispHbIT opbum). Omom usomopPusm omnpa-
eazem $opmy nepeceuenuti omobpascenus nepuodos 6 Gopmy, onpedeasio-
WYIO C6OPAUUCARUE UNBAPUANTIOE SPYNTIBL OTRPAdCEHUT.

IJTa TeopeMa, clleflyiomias u3 pesyabTaTos J.Jlokerrn [105], mokasnpa-

_eT, 9TO rlaBHoe oTOo0paxkeHnHe nepuojoB 060611aeT cBopaInBanTe HHBAPH-

aHTOB I'PyII OTPAaKeHHH.

PaccMoTpuM nuHeapmsoBaHHOE cBopaYmBaHWe WHBADHAHTOB. [InTaich
06OGIIATH ero, MH CTOAKHYNHCH CO CIEAYIOIeH TPYAHOCTBIO: s HEOpPO-
CTHIX 0COGeHHOCTel, B OT/IHYHE OT NPOCTHIX, CBOPAYHBAHHE ABYX PYHKIHH,
HyIeBLIX B HyJe, He 0643aTeNbHO PABHO HYJIO B HyJde. B 3ToM crydae am-
HeHHAaf JacTb CBODAYHBAHHA B Hyle He oNpejeieHa JTHHeHHHIMH JaCTAMH
GYHKUHE.

9Ta TPYAHOCTH He BOBHHKAET B CIydae K6a3u0dNOPOINLIT (Bo3MOXHO
Aaxke HeNPOCTHX) GYHKUWA HEYETHOTrO YHCIA NEePeMeHHEIX, HMEIOWAX He-
BRIPOXJEHAYI0 opMy mepecedenui. [JedcTBuTenbHO, IO TeopeMe 9, rojo-
MOp(pHOE BEeKTOPHOE HmoJe Y/a, COOTBeTCTBYIollee Auddepennrany GyHK-
U¥H a, KacaeTcd GHGYPKAUHOHHOH AHACDAMMHL L (3[eCh HCIONb3yeTCH He-
BRIDOX/IEHHOCTb hOPMH mepecedennii). [To Teopeme B.M.3axamokuna [95],
PoJ[Ol‘\'dopcpﬂoe BeKTOPHOe IoJe, Kacaloieecd GHGYDPKALHOHHONW JHATPAMMBI
Hyllell x6a3u0dnopodnoti QYHKUEH, HMeeT ocobylo TOYKY B Hyle 6a3nl A.

OGoanavuM 3Havenne popMH HepeceveRni Ha da, db depes < va, b >.
Toraa pynxuus

< v(ab), ve>=a < vb,ve > +b < va,ve>=a(vb|c) +b(va] c),

rfle GYHKOHE @ B b paBHH HyMIO B HyJe A, EMeeT B HyJe HyJb (KaK MHHH-
MYM) BTOPOr'o IOPAAKA, TAK KaK ToAd Va H Vb HMeloT B 0 0cobyio TOUKY.
Crenoparensno, 1@HeiHAA 9aCTh < U, YU> B Hyle He 3aBHCHT OT 11eHOB
HOpAJKa Bhllle nepBoro B pagax Teisopa yHKUEA v B v B HyJde.

TaxaM o6pazoM, 2aaenoe omobpadcenue nepuodos x6a3uodNOpPoInoY
Pynryuu, umeroujed nesviporcdennyio Gopmy nepecenenut, onpedessem au-
Heapusoeannyio onepayuio ceopauusanus C : TgA x T3A — TA.

Kaca*renwoe npoctpaicTBo TpA Ga3nl BepcalbHOH JedOPMANHE MO-
2KeT OHTh KAHOHHYECKH OTOXJECTBICHO C NPOCTPAHCTBOM JOKAaIbHOH al-
re6par Q) (CKOPOCTH fehOPMATHE CONMOCTABAAEM ero KI1acc B IPOCTPAHCTBe
JokadbHOH aareGpui). CiegoBaTeapHo T§A KAHOHHYECKH OTOXJeCTBIAET-
ci ¢ Q*. To ecTb, 1HHeapu3oBaHHOE cBopayHBan#e C OTOXAECTBIAETCA C
HEKOTOPOH omepanded ¢ : Q* X Q* = Q*. DTa omepanud 3aBECHT OT rouo-
MOp¢pHOH (HOpMH, 0TOoGpaxKeHHe NePHOJOB KoTopoil onpefenser C. Pop-
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MyJa A 3ToH omepanuH Ha (Q* 6nina HaijeHa ['mBedaTaseM m Bapyerko
[104]:

Teopema 11. Onepayus ¢, NOCTMPOEHHAL NO HOGOMY 2406HOMY omobpa-
Jcenuo nepuodos xeasuodnopodnot Pynwxyuu, coenadaem ¢ odnol us one-
payuti ¢, nocmpoennviz 6 §4.2 no uoxasvnot aazebpe ( smot gﬁyu?cuuu.
Kascdas onepayus ¢;, ¢ donycmumvin [, seasemca onepayuet ¢ das nod-
TodAwe2o 24a6H020 0MOGPAdNCENUL NEPUOTOE.

Hackonbko MHe H3BeCTHO, AJA BellleCTBeHHHX HeIDOCTHIX (YHKIHH cCO-
OTHOlLIeHHe MeX[y CHTHATYpaMH PopM ¢, ONpefelEéHHHIMHE “IHHEAPH3O0-
BaHHHIM CBOpaYHBaHHeM”, H cHrHaTypamu ¢opM B; JleBmra-Efizen6aja
(cM. §4.2) 1o cEx mOp He HCCIENOBAHO. . )

O6061leHnA OpPeALIAYIIAX TeoDHA HA HeKBa3HOAHOPOJHHIH CIyiad H
H3ydeHre o6pa3oB MHOTOIHAYHHX OTOOpaXKeHHH TepHOJOB B clyfae Hempo-
CTHIX ocofeHHOCTEH CYIeCTBYIOT HOKa YTO TOJIBKO B 3a4aTOYHOM (opMe
(Bo3MOXHO, TakoH 06pa3 MOMXKEH PACCMATPHBATHCA B OGOGIIEHHOW BepX-
Hell MOAyIJOCKOCTH 3Hrels, OnpeleléHHOH KaK IPOCTPAHCTBO CMellaHHBIX
cTPYKTYp XO/Ka ¢ NJaHBERIME AHCKPETHHLIMH HHBAPHAHTAMH).

5 JlarpamxeBa ® JeXaHAPOBAa TOHOJOTHA

Teopun narpanKeBhIX H JexaH [POBHX 0COGEHROCTeH TECHO CBA3AHKI C IO-
GaJbHHME TONOJIOTHYECKEMH MPOGIeMaMH, KACAIOWHMECA BOOPOCOB COCY-
IIeCTBOBAHHA PAa3JHIYHEIX OCOOEHHOCTEH H HX CBAYH C TOMOJOTHEH MHOro-
o0pasusd, Ha KOTOPOM OHH JeXKaT.

IIpocTedliuaM NpEMepoM ABIASETCA TeopHSA Mopca, cpa3nBaloman xpu-
THYeCKHE TOYKH (YHEKHH HAa MHOT0OGDA3HE ¢ TONOJOTHEH 5TOTO MHOIG-
o6pasud. JlarpankKeBhl H JeXaHAPOBH MHOT006Da3HA B HEKOTOPOM CMBICTE
ABJIAIOTCA 06061IeHAAME QYHKIEHA (2 HMERHO “MHOrO3HATHHIX” ¢GyHKIA#).
TakuM o6pasoM, JarpanxkKeBa H JeXaHIPOBa TOMNOIOTHSA ABIAETCH, B HEKO-
TOPOM CMEICIe, 0GobiendeM TeopuH Mopca Ha MHOTO3HAYHEE (DYHKOHHE.

‘B 5ToH raaBe M OmEIIeM JATDAHXEBH W J€XKaH POBbI KoGopau3Mel (Ipo-

ABIAIOUIHECS B [@OMETPHYECKOH ONTHKE KAK COOTHOLIEHHS MeXKIy BOJHO-
BHIM [OJIeM B OGIACTH M ero cleffoM Ha IpaHEme dToil obracta). HuBapm-
aHTaMH 3TAX KOGODAH3MOB ABJAIOTCA JArPAHXKEBHl U JeXKAHAPOBH XapaK-
TePHCTHIeCKHe YHCIA, onpeJeléHHbE COOTBETCTBYIOLIAME XapaKTepHCTH-
YeCKHMH KJIacCCaMH KOT'OMOJOTHH.

OTH XapaKTePHCTHYeCKHE KJIACCH ABOACTBEHE HOAMHOI006pa3nidM, om-
pelleNéHHLIM CTPATAMH eCTeCTBeHHOH CTPAaTH(QUKAUAE IPOCTPAHCTBA QYH-
Koud. B oopefendaHoM cMbicie OHEH Takie MOT'YT paccMaTpPUBATBLCA KakK
ompefendlOllAe KOUOMOJIOFHE “HeNHHEHHOro rPaccMaHOBa MPOCTPAHCTBA”
BCeX JarPaHXKeBHIX (JIeXaHAPOBHX) MHOT0OGPa3Hil.

Crparaduxanms OPOCTPAHCTBa (MYHKIHA AaéT BO3MOXHOCTH olpeje-
JHTH KOMIJIEKCH, JJIA KOTOPHIX KIETKH Pa3iHYHLIX Pa3MepHOCTel ABIAIOT-
€A THIAMH 0COGeHHOCTeH COOTBeTCTBYIOMEX KopadMepHocTei. [oMosoray
STHX KOMIIEKCOB HOPOXKJAIOT JAr PAHXKEBHI H JeXaHAPOBH XapaKTepHCTH-
Jeckue kiaccl. OHAKO, 3TH KOMIUIEKCH (| CIeKTpalbHhe HOCAe0BATENb-
HOCTH, aCCOUHHPOBAHHEIE C MYIbTHOCOGEHHOCTAMHE) CaMH Ho cefe BaxHee,
eM HX TOMOJOTHH: OHH COMePXKaT, B KOHLEHTPHPOBaHHOH (hopMe, oflunmp-
HYI0 HHGOPMANHIO, KACAIOUIYIOCA NPHMBIKAHEHR APYT K JPYry PasudiHKX
THIOOB ocoGeHHOCTeH.

Tonosoruyeckue npoGieMul, CBA3aHHBIE C €CTECTBEHHBIMH cTpaTud-
KanguaMA OPOCTPAHCTB QyHKUHH H oTo6pakeHHi, o9eHb TPYIHH. B 3ToH
TJaBe MH OPEJCTaBAM HECKOJAbKO KOHKDETHHIX Pe3yJbTATOB (KaK Bellle-
CTBeHHHIX, TaK U KOMILIEKCHEIX). [Ipo6aeMsl, Kacalonigecs TOMOAOTHIeCKHX
CBOHCTB THNHYHKIX ['MIAJKAX, TArDAHXKEBHIX, JeXKAH [POBHX WIH TayCCOBBIX
OTOGpaKeHHH, JaleKHd OT pa3pelieHAs JaKe B Pa3MePHOCTH 2. Teopeuma o
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Myla s 3TOoH omepalldH Ha (Q* 6niua HaiJeHa ['mwBeHTaseM H BapieHko
[104]:

Teopema 11. Onepayua ¢, NOCMPoERNAL N0 MO60MY 24a6ROMY 0MO6PA-
Jcenuio nepuodos Keazuodnopodnot Pynkyuu, coenadaem ¢ odnod u3 one-
payutl ¢, nocmpoennviz 6 §4.2 no soxkaasnol aazebpe QQ smoi gﬁyn‘nuuu.
Kaoedas onepayua ¢, ¢ donycmumoik [, seasemca onepayued ¢ das nod-
z0dAwe20 24061020 0MOGPANCEHUS NEPUODOE.

Hackonbko Mue @3BeCTHO, a4 BellleCTBEHHKX HENPOCTHX (YHKIHA CO-
OTHOIUEHHE MeXJAYy CHTHaTypaMH ¢opM ¢, oOpeJeléHHBIMA “JTHHEapHIO-
BaHHRIM CBOPaYHBaHHeM”, W cHrHaTypaMH ¢dopm B; JleBmHa-EisenGazna
(cM. §4.2) g0 cHX mOD He HCCIEOBAHO. ) )

O606i1erns OpeAn YyUIHX TeOPDHA HA HEKBA3HOLHODOJAHKIM CIy4ad H
H3yYeHHe 06Pa30B MHOT'O3HAYHHX OTO6PaKeHHH IEPHOJOB B cayfae Hellpo-
CTRIX 0COGeHHOCTEH CYLIEeCTBYIOT HOKAa 9TO TOJAbKO B 3a4aTOYHOH ¢opMe
(Bo3MOXHO, TakoH o6pas JOMXKeH PaCCMATDPHBATHLCA B OGOOLIEHHOH Bepx-
Hell DOJYOJOCKOCTH JHTeNs, ONPeAeJEHHON KAK NIPOCTPAHCTBO CMeIlaHHKX
cTpYKTYP Xo/MXa ¢ NaHHBIMA JHCKPETHHIME HHBAapPHAHTAMH).

5 JIarpaH;xeBa H JIeXKaHApOBa TOOOJIOI'MA

Teopuu JarpankeBhIX H JexaHAPOBHX 0COGEHHOCTEl TeCHO CBS3aHHI C TJO-
6albHEIME TONOJOTHIeCKAMHE mpobieMaMu, KacalomEMHCH BOIIPOCOB cocCy-
HIeCTBOBaAHHSA Da3JHYHBIX OCOGGHHOCTeﬁ H HX CBHAJH C TOIIOJ[OPHeﬁ MHOT O~
06pa3ui, Ha KOTOPOM OHH JeXKaT.

IlpocTefimam mpaMepoM sBisercs Teopus Mopca, cs3niBaloman Kpu-
THYeCKHEe TOYKH (PYHKIOHH HA MHOTOOGDA3HE C TOHNONOTHEH 5TOr0 MHOLO-
06pa3ud. JlarpaneBrl H JexXaHAPOBH MHOr006pasua B HEKOTOPOM CMEICJE
ABASIOTCA OGOOLICHAAME GYHKUHH (& HMEHHO “MHOTO3HAYHHIX” GYHKIAHR).
Takum o6pazom, JarpanxKeBa u JeXaHAPOBA TONOJIOTHA ABASETCHA, B HEKO-
TOPOM CMEICKe, 0600meHHeM TeopHE Mopca Ha MHOCODHAYHBIE $yHKOHH.
B 5Tol riaBe MH ommilleM JaCpaHXKeBH H JIeXKaHIPOBbl KOGOPAHIMH (HIpo-
ABIAIONHECH B EOMETPHYECKOH ONTHKE KaK COOTHOUIEHHA MeXAy BOXHO-
BHIM NOJeM B OGJAacCTH W €ro CleJoM Ha FpaHHNEe STOH obnactu). Nusapsn-
aHTaMH ITHX KOGODAH3MOB ABIAIOTCA JArPAHKEBH Je2KaHIPOBH Xapak-
TEPHCTHIeCKHE THCTa, ONpeJe]éHnbe COOTBETCTBYOIAME XaPaKTePUCTH-
YeCKUMH KJacCaM# KOT'OMOJOTHH.

OTH XaPaKTEePHCTHIECKHE KJIACCH ABOHCTBEHH HOAMHOT006Pa3HAM, ON-
PeleNERABIM CTPATAMHE €CTECTBEeHHOM CTPAaTH(PHKARAN DPOCTPAHCTBA BYH-
Knuid. B ompenengnHoM cMbicHe omE TaxKe MOTYT pacCMATPHBATLCA KaK
onpejelsiONHe KOTOMOJIOTHE “HelHHEHHOTO I'PacCMAHOBA npocTpaHCTBA”
BCeX JIaTDaHXKeBRIX (JIeXKaHAPOBRIX) MHOT00GpasKil.

Crparngpukanus npocTpancTsa GYHKOHHE Ja8T BO3MOXHOCTbH Ompeje-
JUTH KOMIVIEKCH, IS KOTOPHIX KJIETKH Da3JHYHHX Pa3MEPHOCTeH ABAAIOT-
CA THHAMH 0COGeHHOCTeH COOTBETCTBYIOLIHX KopaaMepHocTeld. ['oMonornn
STHX KOMILIEKCOB HOPOXKJAIOT JArPaHKeBhl H JEeXKAHAPOBH XapaKTepPHCTH-
9ecKHe Kaacchl. OHAKO, 3TH KOMILIEKCH (H CHeKTDAIbHBE HOCTeT0BATE b
HOCTH, aCCOUMMPOBARHbBE C MYIbTHOCOGEHHOCTAMH) CAMH IO ce6e BaxKHee,
€M UX TOMOIOTHH: OHH COJAEPXAT, B KOHIeHTPHPOBAHHOH (opMe, OGIIHp-
HyI0 HH(OPMANHUIO, KacAOuylocd IPHMBIKAHAE APYT K APYTY PasiduHbIX
THOOB ocoleHHOCTei.

Tononornieckne mpo6reMb, CBI3AHHBIE C eCTECTBEHHBIMH cTpaTH(HE-
KagHAMH OPOCTPAHCTB GYHKIHA H 0TOGpaXKeHWH, O9eHb TPyAHH. B sron
TJIaBe MBI IPEJCTABAEM HECKONbKO KOHKPETHHIX De3yJbTaTOB (KaK Belle-
CTBEHHKIX, TAK A KOMIJIEKCHHX). [Ipo6ieMnl, Kacaiommecs TONONOrIYECKHEX
CBOMCTB THNHYHHIX [MAJKAX, IaTPAHXKeBHX, JieXKaH JPOBLIX HJH [ayCCOBHIX
OTOGpaKeHHH, JaJeKH OT pPaspellleHHA AaXKe B pa3meprocTH 2. Teopema o
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4-x BeplIEHAX, TeopeMa O 4-X OMOHJIHYECKHX Togkax!) m obobuieHHaA He-
BRIDYKIaA 33Ja9a MEHKOBCKOrO ABAFIOTCA OJHHMH ¥3 €CTeCTBeHHBIX KaH-
AHATOB Ha HCCJeJOBaHHE B DAMKAX CHMINIEKTHYECKOH HIH KOHTAKTHOH

TOHOOJIOT'HH.

5.1. JlarpaHXeBHl 4 JeXaH/POBH Ko60pIN3MbLI

MpocTelllinM IPEMEPOM JMeXKAHAPOBA KOGOPAN3MA ABASETCA ClIe], OCTABIA-
eMBEIH HA ODOBEPXHOCTH 3eMJIH ABHXYIUAMCA B BO3JyXe BOJHOBRIM PPOHTOM.
Crel B ofAH MOMEHT BpeMeHH MOXeT TONOJOrHYecKH OTAHIATHCA OT Clefa
B APYro# MOMeHT BpeMeHH, HO MIOGhie 1Ba TAKHX Clefa KOGOPJAAHTHE APYT
ApYTY. ’

OTHouwerAe KOGOPAUOMA HAJTATAET ONpeeéHHbIE OPPAHHYeHHS HA OCO-
GeHHOCTH, EMelolHecs B Pa3iHYHble MOMeHTH BpeMenu. Hampmmep, deT-
HOCTH YHCeJ] TOYeK BO3BpaTa KoGOpAaHTHHX (PPOHTOB JOMKHH OLITH PaB-
HBIMH.

Onpefienenne JarpaHxkeBa Ko6opAA3Ma ONHPAETCA HA MOHATHE JarPaH-
XKeBa Kpafd. PaccMOTpHM JarpaHXeBo HOoJIMHOroo0pa3He HPOCTDPAaHCTBA
KOKacaTeJbHOT'O paccioeHns MHoroo6padus ¢ kpaeM. Pusmdvecku Jarpan-
JKeBo moAMHOroofpa3ne ONHCHBaeT KODOTKOBOJIHOBYIO aCHMITOTHKY BOJ-
HOBoro mois. BoiaHoBoe mojie B o6xacTH HHAYZHEDPYeT BOJHOBOE HoJe HA
Kpalo aTol obiacTd. Ero acaMnToTHKa ompejelseT JArPaHXKeBO HOJMHO-
roo6pa3zne IPOCTPAHCTBA KOKACATEALHOIO PacCIOeHHA Kpad. DTO JarpaH-
3eBO MOJMHOr006pa3ne Ha3LIBAETCA JATPAHXKEBHM KpaeM HCXOAHOTO (Ja-
rpaHXkeBa) OOJMHOroo6pasud. Pa3MepHOCTh JarpaHXKeBa Kpad HA eJHHH-
Iy MeHbllle PA3MEePHOCTH HCXOAHOT'0 MOAMHOroO6Da3Hf, H OHO BIOXKEHO B
CHMILIEKTHYECKOEe POCTPAHCTBO, Pa3MepPHOCTb KOTOPOrO Ha 2 MeHbILIE Pad-
MEPHOCTH HCXOJHOT'O CHMIJIEKTHYECKOI0 IPOCTPAHCTBA.

Jpyrumu cropamu, Biaokenwe 0V < V HEAyOHpyeT NIpOEKHHIO
d(T*V) —~ T*(9V) B3 Kpaa IPOCTPAHCTBAa KOKaCATeNbHOT'O PacCIOCHHH
B IPOCTPAHCTBO KOKacaTelbHOT'O PacCIOeHHA Kpaid (2Ta DPOEKNHA OTHpa-
BiseT 1-hopMy B TOYKe Kpasi B OrpaHHYeHHEe 3TOH (POPMH HA Kpail).

PaccMOTpEM JarpaHkeBo DoAMHOr0o6pa3ne npocTparcTsa T*V (6uiTh

lpumedanue: Hegasro M.D.Kasapsn [191] nocTpomn xapakTePHCTHYECKHH KIACC
CheIMaIbHOrO OCHANIEHHOTO JArPaHXEBa MPacCMaHWaHa, OTBEYalONAH 3a 0COGEHHOCTH
ruma D4, To ecTh 3a OMGEIAIECKAE TOYKH.
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MOXeT EMMePCHPOBaHHOe, TO eCTh HMelolllee caMoNepeceyenus). [Ipefmo-
JIOX<HM, ITO OHO TPaHCBEPCAIbHO KPalo (a30BOro mpocTPaicTBa. Torga
OHO IepeceKaeT Kpai BJOAb HEKOTOPOrO TMAJKOro (HMMepPCHPOBAHHOIO)
noAMHOrooGpasus. [IpoexTupys oTo mepecevenne B T*(9V), moxyvum M-
MepCHPOBaHHOE JarpaHXkKeBo HOAMHOroo6pa3ne DPOCTPAHCTBA KOKACATENb
HOT'O PacCIOeHHS Kpad. JTO IOAMHOT0O0Da3He HA3hIBACTCH AG2ZPANICERbiM
%xpaes HCXOJHOT'O JalPaHXKeBa MOAMEOT006pa3ng.

3agada. [okaxuTe, 970 06pa3 5TOd OPOEKIHHE HA CAMOM Jele HMMEDPCH-
POBaH.

JlexxanApoB Kpail onpefensdeTcs aHaJOTHYHOH KOHCTPyKnEedl. PaccMo-
TPHM, HaOPEMeP, (AMMEPCHPOBAHHOE) JeXaHAPOBO NOAMHOT006pa3 e Ipo-
CTPAHCTBAa 1-CTPy# (HYHKNHH Ha MHOTooGpasum M c xpaem OM.

Kpaii npocrpancrsa 1-crpyii, J! (M, R), paccioen naJ MEOrooGpasm-
eM l-cTpyil pynkumi Ha xpaio (oToGpaxernue dJ'(M,R) - JY(OM,R)
IepeBOAHT 1-CTPyi0 QyHKOHE B TOYKe Kpad B 1-CTPYI0 OrpaHHYeHES dToH
GYHKOHE Ha Kpai).

Jlexxan1poBo moAMHOT 006pa3He, TPAHCBEPCATbHOE KPaI0 IPOCTPAHCTBA
CTPYH, epeceKaeT ero (kpai) BJolb (AMMEPCHPOBAHHOI'O) MOAMHOTI006pPa-
sua. [poeknusa B J1(OM,R) sToro mepecevenns Ha3HBaeTCH aexncandpo-
6bLU KpaeM HCXOJHOTO J€XaHPoBa NoAMHOroo6pasui. PasMeprocTs Kpas
Ha 1 MeHbllle pa3sMepHOCTH HCXOJHOTO HOAMHOTroobpazms. “PusHveckaf -
HHETepOpeTands’ OYeBHAHA: (POHT JeXKaHAPOBA KPad ABIFETCHA OGLIYHBIM
KpaeM (pPOHTa HCXOJHOTO HOAMHOroo6pasni.

3agaga. [JokaxnTe, 1To 06pa3 >TOH NpOEKIHE AeHCTBATENBHO HMMEPCH-
pOBaH.

PaccmoTpuM Temeps koHTakTHOe mpocTpaHcTBo PT*B KOHTaKTHRIX
3JleMeHTOB MHoroofpasua B ¢ kpaem dB. CHoBa paccMOTPHEM OPOEKIHIO,
OTHPAaBIAIOUIYI0 KaXKIHH KOHTAKTHH 3IeMeHT B Toike JB B ero mepece-
HeHHe C KacaTelbHHM OPOCTpaHCTBoM Kpad. [Ipegmomoxum, 9o aMMepcH-
PoBaHHOe JIeXXaHJPOBO HoAMHOroo6pa3me npoctpancTsa PT*B TpaHcBep-
caabHO Kpalo (PT*B) sToro mnpocTpancTBa.

3agaga. [JokaxuTe, 9TO 9T NpoeKUHA NpHHAAIeXHT PT*(OB) u sBis-
€TCS TaM HMMePCHPOBAHHHIM J€XaHJPOBHM HOAMHOT0OGpa3neM.

CropoekTHpOBaHHOE JeXaHAPOBO MHOTOOGpa3me Ha3hLIBAeTCHA J4eHCaH-
dposbimM Kpaes HCXOTHOTO MHOTOOGDABHA.

[TonoGHEEe KOBCTPYKIHE ONPeReNfiOT JeXKaH POBH KPas JeXKaH [POBhIX
noAMHOroo6pasuii mpocTparcTBa ST*B TpaHCBepcalbHO OpPHEHTHPOBAH-
HHIX (“BoopyXEHHKNX") KOHTaKTHRIX dieMeHToB (ST*B aBiseTca chepnde-
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CKHM pacCCIOeHHeM, ABaXKAK HaKPBIBalOIIHM ODOEKTHBHOE paccioe-
ame PT*B). Mox=Ho TaloKe paccMaTPUBATL ODHeHTHDOBAaHHEE KOHTAKT-
Hble 27eMeHTH ( “BOOPYXEHHHE” HIH HeT).

PaccMoTpEM B2 3aMKHYTHX (T. €. KOMIAKTHHIX Ge> Kpad) Jarpas-
JKeBa DoiMHoroo6pasus Lo m L; mpocTpaHCTBA KOKAacaTeAbHOrO paccio-
emus T*V. Jlazpanocesvin (yuaundpuuecxkunm) xobopdusamom Mexny Lo
u L; (puc. 56) Ha3HBaeTcH JarpaHxeBo NoAMHOroobpa3me MPOCTPAHCTBA
T*(V % [0,1]) (xokacaTenbHoro paccioeHds DHIAHAPA HaJ V), 1arpanxkes
Kpall KOTODOTO ecTh pa3HocTh Mexay Ly X 1 m Ly X 0 (gaa opueHTHpO-
BaHHBIX KOGODAU3MOB H3MeHeHHe OPHEHTANHH MHOToo0pa3nd HHAYIHDPYeT
H3MeHeHHE 3HaKa B KobopJu3Me; B HeODHEHTHPOBAHHOM Cly4ae KO3 ¢pHIH-
eHTH npuHajgIexkaT Zj).

T %V [O,V
0

Puc. 56. Jlarpanxkes KoGopausM

Jlarpamxkesn MEoro6pa3ud Lo u L1 Ha3KBaIOTCA 1G2PARICEEO OPUECHITIU-
p06aKo (COOTBETCTBEHHO HEOPUENTMUPOBANO) YUAUNIPUUECKY no6opcu9aum-
ublMU, eCHH MeXAy HEMH CyIIeCTBYET HEKOTODHIH ODHeHTHPOBAaHHHIH (He-
OpHEHTHPOBAHHLIH) KOGODIH3M.

Kracce narpaHieBo NEAHHIPHYECKH KOGODZaHTHHIX HoAMHOroobpa-
3uil 06pa3yloT NOAYCpPyHOy, KOTODas Ha CaMOM Jeje ABIAeTCA T'PYNHOM
(cm. [106], [107]). DTH rpynnH Ha3hLBalOTCA PYNNaMH KIACCOB JarpaH-
JKeBHIX OpHEHTHPOBAHHAEIX (COOTBETCTBEHHO HEODHEHTHPOBAHHAEIX) THIHH-
ApAYecKHX Ko6opAm3MoB Hajg V (A1A KPATKOCTH HA3HBaeMEIX 2pYynnamu
aazpanceevir Kobopdusmos Han V).

Cayyait V = R™ ocoGeHHO HETepeceH, TaK KakK YOO KOGOpH3MOB
Hag R™ @ rpajyupoBaEHEE KOAbNAa CyMM STHX PYNO HTDAIOT Polb TpPynn
H KoJer Ko>(p(pHIHEHTOB Jif TeOPHH 60D AHIMOB.

JlexxaH fpOB KOGOPAU3M JeXKaH APOBLIX HOAMHOT006pa3nii IPOCTPAHCTB
1-cTpy¥ GYHKIEH HJHE JeXKaHIPOBHX [0AMHOr00GPa3nil NPOCTPAHCTB KOH-

Wt e o 3y = =
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TaKTHHIX DJeMeHTOB (BOOPYKEHHKIX HIM HET, OPHEHTHPOBAHHEIX HAH HeT)
oNpefeldloTCAd AHAJOrHIHO.

B cayvae nexanApOBHX MHOT0OGpasHil, BMeCTO KO60DIH3MOB JieXKaH-
APOBHIX HMMEDCHH, MOXHO IPOCTO PacCMATPHBATH KOGODAH3ME ¢poHTOB
(Tak Kak JeXaH POBO NOAMHOr000pa3ne OJHOPHAYHO ONPEJeddeTCH CBOAM
¢porTOM). EgHHCTBeRHOE Tpe6oBamEE — TPaHCBePCaIbHOCTh KOGODAUD-
Ma (POHTOB Kpalo 6a3hl JMeXaHJPOBa PACCIOeHHS, B KOTOPOM HAaXOIHT-
i COOTBETCTBYIOMee KOGOPAHIMY JexXaHPOBO HOAMHOr006pase (YTOGH
¥30exXaTh CCHUIOK Ha TEOPHIO TPAaHCBepCAlbHOCTH CTpPaTH(HIEPOBAHHKX
0COGHIX MHOroo6pa3ui, MOXHO CYHTATb, YTO B HEKOTOPOH OKPECTHOCTH
Kpad pPoHTa KOGODJH3M ABISETCA NPAMBLIM NPOHIBEJEHHEM DTOrO Kpad H
OONYHHTEpBaJa).

Cuorcky mepecTpoek JarparXeBHX H JeXaHAPOBLIX 0COGEHHOCTE (82.3
7 §3.3) HO3BOAAIOT SBEHM 00pa3oM BHYHCIHTH rpyooel Ko60pAH3MOB B
MAJBIX Pa3MePHOCTHX.

Teopema. I'pynna aedcandpoeviz opuenmuposannmz xo6opdusmos .ae-
AHcandpoeuiT NodMHoz006pasuti npocmpancmea 1-cmpyd Pynryut odnotl ne-
pemennot usomopPria zpynne yeaviz wucea. Obpasyowet smotl 2pynnol
ABARETCA KAGCC KOOOPIU3MO6 1edcandposa nodmnozoo6pasus, Gponm xo-
mopozo umeem Gopmy banmura (60CoLMEPKU ¢ 3G0CPERNBIMU 6 EPUIUHAMY,

puc. 57).
Puc. 57. O6paayiomjas rpynmst

JexXaH poBbix ko6opAHIMOB (6aHTHK) <><>

3apgafuM l-ctpylo yskumE f KoopauHaTamu (z,y, p) (rae y = f(z),
p =df/dz). B 5Tux KoopAHHaTaX Ganmux ompefeleH TaK:

z = cost, y = sin4t — 2sin 2t

(Ha cOOTBETCTBYIOMEM JeXKaH JPOBOM MEOroo6pasiy p = 8 sin 3t).

MloxaszaTenbcTBo 5TOH TeopeMs H306paXeno Ha pHC. 58. Bo-nepBrix
MBI MOXKEM paCcCMATPHBATH TOABKO THNHYHHE (DPOHTH H HX KOGODIH3MEL.
Tunnankiit ofHOMepHHIH GPOHT ABIZETCH 3aMKHYTOMH KPHBOH C TOYKaMH
BooBpaTa. B Touke Bo3BpaTa KacaTenbHAA K PPOHTY HE BePTHKAIbHA (1A
¢bpoHTOB B IpOCTpAHCTBe CTPyHl dymKnmil). ClefoBaTelbHO, ME MOXeM
PasinvaTh 4 THOA TOYeK BODBPATA (DPOHTOB: OTKJOHAMIIAX BIEBO HIH
BIPABO Ha, BOCXOJAAUIHX HIH HACXOMAALIEX (PPOHTAX.

3a OTKJIOHAIOIWEH BIEBO TOYKOH BO3BpATA BCelja ClefyeT TOYKA BO3-
BpaTa, OTKJIOHAIOIIaA BOPAaBO, B HA000pOT, ciefoBaTelbHO YHCJIO TOYeK
BO3BpaTa Y&THO.
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Puc. 58. Ko6opauam $hpoHTa K HeCKOJbKHM GaHTHKaM

apa, cocrofllads 3 TOYeK BO3BpaTa HA BOCXOAAmeH M HECXOAALled
BeTBHE (B JI060M MOPAAKE), MOXKET GHITh COKPAlleHa NEPeCTPOAKOH THIA
nacToukuH xBocT. ClefoBaTelbHO MBI MOXKEM IPEANONIOXKHTH, 9TO HA CBA3-
HOM ()POHTE BCe TOYKH BOZBPATAa — HA BOCXOJMAIled (HIA HHCXOJHIUEH Be-
TBH)..

PeryaspHas W30TONHS ABIfeTCA 0COGEHHO MPOCTHIM BHJOM KoGOpAH3-
Ma. C moMolublo Takod H3OTONHH MBI MOXeM HOPDMalH30BaTh TOYKH BOJ-
BpaTa ¥ X nopsjok. Ham ¢ppont F, (puc. 58) cocTOHT n> HeBePTHKAIbHEIX
CerMeHTOB, coelnHAONIEX BHYTPHE obaacta 0 < z < 1 ToykH

(0,0) = (1,0) = (0,n) - (1,m) = ... = (0,1) = (1,1) = (0,0).

Kob6opanam Mex gy >TEM (pOHTOM H o6befuHeRHEM HOJOCHOTO QPOH-
ta F,_; ¢ 6anTEKOM H306paxkén Ha pHc. 58. Ilo HEAyKuuH, M060# GPOHT
KoGopanTeH o6beIHHEHHIO GAHTHKOB (BO3MOXHO, IPOTHBONOJIOXKHO OpH-
eHTHPOBAaHHKIX).

Bce oTH o6beqnHenns He KOGODAAHTHHI Hyalo. [JeHCTBHTENbHO, pa3-
HOCTb MeXJy YHCIOM BOCXOJAIIAX H HECXOAAUIAX TOYeK BO3BPATa He Me-
HAeTCSA OPH THOHYHKEIX MePecTPOHKaX BOIHOBHIX ¢ppoHTOB. CieloBaTensHO
5Ta Pa3HOCTb ABAAETCA XAPAKTEPHCTHIECKHM 9YHCIOM OPHEHTHDOBAHHOI'O
¢dporTa: ABA KOGOPJAHTHHIX (PPOHTA HMEIOT OJHHAKOBYIO PA3HOCTD MeXIy
YHCIOM BOCXOAAIIAX U HACXOAAUIHX TOYeK BO3BPATA.

Nasa GanTHKA 5T PA3HOCTH paBHa 2; Aud n 6antmkoB — 2n. CregoBa-
TelBbHO BCe 9TH 00 be[HHeHHS He KOGODJAHTHH, 9TO H JJOKa3HIBAET TEOPEMY.

Teopema. I'pynna 4excandpo6o HeEOPUEHMUDPOBANNBIT K060pIu3M06 E-
dcandposbiz nodmunozoobpadut npocmpancmea 1-cmpyti fynxyud odnot ne-
PEMEHNOU MPUBUAILHA.

[ocaexoBaTenbHOCTh HepecTpoeK OGaHTHKOB, JOKA3HIBAIOIIAA ITO yT-
BepxJeHHe, H306paKeHa Ha pHc. 59. DTa mocAefoBATEAbHOCTH TPAHCHOP-
MEpYeT GaHTHK B MycToe MHOXeCTBO, H ClleJJoBaTelbHO onpegenfeT KoGop-

g
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qu3M GaHTHKa H HyJId. JTOT KOGODAH3M, PACCMATDHBAaeMBIH KaK JeXaH-
IpoBo MHOTooGpasne, gBidgerca JacToM Mébnyca. HeopuenTupoBanuas ae-
JKaH IPOBa I'PAHANA HOCAeNHEro ABJASeTCH JeXKaHIPOBOH KPUBOH, tppon'r KO-
Topol — 6aHTHK.

S =

Puc. 59. HeopHenTHpoBaHHHHE KoGopAuaM GaHTHKA 1 0

KopoTko roBopsi, HeOPHEHTHPOBAHHKIH KOGODAM3M DHCYHKA 59 como-
craBageT 6anTHEKy AacT Mé6uyca. Ta xe nocreoBaTenbHOCTD (H o6paTHaA
eil) ompeJenseT NeXaHAPOBY EMMepcHIo GyThuikd Kaeidna B RS (m caego-
BaTelbHO eé Jarpamxeny umMepcuio B R*). [IpoexTHBHaf mIockocTb He
EMeeT JarpaHxeBux mMMepcuii B R? (u, cuegoBaTenbHO, JeXaHJPOBHIX
uMMepcrii B R%). KoMmmakTHHe CBS3HHe HOBeDPXHOCTH 4&THOH SHAepOBOM
XapaKTepHCTHKH HMeIOT JexkaHapoBu mmMmepcun B R5. IlosepxmocTu, 2ii-
1epoBa XaPAKTEPHCTHKA KOTOPHIX HEYETHA, He AMEIOT Jaxe JArDAHKEeBHIX
uMmepcuit B RY.

\ .
A\
3ameqganue. 3ajaya O TOYHHIX Jrarp\am&eé BJIOXKEHAAX HOBEpPXHOCTEH B
R* me Tak npocTa (qarpaHXeBo NOJMHOr00Gpa3He HA3HIBAETCH TNOUNbLA,
€C/IE OHO ABJIAETCSA OPOEKI(HeH JeXKaH[POBAa HOAMHOTr006pas ).
CooTBeTcTBYy0Omad ofHOMeDHAA 3aJa4a Opolle: TOYHKIE JArDAHXKEBHI
KPHBHE (TO €CTb HPOEKIHH KOMOAKTHHIX JeXKaHXDOBHX KDHBHIX H3 OPO-
cTpancTBa l-cTpy# (pyHKUHWH HA BenleCTBEHHOW NDPAMOH B IPOCTPAHCTBO
KOKacaTelbHOT'O PACCAOCHHA 3TOH NPAMON) 06A3aTeIbHO HMEIOT TOYKH Ca-
MonepecedeHHS.

~

TeopeMa. JaMKRYMAL NAOCKGA KPUBAR (C NOAYKYOUMECKUMU MOUKAMU
6036PATNG U CAMOTEPECEUEHUAMY), KACATNEAbNAS K KOMOpol Huzde ne eep-
MUKAILRG, UMKEET 6EPMUKAALRYIO TOPY TRAKYI0, %O 6 €€ KONEUNbIT MOoY-
KAz Kacameavnvie ¥ Kpueol napaieavnsvi dpye dpyey (puc. 60).

JokasaTenbcTBo. Kpusas B (z,y)-IPOCTPAHCTBe ABIATCA PPOHTOM Je-
XaHAPOBAa NOAMHOr000pa3us (z,y,p)-HPOCTPAHCTBa 1-CTPYH (YHKIHH.
[Ipoekuus Ha (z,p)-HIOCKOCTb KaXKJOW CBA3HOH KOMIOHEHTH 3TOrO HOJA-
MHOT'006pasii SBJAAETCA CBA3HON 3AMKHYTOH KDHBOH, OCPAHHYHBAIOLIEH Hy-
aeeyio naouads (Taxk kak § pdz = 0, Tax Kak Mbl HAYaJIH C 4eHcandposa
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Puc. 60. ITapannensHeie KacaTelbHEE
B I'PaHMYHLIX TOYKAaX BEPTHKAJILHON
xopAsl GpoHTa

nogMHoroo6pasns). CaefoBaTeJbHO OPoeKHs HMeeT TOYKH caMomepece-
YeHHs#, 9TO H Tpeb6oBaloCh AOKa3aTh.

HeBo3MOXHOCTHL TOYHOrO JAr DaHXKEBA BIOXKEHHA 5AaMKHYTOH MOBEPXHO-
cta B R? reoMeTprieckn o3HadaeT, 4TO 3aMKHYTad HOBEPXHOCTb B R3,
KacaTelbHAaf OJOCKOCTb K KOTODOH HHI/e He BepTHKAIbHA (0COGeHHOCTH
KOTOpO# — TOJALKO PE6pa BO3BPATA, JaCTOYKHHE XBOCTHL H caMolepecedie-
HEA), EMeeT BeDPTHKAJIbHYIO XODJAY, B KOHIIAX KOTODOH KacaTelbHbie HJIOC-
KOCTH NOBePXHOCTH HapalliefbHHI APYr APYTY.

Teopema ([108]). Opuenmupyemoe n-Meproe MHo2006pa3ue ¢ HeHyae6ol

stiaeposoti zapaxmepucmurotl He Modicem Obimb AGZPARNCEBO 6AONCEHO
2n

e R*™.

B caMoM jgere:

1) Wnjaekc caMonepeceYeHHs BIOXKEHHOrO OPHEHTHPYEMOT'o MHOT006pa3ud
B ero UHJIHHIPHYIECKOH OKPeCTHOCTH COBHaJaeT ¢ 3THM HHJIEKCOM BO
BCEM 06'beMIIOMEM MHOT'006Da3HHE (2TO He BePHO [ HMMePCHPOBAHHBIX
MHOr006pa3ni).

2) Uraekc caMomepecedeHns HOJAMHOT0OGDa3AA eBKIHAOBA IPOCTPAHCTBA
paBen 0.

3) Hrpekc caMonepeceveHEs B THIAHAPHYeCKOH OKPECTHOCTH DaBeH YHCIY
Direpa HOPMAJbHOTO PACCHOeHHS.

4) HopManbHOe paccioeHHe JarpaHXeBa HOOJMHOT0O6pa3Hs eBKIHJOBa
OPOCTPAHCTBA H3OMOP()HO KacaTelbHOMY PacClOoeHHIO.

M3 5TEX yTBepXX/JeHH# BBITeKaeT PaBeHCTBO HYJIO DHIeDOBOH XapaKTepH-
CTHKH BJIOXKeHHOT'O B eBKJH J0BO IPOCTPAHCTBO JAr PaHXeBa MHOrooOpa3nd.

Hanpurmep, 2-cepa He AMeeT JaTPAHKeBBIX BIOKeHUH B R* (ummepcun
CylllecTBYIoT: Hanpumep, Gatoaue u3 §2.3).

Takum o6pa3oM, yTBepXKAeHHe O XopJAaX C NapajJelbHbLIMH KacaTelb-
HEIMH JOKa3aHo [JIf BCeX OPHeHTHPYEMHIX HOBeDXHOCTeH, 33 HCKIIOIeEHEM
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Topa. Top MoxeT GuITh JarpaH:KeBO BIOXKeH B R*, HO TOYHRIX BIOXKeHWH
He cyllecTBYeT (3To HejaBHO Ohlio JokazaHo I'pomoBsiM [109]).

TeopeMa. [pynna Kaaccoe AAZPANNCEGHIT OPUEHTNUPOBANHBIL KOGOPIU3-
M08 naockuzr xpustiz uzomopPra R+ Z. Kagce xobopdusma wpueoti onpe-
0eAREMCA JBYMA YUCAGMU, ABALIOUIUMUCS UKGCPUAHMAMY KOGOPOUIMA: UN-
mezpaaom Popmuvt pdz u undexcom Macaosea. Hndexc Macaoea naocxoi
Kpueol pasen YIBOEHHOMY HUCAY 060POMO6 KACAMEALHOZO 6€KMOPa, U,
caedosameavno, uémen. Taxum obpa3om, 6ce naockue Kpusbie ¢ JAHHbIM
YUCAOM 000POTO6, 0ZPANUNUEAIOUWUE JAHNYIO NA0WAdb, AAZPANICECO KO-
6opdanmant.

JokasaTelbcTBO daeMeHTapHO (cM. [106]).

Ipamep. PaccMoTpaM HHTErPHPYEMYIO CHCTEMY C JByM# CTeNeHSIMH CBO-
6051, HADPEMED, TOYKY, JBHXKYIIYIOCA B HeHTPalbHOM HOJXe CAX Ha (q1; §2)-
maockocTd. MHOXeCTBa YDOBHA ABYX HepBHX HHTErDajoB ABIAIOTCA Ja-
rpamXeBRIME Mo gMHOroo6pasnamu B R?. 3aduxcupyem 3navenne oxnon u3
KOODJAHHAT, CKaXKeM ¢a = const, # paCCMOTPEM COOTBETCTBYIOMIAH JarpaH-
xKeB Kpal (“ciej” JarpaHxeBa DoAMHOrooGpashs Ha (i, p1)-IIOCKOCTH,
HoIy4eHHBIH 3a0HIBaHAEM 3HAYEHHSA P2).

[IpeanomoxumM, HANpEMEp, YTO JarpaHXKeBo HoAMHOr0O6pa3ne — TOP,
NpoeKIHA KOTOPOro Ha KOH(HI'YPAHOHHOE IPOCTPAHCTRBO ABIAETCH KOJb-
uoM (pmc. 61). [das GoabmiEx 3HAYEHHH qQ2 cge:q' nyct. [IpE yMmeHblnennn
3HAYeHHA ¢ Cle] IpeTepleBaeT mepecTpoirKy “poxienue”. “HoBopoxjen-
HulE” cael ko6opaanTed Hyaio. CieJoBaTelbHO ero YHCIO 060POTOB PaBHO
0, ¥ OH OrpaHHYHBAaET HYJeBYIO miaollagb. To ecTh 3TOT cile]] HE MOXeT
EMeTH (POPMY IJIHICA; OF HMeeT (HPOPMY BOCHMEDKH.
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Puc. 61. IlepecTpolika poxJeHHs JarpamxkeBa Kpafd

3agava. JokaxnTe, 9T0 6 nexomopol oxpecmuocmu w060t MUNUUNOL
Kpamudeckot mouky GynKyuu g2 HA AGZPARICECOT MOBEPINOCTNY, NOGEPT-
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HOCMb, 06PA306aNHAL €€ CAedaMU 6 NPETMEPHOM (p1, @1, 92)-npocmpancm-
se, JufPeomopdna “sonmury Yumnu-Koau” y? = 222 (puc. 62).

Puc. 62. 3onTux Yurua-Konn

yo T

B pa6oTax [106] u [107] onpeseneHsl AeCATKE PadlHIHEIX TeOPHH KOGOD-
Au3MoB (IpHHEMAad Bo BHEMaHHe HIW HeT OPHEHTANHIO JArPAHKEBLIX H Je-
JaH [POBHX MHOT'006Da3uil, KOGOPAH3MOB, 6a3 PaccioeHHd H KOHTAKTHBIX
anemenToB). CoOTBeTCTBYIOUHE IPYNIH GHIE BEYHCICHE IS KPHBHX H
HOBEPXHOCTeH.

HpeMep. I'pynna KraccoB JeXKaHAPOBHX KOGOpDIHSMOB ODHEHTHPOBAH-
HHIX H BOODYXSHHHIX (TPaHCBEPCAlbHO OPHEHTHPOBAHHHIX) (POHTOB Ha
IPOEKTHBHOH IIOCKOCTH ABJAETCA CBOGOAHOH nHEKIAYecKodl rpynno# Z (To
ecTh I'PYNIOH UedhiX 9Hcen).

O6paaylollieli ABIfeTCA KIacC MONyKyGHiecKod mapabors g = y3 HA
IPOEKTABHOH HNJIOCKOCTH.

EAnHECTBeHHHM HHBAPHAHTOM KOGODAHIMA ANA ODHEHTHPOBAHHMKIX H BO-
OPYK8HHHIX (PPOHTOB HA HPOEKTHBHOH IJIOCKOCTH ABIAETCH undexc, paB-
HEIl 9HCIY TodYeK Bo3BPaTa, MOACYHTAHHHIX ¢ y4éToM mx 3HakoB. Toika
BO3BPATA NOAOXHCUMEAbNE, ClH, JBHTAACh BJOMb KPHBOH B OPHeHTHDYIO-
IleM eé HaIpaBJIeHHH, MK HPOXOJHM Yeped TOYKY BO3BpaTa B HallpaBJeHHH
HODMaJH, BOOPyXalllledl (ppPOHT.

Hanpumep, nafekc 6aaTEKa (CM. pHc. 57) paBeH 2, Tak Kak o6e TOIKH
BO3BPATa OPOXOJATCA B HANPABIeHHH BOODYXaolled HOPMalH (BBEpX Ha
puc. 57).

Ungexc onpefensercd gas (HPOHTOB HA JMIO60H HOBEPXHOCTH, OPHEH-
THpOBaHHOW HIH HeT. Ero 3HadeHEd HA NPOEKTHBHOHM MIOCKOCTH MOLYT
GHITH YOTHLIME W HedéTHHMHE. VHIeKc KDHBOH HAa OPOEKTHBHOH MJIOCKO-
CTH MOXeT GHTh Takke BHYHCIEH MOJACIETOM TOYeK NepernGa (BOATHX
co 3pakamn). Touka mepernba nowodcumeabna, ecid GPOHT HepecekaeT
KAcaTeAbHYI0 OPAMYI0 B 5TOH TOYKe B HANDABJIEHHH, IPOTHBONOJOMKHOM
HaOpPaBJIeHHIO BoopyXKalollled HOPMANH.

Hanpawmep, cpefin ecTd TodeK HepernGa Ha GaHTHKe (pHC. 57) 4eTHipe
HOJOXKHTENbHEIX, PACIOIOXKeHHEIX BOIH3H TOYEK BO3BpaTa.
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Hndexcot npoexmueno deoUcMEeHNbIT KPUGHIT NPOTNUGONOLONCHBL.

CooTHolleHHs MexnJy HHiekcamMd MacioBa KPHBHX Ha JArpPaHXKEBHX
moAMHOr000pa3uiX U meperufaMu WX (GPOHTOB B eBKIHAOBOM HPOCTPAHC-
TBe 6mum Hadigens TeoporoBeM (cuM. [110], [111]).

Wnaekc opHeHTHPOBAHHOrO BOOPYKEHHOT'O OHOMEDHOTO POHTA CBS-
saH ¢ undexcom Macaoea KPHBOH Ha JarpaH:KeBOW IHOBeDXHOCTH (ABAfio-
LIEMCH, 110 ONpejeleHni0, HHASKCOM HepeceveHns ¢ MHKIOM ocobeHHOCTeH
JarpaHkKeBoH IPOEKUAH).

Boopyxéuunit ¢ppoHT Ha V ompejelnsieT KOHHIeCKOe JarpaHXKeBO MOJ-
MHoroo6pasue B mpocTpaHcTBe T*V KokacaTeabHOro paccioenus V. IDto
moAMHOroo6pa3ne COCTOHT B3 1-¢popM, HyJeBHIX Ha KacalollExcs GpPOHTA
KOHTAKTHRIX DJeMeHTaX H HOJOXHTEAbHRX Ha BOODYXKAIOLIEX HOPMAJAX.
Jas THOEYHOTO HPOHTA 3TO KOHHYECKOe MHOT0OGpa3me Iia KO HMMepPCH-
posano B T*V. PrmanoBa MeTpHEKA Ha V ompefendeT EMMepCHIO (POHTA
B 9TO KOHHYECKOe KOHHYeCKoe MHOrooOpa3me (OTHpPaBIfeT TOYKY (POHTA
B 1-¢popmy, paBHyio 1 Ha BoopyXaioileM HODMAJIbHOM eJHHHIHOM BeKTO-
pe). Mnjgekc ogHOMepHOrO (PPOHTA, ONPeeNEHHLIN BhIIIe KK THCIO TOYeK
meperu6a (¢ y4€ToM HX 3HAKOB), paBeH HWHJekcy MacloBa KPHBOH, COOTBET-
CTBYyIOIIeH 2TOMY (DPOHTY H JeXallled HAa KOHHYeCKOM JarDaHXKeBOM IOJ-
muoroo6pasun B T*V (cm. [107]).

AM.Daraméepr cBéa BHIYHCIEHHe I'PYNN JarpaH>KeBHX H JeXXaHApo-
BEIX KOGOPAHOMOB K roMoToNRYecKoH mpoGieMe. '

Teopema ([112]). I'pynna xaaccos 1elcandpoebiz OPUENRTNUPOEAHNBIT KO-
6opdusmos nodmwnozoobpasut npocmpancmea l-cmpyi Pynxyuti na R™
uzomopdna cmabuavrol 2omomonuneckol pynnie,

L, =~ im mp k(T k), k — oo,

2de T ecmb npocmparcmeo Toma u A\ — masmoaozunecKoe paccaoenue
nad aazpanocesvim zpaccuaruanom U(k)/SO(k) aazpanocesvic opuenmu-
poeannsir nodnpocmpancme ¢ R2F.

I'padyuposannas aazebpa xaaccoe x060pdusmos, L, uzomopPua (nad
POYUOHAADHBIMY  HUCAGMY) 6Hewned aizebpe C 06pa3ylouuMY Cmene-
neti 4k + 1.

Ecad s e ommbaioch, KPyieHHe 10 CHX HOp He BHIYHCIEHO (CM., Of-
Haxo, paborsi M.Ogen [113], [114], keury B.A.Bacmaresa [115] u o6zop
A.B.T'mBenrans [14}). '

Bepcus Oamambepra koHcTpykunH I[lomrpsrmma-Toma pocraBigeT
TalOKe FOMOTONAYeCKOE ONHCAHHE APYTHX MPYHI KOGODJA3MOB JArpaHXke-



124 Taasa 5. Jazpancesa u sencandposa monosozus

BEIX H JieXKaHJPOBhIX MEoroo6pasud. Ha mpakTuke, ofgHako, 5TH HOpMyan!
Jallle ACHOJL3YIOTCA B IPOTHBONOJOXHOM HallpaBIeHHE (xak B BHYHCICHH-
ax llorTparnna # PoxIHEa rOMOTONAYECKAX PYNN) — reoMeTpPHS (DPOH-
TOB HCHOJbIYETCA ANA DOJy4YeHHS TOMOTONHYECKOH HHPOPMALHH.

IIpamep. I'pynnnl opreATHPOBaHELIX (W) H HEOPHeHTHPOBAHHHX (V) KO-
6opAHIMOB ODHEHTHDPOBAHHKIX (W) H HEOPDHEHTHPOBAHHKX (), BOODYXKEH-
HEX (S) u HeBoOpYXEHHHX (P) (POHTOB Ha ABYMePHWX HOBEPXHOCTSAX
OpuBelleHH B clefyomlel Tabadue (cM. [107)):

S P

w | Zboth 4 75 Zh 4 7T
v z§o+bx —b, Zgbo+bx —b,

rae b; — gacaa BeTTn noBepXHOCTH, ¢ — 9YHCIO HEOPDHEHTHPYeMbIX KOMIO-
HEeHT NOBePXHOCTH, AMEIOIAX YETHLE 2HIePOBH XaPaKTePHCTHKH.

5.2. JlarpaHXeBH ¥ J€XaHAPOBHl XapaKTepUCTUYECKHe
KJlacchl

JlarpaHXKeBH B JeXAaHIPOBH XapaKTePHCTHYECKHE KJIAaCCH — 3TO KJac-
Chl KOTOMOJIOTHH 3aMKHYTHIX (KOMOAKTHHIX, 63 Kpad) JaTDAKKeBhIX H Jie-
>KaHAPOBHIX MHOT000pa3ni, ABOHCTBEHHNE MHOrOOGPA3nIM Jar DaHXKeBRIX
(mexxanApOBHX) ocobennocTedl. CooTBeTCTBYIOUIAE XapaKTePHCTAYECKHE
YHCIA AHBAPHAHTHHE OTHOCHTENbLHO JalPAHXKeBHIX (JeXKaHAPOBHX) KoGop-
JH3MOB.

HpocTeiimEM ¥3 TaKEX KlaccoB sBageTcA xaacc Macaosa, IBoACTBeH-
HEH MHOT00GDPa3hio, COCTOSIIEMY U5 BCeX OCOGRIX TOYeK IPOEKIHH JArPAH-
JXeBa MHOT000pa3ud Ha 6a3y JarpaHxkeBa paccloeHns. B §1.3 aTo MHOrO-
obpa3ne o603HaYaNOCh Jepe3 Aj.

CooTBeTCTBYOLIMA KI1aCC KOTOMOJOTHHA OJHOMepeH: OH CONOCTABJIAET
nejfoe YHCIO JM1060H KPHBOH Ha JarpPaHXKeBOM MHOT0O6pazmd. DTO YHCIO
PaBHO YHCIy ocoGeHHocTed THHa A BAOAb KPHBOH (IOJCYHTHBAEMEIX C
HOJXOAAINAMHE 3HAKAMH ).

Kraccel, coorBeTcTBYylOIAE GOliee CIOXKHEIM THOAM ocobeHHOCTeHd Opo-
eKUHHE Ha V narpamxkesa nogmuoroo6pasus B T*V, 6bum Beegenn B.A.Ba-
cuibeBaiM [116]. HanpaMep, B opHeHETHpyeMOM CIyYae OH ONPeJelda: Helo-
YMCIeHHNH JeTHPEXMepHBIH KAACC KOTOMOJOTHH, ABOHCTBeHHHH As (HMe-
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[OlIAA BTOPOH MOpANOK); NATHMEpHHE KJacChl, ABoHCTBeHHHEe Ag u Eg
(oTH KIaCCH KOrOMOJOTHYHE APYT APYTY); WeCTHMEPHHIH NeJoYnCIeH b’
KJaacc, ABoicTBenHnd Pg. OH TakoKe BRIYHCIHI MyJbTHNIBKATHBHEIE CO-
OTHOIeHAA MeX[y DTHMH KJIacCaMH, HanpuMep, AxAg = 3F3.

[loao6HKe pedyabTaTH BePHA H JJA JeXaHIPOBLIX ocobennocTeii. Ha-
mpEMep, YHCIO ocofeHHOCTel THHA Ag (IPHHEMas BO BHEMaHHE 3HAKH)
Ha 3aMKHYTOM, ODHeHTHPOBAHHOM JeXXaHJPOBOM HOAMHOT0oOpa3WH mpo-
cTpaHcTBa l-cTpyit dyEknmi Ha R®, coBmagaer ¢ wmcioM ocobenHocTei
tama Eg. OTH YECAa COBHAJAIOT TAKXKe 1A OPHeHTHpyeMo KOGODAAHT-
HBHIX JeXaHIPOBHIX MHOroo6pasmi. s 5aMKHYTHX JeXaHAPOBHIX HOJ-
MHOT'006pa3H il COOTBETCTBYIOLIHX Pa3MepHOCTel (pasyMeeTcd, 3jJech 0 HE-
e, IpeJNOJAaraeTcsd, YTO JACPAHXKeBH H JeXXaHAPOBH HOJMHOro0o6palus
— THOHYHBE) YECAA 0COGEHHOCTEH THIOB

A4+ Dy, Ds, Dg, D7, A¢+ Eg, E7+ Fs, Az + Dg, Dg+ Eg, Py

9ETHH, B TO BpeMs KaK 9HCIo oco6eHHOcTed THHA Ag (¢ yIETOM HHAKOB)
JeAnTcA Ha 3.

O6uas cxeMa DOCTPOeHHS JArPaHXKEBHX H JeXAHJIPOBHIX XapaKTepH-
CTHYEeCKHEX KJIACCOB, ACCONMHPOBAHHHX C 0COOeHHOCTAMH, TakoBa. Pac-
cmoTpEM Knace 13 Knaccapukanmn (AL, DE,. ) kpuTnteckux Tovek pyH-
KIEH, TO eCTh THI JArpaHKeBhIX HIH JEXAHJPOBHIX ocoGenHocTeld (* B
0603HAYEHHAX COOTBETCTBYeT Pa3iHYHLIM BelleCTBeHHEIM HOPMaM OjHOH B
ToH JKe KOMILIEKCHOH 0COGeRHOCTH: COOTBETCTBYIOLIAE OTOOPaXKeH i DKBH-
BaJeHTHH B KOMINIEKCHOH 06JACTH, HO He DKBHBAJEHTHHI B BelleCTBEHHOM
obnacth, Kak ais A =~ +z?). ‘

O60352498M KOpa3MepHOCTb O3TOrO Kilacca 4depe3 c¢ (HalpHMeD,
codim A; = 1, codim Ay = codim E; = k — 1). [Jas ompeneresus uH-
JeKca IepecedeHHs MHOroo6pasns ocobGeHHOCTeH JAHHOTO THIA (BepHee,
ero 3aMhHKAHHA) C OPAEHTAPOBAHHEIM NOAMHOr000pa3HeM Pa3MepPHOCTH C,
HaM HY)XKH3 TPaHCBepCAlbHAd OPHEHTANHA MHOTO0OOpa3hs ocoGeHHOCTEH,
TO ecTh ODHEHTANHA CIOEB HOPMAJLHOFO PAacCIOeHHA. ITa OPHEHTALHH
A0MKHA 6HTh “eCTECTBEeHHOH”, TO eCTh HHBADHAHTHOH OTHOCHTENLHO Jei-
CTBHSA TPYINNE, olipefeNsiollell KBHBaJeHTHOCTh 0coGeHHOCTEH.

EciH Takas opHeHTaNHS CyHIECTBYET, TO COOTBETCTBYIOLIMH KIACC OCO-
6enHOCTed Ha3HBAETCHA (ECTECTBEHHO) KOOPUEHTNUDPYEMBLK.

IIpamep. B.Il.Macios B [117] 3ameTnu, 4To xiacc Ay Koopuenmupyem, u
HALIEN er'o eCTECTBEHHYIO opHeHTayuIo (ompejeiseMylo HalpaBIeHHEM yBe-
JH4YeHHA MHJAeKca HHepOHH BTOPOro Au¢¢depeHIHAIA mpomsBoAAllleld (YyH-
KIHH ).
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Teopema (B.A.Bacmibe). Kuaccot cmabuavnoii Rt -sxeusasenmuocmu
Af‘tp_H, Agp Koopuenwmupyembi, 8 mo 6peMi KGK KAGCCHL Affp_l, Dz::: He xKo-
opuenmupyesvi. Cpedu xiaccos xopasmepuocmu < 7 KOOPUEHMUDYEMbIMY
ABARIOTNCA:

+ + 1,2 .
A4p+1’ A2p: Eﬁ ) E77 E81 P8 3 P9,

8Ce oCcmMaabHbie Kaacchwi,
+ +
Ai 1, DE, X,

HE KOOPUEHMUDYEMDL,

3aecs o6o3Hadennd A, ..., X K1accoB oco6eHHOCTeH CIeqyIOT KIaCCH-
QpuKkanuu KpuTHYecknx Tovek ¢pynknui ([28]), ¢ TourOCTHIO K0 Rt -3%6U-
sasenmuocmu (e pyHKnEE RY-3KBUBaJEHTHHI, eCIH OfHA U3 HEX MOMXKET
GHITH Npeo6pa3oBaHa B APYTYI0 NOLXOLAIIEH 3aMEHOH He3aBHCHMEIX nepe-
MeHHHIX H npnGapienneM KOHCTAHTH). BoabmncTBO Xa1accoB onpegeseno
B §1.3: AF — oro +2F! § .,

3aduKcHpyeM KOOpHEHTHpYyeMbIll Kiacc. KooprerTanus, caMa no cebe,
He JOCTAaTOYHA AJIA KOPPEKTHOIO ONpejeleHns MHIEKCA NepecedeHns, TakK
KaK Kracc He ABnferTcd nukioM. IlpuMukalomme KiaccH, KOpasMepHOCTH
KOTOPHIX H3 eJMHHNY Goiblle KOPa3MePHOCTH PaccMATPHBAEMOTO Kiacca,
06pasyioT “TpaHMmy” HaIIero K.iacca, Ha KOTOPOH HeOo6X0AMMO HAJNOXKHATH
HEKOTOpEIe YCIOBAS Ha KOODHEHTANMHA LA TOrO, YTOGHL HHAEKC Nepecede-
HEA GHLT KOPPEKTHO Oonpeelés.

Pnc. 63. ABa meperynapubix

As A, A
ZLjT %-) 3 NpEMEIKaHAA

2-° 2

IIpamep. PaccMoTpnM MHOr006pasme ocoGeHHOCTeH THIa Ay, Oror
KIacC KOpa3MEPHOCTH 1 JONYCKaeT ecTECTBEHHYIO KOOpHeHTanuio. Kopas-
MEpHOCTH I'paHAUN paBHa 2. PaccMOTpHM THHHYHYIO TOYKY Ha rpaHmme
H HOCTPOMM [ABYMEDHYIO HOBEPXHOCTb, TPAHCBEPCAILHYIO 'PaHALE B 3TOH
Touke. Cnen knacca A, Ha NIOBEPXHOCTH ABNAETCH KPHBOM ¢ 0CO60H TOYKOM.
Bxe oT0i TOuKE KpHBas TpamcBepcanbHO opuerTHpoBana. Ecim 6ul caATy-
ands B 3TOH TOYKe GhlIa TONOJOTHYECKH 3KBHBaJEHTHA TOMY, YTO H306pa-
HEHO Ha pHC. 63, TO TorAa 6K UHAEKC NepecedeHns KPHBHX C 3aMHIKAHTEM
Aj He cymecTBoBan. [JelicTBHTENLHO, YHCIO nepeceveHnd MaJIOM OKPYKHO-
CTH C OEHTPOM B IPAaHHYHOM TO4YKe H A B 3TOM CIyYae He PaBHO HYJIO,
H, TaK KaK OKPYKHOCTbL OrpaHmYMBaeT JHUCK, OHO JOMKHO PaBHATHLCA HY-
10 (KOUMKAL PaBHH HYJIO Ha rpanmnax). Hcrunnas koopwenranns A; B
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(rpanm4HON) To4ke A3 yka3aHa Ha puc. 64. Do peryiaspeoe HoBefenne Aq
B TOYKaxX A3 M meJaeT BO3MOXKHHIM onpefenenne Kiacca Maciosa.

As Ay
Ar A ~A3 Az

Prc. 64. PerynapHoe npaMbikatze A; n Aq

O6uee “ycaoBme perynsprocTr” Kiacca ¢ OPAMHKAOWHUMA KIacCaMy
6obIIed KOPa3MEPHOCTH GBLIO ChOPMYTHPOBAHO BacHabeBnIM CAeyOmAM
06pa3oM:  xaacc doadkcen Obimb KOYUKAOM HEXOMOPOZO abcmpaxmuozo
xomnsexca. KomenaMm sToro koMmrekca w aBaf0Tes hopMaibHLe CYMMEL
KOOPHEHTHPYEMEIX KJACCOB (C HelO9nCIeHHHMH koadpdunuenramu). Ipa-
AYHPOBKa KOmemu OnpefenfeTci Kak KOPa3MepHOCThL COOTBETCTBYIONIErO
xracca. KorpanmanuE omepaTop § onmpegenseTcs NPEMHKAHEAME (npm-
HAMad BO BHAMaHue KoopueHTanud). Hanpumep, npuMukanmio na puc. 63
ClIeBa COOTBeTCTBYeT omeparop d Az = 2A3, Ha puc. 63 cnpaBa — onepaTop
dAy = A3 u Ha puc. 64 — MCTHEHOe 3HAYeHHE 649 = 0.

Havanpnas wacth xomnaexca Bacuavesa w 6hina fBHO BHIMHCICHa B
[116], [115). TlepBre rpymns koromosormi HpUBefeHEl B CAefyIOImed Ta-
baunne: :

; |1 2 3 4 5 6

H(w) Z 0 0 Z A A

O6pasyiomme | A, — - A Ag Py
Hynn - ~ — As As—FEs E;+3F

OTH KIaCCH EHAYIUPYIOT 4a2paHNCEsb ZAPAKTEPUCTNUNECKUE KAGCCH
K020M0402Uti C MeJOYACAeHH LIMA KOodEIneHTaMy Ha JarpaHKeBHX HOI-
MHOr0OGpa3ufAX NPOCTPAHCTBA KOKACATEILHOTO paccioenns T*V .

Hanpumep, knacc Az mnayuupyer nugekc Maciopa KPHBHIX Ha JarpaH-
EBRIX NOAMHOrooGpasusx. WHgekc mepecedenns ¢ TpamCBepCadbHO opH-
C€HTHDOBAHHKIM MHOTI006pa3ueM oco6eHHOCTeH THNa Ag onpenenser nATH-
MEPHEI K1acC KOrOMOJIOTHH Ha JarpaHXeBHX HogMEoroobpasnax s T*V .

Hocnegusas crpoka TabmEubL cogepkuT OrpaHHYeHAs Ha COCYLIECTBO-
BaHme ocoGemnocTel, BHTeKalomue W3 BhYMCICHHE Bacmibesa. Hanpn-
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Mep, NOACYHTAHHOE C YYETOM 3HAKOB, ONpeJeldeMHEIX KoopueHTanued, n-
clio ocoBerHOCTElH THNA As NarpaHKeBod NpoeKIHH 3aMKHYTOI'O, OpHeH-
THPOBAHHOIO JarpaHXKeBa MHOr0OGpa3nA PaBHO HYIIO (sTo o3HavaART, YTO
KOrOMOJIOrHYecKH it K1acc As, abcTpakTHOrQ KoMIiekca BacuabeBa, He pe-
anim3yeTcs roMOJOTHYECKH HeTpPHBHATbHHIM Kiaccom ocoGennocred). [ia
LIeCTHMepHOrO MHOrOO6pa3ni CyMMa mrcia ocobenrocrei Tuna E7 ¢ yrpo-
eHHKIM 9HCIOM oco6erHocTell Tuna Py paBHa HyMo (IpAHAMas BO BHIMaKHe
3HAKH).

B HeopmeHTHpyeMOM cClyYae KOODHEHTANHH He HIPalOT pOIHd, H CO-
OTBETCTBYIOIMA KOMNAEKC V NOPOXKaeTCH BCeMH (OPHeHTHPYEMBIMHA HIH
HeT) KIaccamu OCOGeHHOCTel ¢ KodgpuuueHTaMu U3 Zg. IlepBrie rpynne
KOIOMOJOTHH TaKOBHI: :

; |1 2 3 4 5 6
Hi (U) Z2 Z2 Z2 Z2 Zg Z%
O6pasyomme | A, Az Ag= Dy Ay A¢=Dg A7, Eq

DTH KIacCH KOPOMOJOTHH HEAYOUpPYIOT JarpaHmXkeBhl XapaKTepACTHIeCKne
KlacCH KoroMmonoruii ¢ Zg-ko3gdanueHTaMd Ha JarpaH>KeBhX HOAMHOIO-
o6pa3max B T*V.

Jlas mpoekuME JarpamieBa Kpad 4HCIO OCOGeHHOCTeldl JAHHOTO THHA
qétro. Yucaa ocobennocTen THNOB Ay, Ag, Fg, F7, Ps (npuHEMad BO BHH-
MaHAe 3HaKW) PaBHH HYJI0 JIf NPOEKNHMH JarpaHiKeBa Kpafd 3aMKHYTOIrO
OpHEeHTHPOBAHHOIO Jar PaHXKeBa MHOrOO6pasni.

[logo6Has TeopHd 1A J1eXKaHIPOBHX OCOGEHHOCTeH HaYnHaeTcs ¢ 6onee
rpy6oii, 1O CPaBHEHHIO ¢ HCHONH30BABIIEHCH BHIIIE Rt-5KkBEBaNEHTHOCTHIO,
KnaccupruKaguy KpATHIECKAX TOIeK byHKUOHH.

Jlexxas 1pOBa 3KBHBAJEHTHOCTh COOTBETCTBYeT OKBHUBAIEHTHOCTH LO-
BEPXHOCTel HyJeBOro yPOBHA QyHKNWi, a He 3KBABAJICHTHOCTH CaMHX (pyH-
knmi. OnpefieleHne eCTeCTBeHHOR KOOpHEHTauud IPAHIMAET BO BHHMaHne
FHBAPAAHTHOCTh OTHOCATENLHO AeHCTBHAS 3TOH I PYNIKL (xoTopas, B 061eM
crydae, Gonblile, 4eM rpynna R*-3xBuBaleHTHOCTEH).

[ns Maabix pasMepHOCTei (i < 6) cooTBeTCTBYIOIHME PE3YABTATH NPH-
BeJeHbl HIXKe.

1) JlexxaHapOBH NOJAMHOT0OGPa3sA B IPOCTPAHCTBAX 1-cTpy# ¢GyHKHEA H
B IPOCTPAHCTBAX BOOPY>KEHHHX KOHTAKTHHIX 2€MEHTOB ONpefeNfioT
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TaKHe Je KOMIJIEKCH (KaK B ODHEHTHDYeMOM, TaK H B HEODHEHTHpYe-
MOM cIIy4ae) KaK B Clydae JarpaHkeBhX NOAMHOroo6pasuii B HpOCTpaH-
CcTBax KOKacaTelbHbX paccioennii. CefoBaTeNbHO, PE3YNBTATH], Kaca-
Iomuecs YeTHOCTH M IHCAA THNOB OCOGEHHOCTeH, CHPABEAIWBEL W AU
JeXaH IPOBHIX MHOT006pa3nil # KOGOp [u3MOB.

2) JlexxanpoBH nogMHOroo6pasus B mpocTparcTBax PT*V (2eopuenTH-
POBAaHHKIX KOHTAKTHHX 3]eMeHTOB) ONpelelfl0T CAeAyIOINEe TPYyHIEl
KOT'OMOJIOT'HY B OPHEHTHPYeMOM (w) i B HeopmeHTHpYeMOM (V) caydae:

i 1 2 3 4 5 6
Hi(w) 0 0 0 Z 0 2,97
O6pasyomme | — — — A5 — FE;+ 3P, B
i , 1 2 3 4 5 6
H"(u) Z2 Z2 Z% Z2 Zg Zg

06pa.3ylonme A2 A3 A41 D4 A5 Aﬁ, Dﬁ, Eﬁ A7, E7, P8

Ha nexcangpoBoM kpae 4mcio ocoGeHHOCTeH ZaHHOTO Tuma (COOTBeT-
CTBYIOIme# KOpa3MepHOCTH) 4YétHo. Ymcio ocobennocredr Tanos E7 u
Pg (c y9éToM 3HaKOB) Ha J€XAHAPOBHX KDPadX OPHEHTHPOBAHHKIX Je-
JKaHIPOBEIX MHOI'OOGPa3dil PABHO HYIO.

OTH COOTHOUIEHAA HE MCYEPNLIBAIOT BCE OI'paHMYeHHs Ha COCYLIECTBO-
BaHHe OCOGEHHOCTeHl Ha JeXaHAPOBHX H JarpPaHikeBHX MHOT006pasdAX.
Hanprwmep, 9ucI0 1acTOYKHHEIX XBOCTOB (A3) Ha AByMepHOM ¢poHTE Y6T-
HO, TaK KaK JAHHA caMonepecedeHHd, HaYAHAIOMAiACs B BeplilmHE OIHOI'O
JACTOYKHHA XBOCTA, 3aKaHYABaeTCA B BepUIHHE APYTOro.

A .B.Anexcees gokasad, 9TO pe6po BO3BpaTa (HPOHTA JeXKaHIPOBA MOJ-
MHOrooGpa3us NpOCTPAHCTBa 1-cTpyH GYHKOHH Ha HOBEPXHOCTH Hepece-
KaeT caM ppoHT B 4éTHOM wncle Togek: |A;As] = 0 mod 2.

Tak, ecanm 3aMxuyTas nosepxHOcTh B R3 He mMeer ocoGennocTeil oT-
JEYHHEIX OT pébep BO3BpaTa, JACTOYKHHHX XBOCTOB H caMolepeceyeHHH,
TO YHCJIO TOYEK NepecedeHns pébep BO3BPATA € 3TOH NOBEPXHOCTHIO YETHO.
lloka3aTeabCTBO OCHOBHIBaeTCA Ha NOCTPOEHHM KOOGOpAM3Ma MeX[Iy NaH-
HEIM (pPOETOM H (POHTOM Ge3 Touek Thna A; A, a Tak:Ke Ha TOM (akTe,

4TO Ha KOGOpAaHTHHX (PPOETAX KOJAMIecTBa TodeK TAna A; Ay coBmajgaoT
oo Mogyaio 2.
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Ha saMkHyTOM (ppOHTE B R3 4mcao Toyek TEma AyA; 9éTHO BIOIL
11060ii 3aMKHYTOH KpHBOil, 06pa3oBaHHOH PEGpaMH BO3BpATa i HPHMEIKa~
IOUWAMEA BepIIMHAMH JACTOYKHHBIX XBOCTOB. DTo caelyeT B3 TOrO, 4TO
B R3 ¢ponT onpegenseT OHKI OO MOXYIIO 2, roMooTHYHL HyTio. B sTOM
pe3yJIbTaTe Mhl MOXEM 3aMeHHTD R3 npocrpaucreom J°(VZ, R).

O6061enne >TOrO pedyapTaTa AnekceeBa, HaiigerHoe B.A Bacmiare-
BHIM, OIIECHIBAET HepecedeHns OJHOMEPHOro CTpaTa GPOHTA C CAMUM PPOH-
roM. O603HaIAM depe3 {E} BafTOE IO MOAY.II0 2 THCIO TOUEK Nepecedenn
(pOHTa C 3aMBHIKaHHEM CTpaTa =, MEHYC HHAEKC nepecetenis STHX Ke o6b-
eKTOB B Z2-TOMOIOTHAX 06beMiomiero npocrparcrsa. Torga (em. [115]):

{A2} = {A3} = {A4} =0, {A5} = #E61 {AG} = #E71 {A7} =0,
{D4} = {D5} =0, {Dﬁ} = #Eﬂ {D7} =0,
{E¢} = #E7, {Ps} =0, {Er} = #Es+ < E7,des >,

rge des — JIeKOOpHEHTHpPYIOWHME 1-Konuka B 7Z-KOTOMOJIOT HAX PacCMaTpH-
BaEMOrO JIeXKaH ApoBa MHOrooGpa3us (3TOT KONWKI HHAYNAPYeTCA U3 nep-
Boro knacca lllTH¢ers—YuTHE TaBTONOTHIECKOrO PAcCIOCHHA IPU TOXAE-
CTBEHHOM OTOOGpaXKeHHH Hallero JeXaHIpoBa mHOr006pasui B PT*V).

Moxo6ubie GOpMyasl BepHH TakXke HaA KaKJOH KOMOOHEHTHl 3aMLIKa-
HHSA OJHOMEPHOrO CTPaTa. -

Ypcra ocobennocTedl THHOB As m A7 YETHH Ha 3aMKHYTHX (POHTaX
COOTBETCTBYIOIIAX Pa3MepHOCTEH, B TO BpeMi Kak THCIO ocobernnocTei
tuna Eg coBmagaeT Mo MOXYMIO 2 ¢ YHCIOM TOYEK NepecedeHus cTpaToB
As ® A;. OTH pedyabTaThl BEITEKAIOT M3 PacCMOTpeHMA CHeKTpalbLHON
nocrefoBaTelbHOCTH Bacmasesa gaf MyabTHOCOGenHOCTeH [118].

CooTBeTcTByOIEee 060611eHIe KOMIIEKCA / HEOPHEeHTHPY EMBIX KJ1accoOB
HOpOXKAeTC MHOXECTBaMH, COCTOAWMME H3 HECKOJALKHX JeXKaH JpOBHIX
oco6ernocteii. [Juddepennnan 3a1aéTca pacnajeHuAMHE CIOMKHBIX MyJIb-
THOCOGeHHOCTEH Ha GOJlee NPOCTHE, BCTpedaeMbIMA B THOMYHHIX OQHONA~
paMeTpHieckuX AedopMaudix ocOGeHHOCTH, AIf KOTOPHIX BCE 0CcOGeHHO-
CTH JaHHOH MYJILTHOCOGEHHOCTH BCTPEYalOTCH B OLHOW TOYKe.

Yuc0 My bTHOCOGEHHOCTEl JAHHOTO THOA (B3ATOE 10 MOAY.II0 2) ABaS-
eTcA MHBAPHAHTOM JeXaHTPOBHX KOGODAU3IMOB, €CIH dTOT THI ABAAETCA
KONIKJIOM KOMILIEKCA myabTHoco6eHHOCTEd. Eciu 5TOT THI ABIAAETCA KO-
rpasmnes, TO COOTBETCTBYIOIee TUCIO 9&THO.

Wngekch COOTBETCTBYyOLIER CHeKTpalbHOH NOCIeOBaTeNbHOCTH Ta-
KOBHI:
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p— 1v<opa.31s,xepnoc'n> MYIbLTHOCOGEHHOCTH (TO €CTh CYyMMa KOpa3MepHO-
c "
TEen ocouﬁem{oc'reu, 06pa3yiolnX My IbTHOCOGEHHOCTD, B IPOCTPaHCTBE
$YHKIAH, HMEIOIHX HyieBoe KPATHIeCKoe 3HAYEHHe B Hyle);

¢ — 9HAca0 ocoGeHHOCTEH, 06PA3YIOINAX MYJILTHOCO6EHHEOCTD.

Hanpawmep, p(A141) =0, Tak kak codim A; =k — 1; g(A14;) = 2.

KopaaMeprocTs B R™ MEOr006pa3ns My 1bTHOCOGEHHOCTEH JAaHHOTO TH-
na ans ¢pponra B R™ pasra p + ¢q. TakuM 06pa3oM, KopasMepHOCTh NAHAH
caMonepeceyents A;A; nacroukmna xBocTa B R® papma 2. Onpegeanm
rpynny K?ueneﬁ EY"" xax rpynny ¢popMaabHHX CYMM THIOB MYJIbTHOCO-
GeHHOCTeH, MMeIOIUAX (PHKCAPOBAHHLE 3HAYEHAA HHIEKCOB P B ¢ (C KO3~

A
¢ IIPIeHTaNiH n’? Z2). HavanpHad JacTh TabaMnH 06pasyomux CBOGO JHEIX
Zy-moayneit EP? rakoBa:

lp:O p=1 p=2
g=1 Aq As Aj
g=2| AlA A1 A2 A143, A2A,
g=3| AiAd1A1 A1A1A; A1 A1A3, A1A2A,

Auddepennnan, NOpokJEHHKEN NPAMBIKAHAAME, yBelHIABAET P (ua-
npamep, 6(A14;) = A3, Tak Kak IHHAE caMolepecedeHHA (POHTA 3aKaH-
9IMBAIOTCA B BePUIAHAX JaCTOYKAHKEIX XBOCTOB).

CrekTpanpHad NOCIeI0OBATENbHOCTL NOPOXK/IEHA p-pUABTPANHEd KOM-
IueKca MyabTHOCOGeHHOCTer: FP = @FE?, ¢ > p.

B.A.BacuabeB nokasan, 410 gasa p < 5 aTa cnekrpaipHad HOCJETOBA-
TENLHOCTD BHIPOXKAAETCA NpHA

B3 = E",
1 BHIYHCAA] HepBhle IPYNnbl KOrOMOJOTHH:
i |123 45567
dmHA{(S) |1 1 1 1 1 2 3
dmHP)|1 1 1 2 2 5 7

3nech S ecTh KOMIJIEKC MyIbTHOCOGEHHOCTel BOODYXKEHHHIX (PPOHTOB, a
P — HepoopyX&HHEIX (O peJeleHne 3KBHBAIGHTHOCTH GYHKIHE B HepBOM
clydae BKIIOY2€T YMHOXKEHAe Ha NOJOKHTENILHYIO (YHKIHMIO, BO BTOPOM —
YMHOXEHHe Ha HEHYJAeBYIO QYHKIHIO).
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K coxaneHuio, J1% 3THX TEOPHH H3BECTHO OYeHb HEMHOTO NpHMEpOB, I
A1f O9eHb MHOPHX X2apaKTepHCTHYECKHX KIACCOB, COOTBETCTBYIOIMMX TH-
naM (MyabTH)OCOGEHHOCTeH, HeH3BeCTHO, PABHEL 1M OHA HYIIO.

HeTpuBHaIbHOCTD HEKOTOPHIX KJIACCOB CIJyeT M3 CpaBHEHHH Teope-
Mel Danambepra, cratbin Pykca [119] o KoroMosoruix JarpaHkena rpac-
cMaHmaHa ¥ BerdHcrenmi Bacmasesa [115], [116], nokasniBaromux, IT0 We-
cTuMepHad o6Gpalylolllad ' pynIEl KOTOMOJOIrMH JarpaHXKeBa 'DacCMaHAa-
Ha HHAYOHpPYeT Kiacc, JBOMCTBeHHBIH OCOGEHHOCTH THN2 Py, B To BpeMiA
KaK yJBOeHHaf OATHMepHasi o6pasywllad HHIynupyeT Kiacc, JBOHUCTBEH-
HHH OcOGeHHOCTH THOa Ag.

TeM He MeHee, KOMILIEKCH OCOGEHHOCTeH H MYJILTHOCOGEHHOCTEH BaX-
HEL caMH IO cefe, H HX clefyeT PacCMaTPHBATL CKOpee KaK MeTO[ mpel-
CTaBJeHHA CJIOXKHBIX COOTHOLIEHHH MeX 1y PalluiHbBIMH KIaCCaMU ocobeH-
HOCTel, 9eM KaK CpeICTBO 1A BEYHCIEHAS XapaKTepHCTHIECKAX KIACCOB.

Kom6uHaTOpAKAZ M TONOJOTHA €CTeCTBEHHBIX crparadrKagad mpocT-
PAHCTB QyHKNHH COJEPXKHUT 6OIbIIOK 0ObEM CKpHITO#H mHpOPMaLHH, Kaca-
Jorencs ocoGeHHEOCTel cacTeM aydell H BOJHOBHEIX PPOHTOB; 3Ta nHpOpMa-
LEA GhLIA JHIIL 9aCTHYHO ACHOIL3OBAHA B TeOpPHAX JArDAHKEBhIX M JeXKaH-
JPOBHIX XapaKTepHCTHIeCKHX KJIACCOB B KOGOD JH3MOB.

5.3. Tonosorua KOMIIEKCHLIX AUCKPUMHHAHTOB

EcTecTBenHHe CTPaTHQUKANAA IPOCTPAHCTB HYHKIHE B oTo6paxkeHUH cy-
[ECTBYIOT KaK B BElleCTBEHHOM, TaK H B KOMILIEKCHOM ClTydae. Tonouxo-
rAdeckne CBOMCTBA 3THX CTpaTH(UKAagui BaXXHHE BO MHOI'MX OPHJIOMKEHH-
AX TeOpHH OCOGeHHOCTeif; HalmpEMep, B Teopmn JakyH [lerpoBckoro faf
Funep6onndeckax ypaHemmit (cM. [120]-[122], [80]). Hampumep, BoaMox-
HOCTbL aKYCTHYECKOH CBH3M B HallieM 3-nmpocTpancTBe (M HEBO3MOXHOCTH
TaKoBOH B 2-IPOCTPaHCTBe) OGBACHAETCHA PAINHIHEM 3IHAKOB B pOpMy.re
[Mukapa-Jledumena, onuCHBaOLlel BETBJeHAE HHTErpPaJjioB B KOMIJIeKCHOH
obnacrn.

JIACKpAMAHAHTH KOMILIEKCHBIX OCOGEHHOCTEH, 6y 1y 9H IIIepIOBEPXHO-
CTAME, He Pa3feafloT 6a3y BepCaJbHOH epOPMaUHH. KoMnuekcHoil Bep-
cieil MOHATHA Kpaf SBJAETCA CMIEPHOBEPXHOCTH BETBIEHHA ABYJIHCTHOrO
Pa3BeTRISHHOTO HAKPHITHA (KaK B TEOPHH KPaeBHX oco6GenrocTeil, cM. [3]).
B 06meM ciydae, KoMIIeKCaGuIHPOBaHHEE OOBEKTH 0YeHb CHILHO OTIIH-
9a10TCS OT CBOMX BeleCTBeHHBIX BepCHi.
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B kavecTBe npuMepa npuBeEM CleayOIIyI0 TaOIHLY:

o "
BEIIECTBEHHRNE CaAy1al KOMILIEKCHEIM CJIydan

Kpan BETBJIeHHE
Z, zZ
o T
OPOCTPaHCTBA CO CTATHBaeMBIMA KOMIOHeHTaMHA K(r,1) npoctpancTsa

OPTOrOHAJAbHEIE TPy
xjaccel HlTadens—Yaran

YHETapHBIE PYHILL
kaIacch YepHa
CAMMETpHYecKHe rpyHmbl rpyninsl Koc
Teopus Mopca

Teopusa [Imkapa-Jlepuuena

“BLIJIO 6H OYeHb HHTEPECHHM KOMIIEKCHADUIHPOBATL TEOPHI0 IOMOJIO-
rp{'n, 2 TaKXe HOAXOoJ[ C HOMOMIBIO NapaMeTpruieckoil Teopun Mopca K 0606-
IEHHKM IPyNNaM YauTXega, OCHOBAHHEIH Ha CTPATHQHKANAA NPOCTpAHC-
TBa BeleCTBEHHKX QYHKIHH.

B m(:ﬁom ciaydae, BEIYHCIEHHE TOHNOJNOTWIECKHX HHBAPHAHTOB CTPATH-
¢rKanuH BeleCTBEHHLIX H KOMIIEKCHRX JHCKPAMAHAHTOB NOJ€3HO BO MHO-
THX NPHICKEHHAX. 34ech MH ONHUIeM HEKOTODHE U3 Pe3y.abTaTOB, OMy-
9eHHHIX B DTOM HaNPaBJeHHH.

IIpumep 1. [ononnenwme K JACKPAMHEHAHTY OCOGEHHOCTH THHA A B KOM-
niexcEoM mpocrpancTBe CF spasercs mpocrpancTBOM Jinenbepra—Mak-
seuna K (m, 1) rpynns Br(k + 1) koc 3 k + 1 mrTei.

HanpreMep, ¢yngaMenraibhas rpynna JONOSHeHHS K MOLYyKyGHYecKOH
napa6ose B C? ects rpynna Br(3), dbyssaMenTarpnas rpynna fonoaxenns
K IOBEPXHOCTH JacTO4KHHA xBocTa B C3 — rpynna Br(4).

I'pynna xoc w3 k+1 HaTel HMeeT k 06pa3yOMuX 01, . . ., Ok, CBA3AHHEIX
onpeneadoNIMA COOTHOLIEH AAMHA O{0i410; = Oi410:i0;41, 0i0; = 0;0; 0

[ = 3| > 1 (cM. puc. 65).
all 1l 1A
S Go 3

K (m,1)-ceoticmeo (m; = 0 gas ¢ > 1) ABAA€TCA KOMIIEKCHEM aHAJIO-
rom crarmBaemoctn (m; = 0 npu ¢ > 0) CBA3HHIX KOMHOHEHT JONOJHEHHS
JUCKPHMAHAHTA B BellleCTBEHHOM NPOCTPAHCTBe.

Puc. 65. O6pasyromne rpynns:
xoc Br(4) u3 4-x guren
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TaknM 06pa3oM, BeTBIEHHEE PAa3IMIHbIX HHTErPAJOB, CBA3AHHAIX C OCO-
6enHocTAMHE THOA Ap, yIpaBiseTcd npelcTaBleHneM MOHOJPOMHHA TPYNNH
KoC (fBIAIOmIEHC PyHAAMERTaIbHON TPYNHOH AONOJHEHHS KOMIJIEKCHOTO
AACKDAMAHAHTA).

[osBaeHne TpyNn KOC B TeOpUAX ypaBHeHnd bakcrepa m aire6p Texxke
o6bAcHAeTCA TeMn Ke npudunraMu (cM. [123]-[125]).

Iprmep 2. Jononnenns JACKPEMEHAHTOB APYTHX HPOCTHX OCOGEHHOC-
Tell ABAAIOTCA NpocTparcTBame K (7, 1) 415 COOTBETCTBYIOMAX “KOMILIEKC-
HHIX Bepcui” rpynn Benns. Itu “0606meHHbe MPyIIEL Koc” GhLIE BBEAEHK
u m3ydens BpuckoproM [128].

OTOT peayabTaT COPABEJIHB TakXe H A HEKPHCTAJIOrpaduiecKux
rpynn Kokcrepa (fucKpAMEHAHTaMH KOTODHIX ABIAIOTCA GHQYPKan#OH-
HHe AHArpaMMEL COOTBETCTBYIOUIAX 3a,a4 reoMeTpnn Jyded B (POHTOB;
06 >ToM 6yeT CKa3aHO HEXKe, B [IaBe 7).

Ipumep 3. Paccmorpum Gufyprayuonnyto duazpamuy cemelicmea dyn-
xyud, COCTOAYIO M3 TeX TO4YeK B IPOCTPAHCTBE NapaMeTpOB, JIsi KOTO-
PHIX Y9HCJIO PA3NMHHIX KPATHIECKEX 3HadeHnl (B HEKOTOPOM OKPeCTHOCTH
HyJs) MeHblile TANXYHOrO (PaBHOrO YHCIY KPATHYECKHX TOYeK, KOTOpHIe
CTPeMATCA K HYJIO IPH CTPEMICHHH K HYJIIO HapaMeTpoB).

Ilns ceMeiicrpa ¢ynkuni z4 + az? + bz, 3aBHCAWErO OT NapaMeTPOB
(a,b) € C?% rpadmkoM KPUTHIECKOTO 3HaUeHHA (PacCMaTPHBAEMOro Kak
MHOTO3Ha4YHaA GYHKIHA TapaMeTPOB) ABIAETCA JACTOUKHH XBOCT (puc. 66).
BrgypKanHoHHAA IMArpaMMa ABIAETCA NpOEKuHeHd (BAOJb BEPTHKANLHOTO
HalpaBJeHAs Ha MOPH3OHTAILHYIO IIOCKOCTH) OCOGOH KPHBOH J1aCTOYKHHA
XBOCTa. JTa NPOEKIHA COCTOMT M3 IBYX KPHBHIX: HOMyKyGWIeckoi na-
paboisl (npoeknHu peGpa BO3BpaTa) H KacaTeNbHOH K DTOM napaore B eé
TO4YKe BO3BpaTa (IPOeKIWH TEHAH caMonepecedenns). 1ucao KpATHIECKHX
TOYeK, Ha KOTOpHE PACCHNAeTcs HCXOAHaA KPHTHIECKas TO9Ka, PaBHO 3.

Puc. 66. BagpypkanonHeie JuarpaMMbl
byaxmi ceMelicTBa A3

Tak e KaK B 3TOM IpEMepe, 6udypKalHOHHAA THArpaMMa THIHIHO-
ro ceMedcTBa ()YHKIHH COCTOHT W3 IBYX T'ANepHOBEepXHOCTEH:  KayCmu-

§5.3. Tonoao2us KoKNAEKCHBIZ JUCKPUMUHAHTIOE 135

xu (Az), 06pa30BaHHON IHAYEHAAME NAPAMETPOB, HPH KOTODHX (YHKIAA
M3 DTOT'O CEMeHCTBa MMeeT BLIPOX/IEHHYIO KPHTHYECKYIO TOYKY, H MHONCE-
cmea Maxceeana (24;), cocTosmero u3 GYHEKOEA ¢ IBYMA COBNALAONIAME
KpATHYECKAMHA 3HAYeHAAMH.

Teopema (Jlamko [127], Jlokenra [128)). Jonoanenus 6udypxayuornsiz
Juazpamm Pynxyul eepcasvuviz dedopmayuts npocmuiz ocobennocmet A6-
A810MCR npocmparcmeant K(m, 1).

3xecy ¢pyHIaMeHTalbHai MPYNNa 7 ABAAETCA NOJATPYNIOH CPyNHEl KOC
Br(k), e k ecTh 4HCAO KDATHHECKAX 3HAYEHHH, HA KOTODHIE pacnaaeTcs
HCXOZHOe KPHTHYecKOoe 3HadeHne. MHIAEKC 3TOHM NOATPYNNEI B Ipynne KOcC
paBeH

k'hF

Wi’
rae |W| ects nopagok cooTBeTcTBYIOImMER TPYNNL OTpakKeHnH, a b ecThb 4u-
cao Koxcmepa (paBHOe cTeneHn HHBapHAHTa CaMOTO BHICOKOT'O NOPALKA).

HanpuMep, ¢yngamenTarbHas rpynna gononsenus B C? o6begnnenns
HOJMYKyOHYeCKOR NapaboOk A €€ KacaTelbHOHW B TOYKe BO3BPaTa ecTh NOJ-
rpynnoa rpynonH KOC B3 TPEX HUTeH, HHAEeKC KOTOPOH paBeH

T 16
(zas ceMelicTBa A MHIEKC paBeH (k-l»l)"“1 H COBHIaJaeT ¢ YACIOM IepPEeBLEB,
HMEIOMHMX ynopA o9eHHEe BePHIMHKE B KoaudecTBe k + 1. ITo coBnafenue

He CIy4aiHO, HO 0606IIEeH e DTOIO pe3yabTara Ha ocobeHnocrn By, Ck, Dy
He CHOPMYIHPOBAHO).

YnomsanyToe Briine K (7, 1)-CBORCTBO CHPaBefIABO TaKXKe MiA KaX0ro
OTKDRITOT'O CTPaTa €CTECTBEHHOH cTpaTHduKannn OudypPKaQAOHHOR KHa-
TPaMMBl HPOCTOH OCOGEHHOCTH, a TakKXKe INA HeKPHCTANIOTrpapumiecKHX
TPynI OTpaKeHHH.

\BemeCTBeHHOﬁ BepCHedl 3TOrO CBOMCTBA ABNAETCA CTACHBAEMOCTDH DTHX
OTKPHTHIX CTPATOB.

JOKa3aTelIbCTBa BCEX DTHX PE3yAbTaTOB OCHOBAHEL Ha NOCTPOEHUH NOI-
XOAIEro oTo6paKeHus pacCMaTPUBAEMOro IONONHeHHS K GHdypKanHoH- -
HOH gmarpaMMe Ha [ONO/NHeHHe THCKPUMHHAHTAZ Ag_j. JTO oTobpakeHHe
OTNpaBAfeT TOYKY 6a3kl CeMEHCTBa (pYHKUME B HEYNOpAO4eHHOe MHOXKeC-
TBO, COCTOsAIIee M k KpATHYECKAX 3HAYeHHH, pacCMATPHBaEMBIX KaK TOY-
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KM Ha KOMIJEKCHOH NPAMOM, HyJAb KOTOPOW COBHaJaeT C HEHTPOM Macc
3THX KPHTHYECKHX 3HaYEeHHH.

IT0o orobpaxenne JAmKo-/IoieHr # ABASETCA COGCTBEHHBIM, TIOCKOILKY
OHO ABAAETCA KBa3MOAHOPOTHHM OTOOPaKeHAEeM IPOCTPAHCTB OAHHAKOBOM
Pa3MepHOCTH ¢ HONOKATeNbHEME Becami. Ero sxko6uas paBeH HYIIO B TOY-
HOCTH Ha 6H(ypKanHOHHOM AWarpaMMe H onpejelseT HAKPHITHE IPOCTPAH-
cTBa peryaspanx op6ut K(7,1) rpynnsl Ax—1. MEgekc paBer kpaTHOCTH
3TOrO HaKPEITHA B MOXeT GHTL BHIYHCIEH ¢ MCHOIL30BaHAEM BecOB KBa-
3WONHOPOJHEIX (pyHKNHH, onpegeasomnx paccaoenne. Jetaan cM. B [128].
O606menne oTobpakenus Jisiuko-Jlodenru Ha ciydain MaorosresoB Jlopa-
Ha onmcaHo B [198].

UnTtepecro oTMeTaThb, 4TO K (7, 1)-CBOACTBO HMeeT MecTO i JOHOJ-
HEHAW MHOTHX APYTHX OA(YPKANAOHHHIX IHArPaMM, HDPH YCIOBHH OCTO-
pOXKHOTrO BHGOpa onpeneireHus GudypKauOHHOH AnarpaMMul. HanpuMep,
Kroppep B [129] Hawén xonrp-npeMep K (7, 1)-cBOMCTBY i JONOJHEHHS
6H(YPKALEOHHOH AHArPaMMEL HYJIBMEPHOrO NOJHOLO NepecedeHus 2 =
=y =08 C? (8 C* 5710 gONO/HEHHe HMeeT HETPEBHAIBHYIO IPYNNY T2).
Tem ne Menee, [opionos B [130] 3aMeTra, 4To coOTBeTCTBYWllee 6udypKa-
IHOHHOE MHOXECTBO Ui Npoexyuy NONHOro nepecederns Apigerca K (w, 1)
HPOCTPaHCTBOM (3Ta 6HpypKalHOHHAA AHArpPaMMa COAepKAT KONOJHH-
TeabHY0 TEOepIIocKocTs B C4).

K (7, 1)-cBolicTBO TakXe AMeeT MecTO Jai NONOJHEHHH NPOCTHX 6m-
GYpKANMOHHEIX JAATPAMM NPOCTHIX IPOEKIWH Ha KOMILIEKCHYIO NPAMYIO
NOJNHKX NepecedeHn il NOJOXKATeILHOH pasMepHocTH [131], Ana gomoareHmi
6uQypKALHOKHLIX IAACPAMM NPOCTHX oTo6paxenni C? — C3 u gna no-
NONHEHMH MHOTMX ADYTHX OHbYpKaUMOHHEX amarpamM (cm. [132],
[133], [80)).

Ecan Kopa3MepHOCTb OCOGEHEOCTH yBeIHIHBaeTCHA, TO yBeIMIABaeTCH
TaKKe Pa3MepHOCTL JACKPHMHHAHTA M CIOXKHOCTL ero Tonoxorna. TeM He
MeHee, AMeeT MeCTO BAXKHHIl ()eHOMeH cmabuausayuu: BCE ynpolnaeTcd B
OpeJelbHOM CIydae 6eCKOHETHON KOPa3MepHOCTH (KaK 9TO OGLIYHO GHIBaeT
B TONOJOTHH).

IIpumep. PaccMoTpEM IPyONE rOMOJOTHHA IONOJHEHHE JUCKPAMHHAHTOB
(dporTOB) OcOGerHOCTEN THHA Ag!

G = {A € C*|zFt! 4 A 1z*"1 + ...+ At e uMeer kpaTHHIX KOpHeil}.
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Heckonpxo nepsrix rpynn H;(Gj) npeEBegersl B crefyiomei Tabanne

NJo 1 2 3 4 5 6 7 3
12(Z Z 0 0 0 0 0 0 0
3412 2 Z, 0 0 0 0 0 O
56 |Z Z Zy Z; Z3 0 O 0 O
8|2 Z Zy Zy Z¢ Z3 Zo O O
910 |2 Z Z, Zy Zg Zs Zo Z Zs

Jlerko 3aMeTHTb, YTO i-e¢ I'pYNOH FOMOJOTHE CTaGHIAM3MPYIOTCH opu
k — oo. HanpuMep, ogHomepnas rpymna romonormit Hy(Gj) = Z cra-
6uibHA C CaMOro Hadada: FOMOJOTHYECKAH KIacC 3aMKHYTOH metau B G
onpejel€H YACIOM HONHHIX OGOPOTOB AUCKPHMHHAHTA COOTBETCTBYIOIIErO
MHOTOYJIeHa BOKPYT Hadala KOOpIWHAT. :

Hsomopdusmer H;(Gr) = Hi(Gr41) (k > 21 — 1) ungynupyorcs Bio-
xeHuAME Gk 3 Gi+1, NIOPOXKIEHHKIMA BIOXKeHIEM KOMILIEKCHOH k-MepHOi
TPaHCBepCalld K OJHOMepHOMY CTpaTy Ar fuckpuMmmHanTa Agy) (2a puc. 67
5Ta TPaHCBepcalb H3o6paxkeHa i k = 2). OTH OTO6paKeHH:, pady-
MeeTcs, OoNlpefeleHH Ais Jw0O60ro k, HO HHIYIADPYIOT H3OMOPMHU3M i-OH
TPYNIAI TOMOJOTHA TOJBKO A1 JHCKPHMHHAHTOB BHICOKHX pa3MepHOCTeH
(k> 2¢—1). Ora crabuaazanus BO3MOXHEX NOJIOMKEHH 1-MEPHLIX [AKJIOB
B JONOJHeHWH AMCKPAMHHAHTA (JIA JUCKPEMHHAHTOB BHICOKHX pa3Mep-
HOCTel) SBRIAeTCA YOPOLIeHHeM, KOTOPOT'o Mbl fOGHBaeMcs, NOBHILAA pas-
MEepHOCTL Kk (TO ecTh MOBHIIAf KOPa3MepPHOCTL OCOGEHHOCTH, WIH, HHade,
YCAOXKHAS eé).

Prc. 67. IlpocTpancTBo
BepcaJabHOU JedopMarun
ocoberHocTn Az B mpocTpaHCTBe
BepcaNbHOM AedopMannn
ocobeRHOCTH As \A

Cra6unbanie rpynnu lim H;(Gy), k — co, MOTyT paccMaTpHBaTbCH Kak
“i-e rpynmEL roMonormit JONONHEHHA [ACKPEMEHAHTA BepCalbHON nedop-
Manuu HNepIOBepXHOCTH, 3aJaHHOM ypaBHeHHeM f(z) = 0, rge f 3aBucut
OT OJHO! NepeMeHHOH” .

[as onpenenenns >THX IPynn COMOJOrHH HET HEOGXOLHMOCTH PacCMa-
TPHBATh BepcallbHhle AeopMallMe ¢ GeCKOHEYHHIM YHCAOM NapaMeTpoB M
COOTBETCTBYIOIME TUCKPUMMHAHTH (HHa4e, ¢pOHTH B GecKOHeIHO-Mep-
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HEIX npocTpancTBax). Heckoabko nepBEIX CTaGHIbHEIX I'pYNN NpABEJEHO B
Tabanue:

i o1 2 3 4 s
H(Gx) |2 Z 22 %1 Zs Zs

Mogo6Has cTaGuIA3anUA HMeeT MeCcTO M 1A TPyNn KOrOMOJOrHE. JTa
cTabunn3anui OCHOBaHA HAa OGPATHHIX H30MOpHH3Max

H'(Gx)  H(Gra)-

CrabrimsupyeTcs TaKXe cTPYKTypa Koabna koroMonormi. Ona cxoguted
K Koabny koromonornit H*(G) (“gononnenns 6eCKOHETHOMEPHOTO (HpoOH-
13 Ao”). CBefiennst o CTPYKType 3TOro Koabna MoXHO Haitw B [134]-[136].

DlleMeHTH 3TOrC KOAbIA ONPENelA0T “XapaKTepHCTHIeCKHe KIacChl”
B JONOJHEHHH KOMIIEKCHHIX BOJHOBEIX ()DOHTOB, HMEIOUWIAX TOILKO “06-
OGIEéHAKe JacTOYKHEL XBOCTH” (ocoGemnocTn THna Ag). Ux noguATHs
npm nomoin oTobpaxenns Jlalko-Jloderrn onpefensioT XapaKTEpPHCTH-
YecKHe KOIOMOJOTHYecKHe KJacChl B IONOJHEHHAX OGHpYypKANAOHHLIX THa-
rpaMM (pYHKUEH, IpOEKOUH. 1 T. 1.

[IpuBeséHHKEI BhILIe NpAMep ABAfeTCS HpEMepoM oOIeld Teopu:m CTa-
6uausanuu, npemnoxkenHon B [50] m pasBuroil HegaBHO B.A.BacmabeBbiM
([137], [138]).

PaccMoTpuM, HanpuMmep, JUCKPAMUHAHTH (6ndypKanuoOHHLE AHAT PaM-
MBI HyJled) OcoGeHHOCTEl T'HIepHOBePXHOCTelH, ONpeleneéHHHX ToJoMopg-
HEIMA QYHKOEAMEA 7 KOMILIEKCHHIX NepeMeHHHX, f(Z1,...,Zn) = 0.

Mycts X o6osnadaeT Tan ocobernocrn, u nycth Y (— X) 6yger npu-
MHKaomui (601ee CIOXKHBH) THI 0co6eHHOCTH. [JUCKpAMAHAHT (BOJIHOBOH
¢$hpOHT), COOTBETCTBYIOMHUH Y, CONEPKHT CTPAT, cooTBeTcTByOWAE X .
TunepniockocTh, TpaHcBepcaabHad DTOMY CTPaTy, HepeceKaeT JACKPHME-
HaHT oco6erHOCTH Y BJOJAL TMOEPHOBEPXHOCTH, JOKaAbHO AupdeoMopd-
HOH gucKpaMmHaHTY ocobennocTu X . Taxmm o6pa3oM, cymecTByeT BIO-
xenne Gx — Gy (IOKalbHBIX) ZONONHEHAH 6MYPKANHOHHKIX JAATpPaMM,
a cIefoBaTelbHO W oToGpaxkenne H*(Gy) — H*(Gx) xonen KOroMoJoruu.

TpyAHOCTH TOr0 “cTaGUIA3AMAOHHOr0” MPOEKTA TaKOBHL:

1) MOXeT CyIIecTBOBaTh HECKOJILKO CTPATOB, COOTBETCTBYIOIMX X ;

2) AACKPAMHHAHT, COOTBETCTBYIOIIHE X, MOXeT JONYCKaTh TONOJOrH1e-
CKH HeTpUBHANLHLE 3aBTOMOPGU3IME, CIeJOBATeNLHO OTOGpAXKeHAe KO-
TOMOJIOTHH He ABIAAETCA XODOLIO oNpeleleHHEIM JaXKe B cl1ydae CyllecT-
BOBAHHA e[AHCTBEHHOrO X-CTpaTa B JUCKDEMAHAHTE OCOGEHHOCTH Y .
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Bacuases B [137] goka3an ciegyiomue TeOpeMHL.

1) [as mo6oro Tuna ocobennoctn X cymecTByer Takoe 4mcao N, uto X-
CTPaT AMCKPHMHHaHTa J060i ocoGernoctn ¢ jV(f) = 0 menpmBogmm
(cremoBarensno ceasen). [jV(f) o6osmavaer muorowaen Teiopa cre-
nesn N ¢ynkunn f B nyune.]

2) Mas mo6oro i cymecrsyet N Takoe, 9TO A1 M060% H30.1APOBAHHON OCO-
6ennocrn TEna X, 141 KOTOpOH jN(f) =0, oro6paxernue w3 H;(Gx) B
H;(Gy) mHBapuaHTHO OTHOCHTEIBHO aBTOMOpdEamMoB rpynnu H;(Gx),
HHIYOAPOBAHHEIX OGHTOJOMOP(HKHIME OTOGDaXKeHAAMH HPOCTPAHCTBA
BePCAIbLHOR JeopMannH, COXPAHAOIAMA ANCKPAMHHAHT, HPH YCIO-
Bud, 470 Y — X (Y npummikaer k X) m j < 4.

TakuM o6pasoM, MH MoxKeM onpegeanTs npegen H,. [IBodcTBeHHmIN:,
06bekT H™ (KOTOpHI TakKe MOMeT GHTh ONpefelsH Kak o6paTHHI npegel
konen H*(Gx)) umeeT eCTeCTBEHHYIO CTPYKTYPY KOAbHA KOTOMOJOTHH.

OTO KOJbLO 3aBHCHT OT N, HO CYIUECTBYeT M NOLOGHad CTaGHIM3agAs
npu n — 00. PeaynsTupyiomee Koab1o KOrOMOIOT AN SBASeTCA YHABEPCAlb-
HEIM O6'beKTOM: 3T0 — “KOJIbIO KOPOMONOTHH AONOJHEeHHA JHCKPAMAHAHTA
CANEePHOBEePXHOCTH, 3aJaHHOH TPHBHAILHEIM ypaBuenueM f = 0, rae f 3a-
BACHT OT GeCKOHEeYHOI'o YHCJIa NepeMeHHHX” .

HprBesém neckoabko mepBuix rpynn koromoxorni ([137}):

ilo 12 3 4 5
HiZZ0Z2Z2Z6+Z2

Bce craGuabHEe IpyNnK KOTOMOXOTHH ¢ ¢ > 2 koHedHE. Crabuamsanna
OpH 7 — 0O HMeeT MecTo MaA 1 > 1+ i/2 (n ecTh YHCIO HE3ABHCHUMEIX
nepeMeHHHX B (PYHKIHAX).

B [137] npuBesena Takke popMyna AAs cTabMIbHEX IpyHI KOIOMOJO-
I'E¥, HCHOAB3YIOUIad CKPY9eHHkhe KOrOMOJIOTHA CHMMeTPHIeCKEX I'pynn:

B = @ H(S (), T),
k=0

rge T — HeTpHBHadbHOE NpeIcTaBleHHe aBTOMOpdU3MaME rpynnnl Z
(4 S(k) — rpynna nepecTaHOBOK k D1eMeHTOB).

ITH cTabrAbHEE FPYNRE KOTOMOJNOTHY CBA3AHKE TaKXKe ¢ NPOCTPAHCT-
BaMu MTepUPOBAHHEIX HeTelb chep. B caydae rpymmu koc (n = 1) stoT
peayaptaT GhII noayden [Jx.II.MaiteM u I'.Curanom [135]:

H*(Bro,) =~ H*(0%5%).
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O6mumit e peayasTaT BacmabeBa Takos (cu. [138]):
H*(bponTnr,n) =~ H* (92‘"8211-}-1)'

Hng Toro 4To6H O6BACHATL 3TOT DPe3yNbTaT, PacCMOTPHM MHHHBEp-
calbEyl0 fedopManmio {fy} rosomopdHoi ¢pyskuma f : C" — C. [uc-
KPUMHHAHT — DTO MHOXECTBO 3Ha4YeHHH NapamMeTpoB A, MaiA KOTOphX 0
ABAfETCA KPHTHIEeCKHM 3HadendeM. J[asg J1060T0 A MOXKHO paccMOTDeTh
oTo6paxenme gy : C* — C"tl ornpaBasomee TOYKY Z B KacaTelbHOe
IpOCTPAHCTBO rpaduka ¢pyHknan f B Touke z. Todka A He npHHALIEKHAT
MACKPAMMHAHTY, €CId ¥ TOJALKO ecid 06pa3 OTOGpaKeHUS gy He nepecekaeT
Hyas npoctparcTBa C™Hl| paccmaTprBaeMoOro Kak IpocTpaHCTBO HeBepTH-
KaasHHX njockoctedl B C™ X C (»ra HyaeBas ToYKa ABAAETCH NIOCKOCTEIO
y=0).

Takum o6pa3oM, MH noay<duna oroGpaxkenne hy : C* — 5§27+l ppocr-
pancTa {z} B equnEIHYyIO0 cepy B C™HL.

B cymeocTm, Ha rpaHNEe HEKOTOPOH OKPECTHOCTH HYJIA 3TO OTO6pa-
XKeHue He 3aBHcHT oT A. CregoBarelbHO, h) onpejeifeT TOYKY B HPOCT-
paHcTBe 27 pa3 HTepHPOBAHHEIX neTens cdephl. UTak, h onpegenseT oTo-
6paxkeHne [ONOJHEHUA JACKPAMHHAHTa f B IPOCTPAHCTBO HTEPHPOBAHHEIX
netenb. Ua Teopem Bacmawsesa ciegyer, 9TO 3TO oTOGpaXkenne WHIyUApPY-
eT n3oMOpdU3M Ha KOJLHO CTACHALHEIX KOIOMOIOTHH, COOTBETCTBYOUlee
GYHEKIAAM OT N DepeMeHHHIX.

Mogo6nas KOHCTPYKIHS NPHMEHAMa H [Jf JONOJNHEHHH KaycThk. B
d 3
3TOM ciydae Mbl HaYMHAEM C NPOCTPAHCTBA 2-cTPyd ® ompelenseM “3a-
npeménHoe” MHOrOOGpa3ne ypaBHEHAAMHE

df =0, detd?f=0.
Mroroo6pasne HeBHPOXK IeHHBIX KBaAPATAYHAEIX HPOPM FOMOTONHIECKH K-
BHABaJieHTHO
A(n) = U(n)/O(n, R) ~ GL(n, C)/O(n, C).

CrabuibHEEe KOTOMOJOTHE AONONHEHAS (KOMIJIEKCHOM) KayCTHKH Ta-

KOBHI:
H*(xaycruka, n) =~ H*(Q*"L¥"A(n)),

rae Y o3Havaer majgcTpoiky (B.A.Bacuives, 1989, cM. [138]).
Mpumep. [pu n =1, A(1) ~ S!, B2"(A(n)) ~ S3,
H*(xaycrukm, 1) ~ H*(¢pponTH, 1) = H*(Q53).
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5.4. DyHKIMM ¢ yMePeHHBIMH 0COGeHHOCTAMM

Tononorns » KOMGHHATODHKA Pa3NWYHHX OHGyPKANUOHHKIX AuarpaMm
(nanpumep, GPOHTOB, KayCTHK W T. A.) JOCTaBAAET GOJBIIOE KOJAMIECTBO
TONONOTHIECKAX HHBADHAHTOB, KaK B KOMIJIEKCHOM, TaK B B Be[eCTBeHHOM
ciaydae.

B BemecTBeHHOM ciyvae KOMHOHEHTH JONONHEHHH IHCKPHMHHAHTOB
IPOCTHIX 0COGeHHOCTElH cTATHBaeME. MEI MOXeM, 0JHAKO, pacCMaTpHBATD
JONONHEHUA CTPATOB NHCKPAMHHAHTOB; HX TONONOCHA LaJeKO He TpPHBH-
albHA.

B rao6anbHOH CHTyaluH, MBI MOXEM PaccMOTpPETh NPOCTPAHCTBA (Be-
IEeCTBeHHKIX) TMajKHX QYHKOHH HA JaHHOM qudpepeHIHPYEeMOM MHOIO-
06pa3nu, ¢ HEKOTOPHIME OrPaHAICHHAME Ha KPHTHIECKHEe TOIKHA DTHX Py H-
KIHA (HanpuMep, IPOCTPAHCTBA MOPCOBCKEX GYHKIHE, NPOCTPAHCTBA
$YHKIHEHA ¢ OCOGEHHOCTAME KPAaTHOCTH MeHbIueH 4eM k m T. a.). Tonono-
radeckne ¥ FOMOTONHYeCKHe MHBAPHAHTH TaKUX HPOCTPAHCTB JOCTABIA-
10T, B OPHHONAINE, AHBADHAHTH AW depeHIIPYeMON CTPYKTYPH HCXOIHOT'O
MHOI006pa3ud.

Kax Mu ckopo yBramM, gaxke B npocTeileM crydae ¢pyHKIAR OT OJHOR
IepeMeHHOH MOABAAIOTCA HHTEPECHBE TONOJAOrHIecKHe NPOCTPAHCTBA.

IIpamep. PaccMoTpuM npocTpaHCTBO yHKHEE OT ONHOH NepeMeHHO,
OCOGEHHOCTH KOTOpLIX He ClIOMHee 4eM Az (TO €CTb paspellleHhl MOPCOB-
CKHe TOYKH M TOYKH THNa z3). Jl1f IpOCTOTH NpeNONOXKAM, YTO Ha 6ec-
KOHeYHOCTH QYHKUHHA BeXyT ce6s nofo6HO z (4nd GYHKUMHA, Berylnx ce6s
Ha 6eCKOHEeYHOCTH NOLO6HO 22, WK f1s GYHKIME HA OKDY>KHOCTH pe3ynb-
TaThl aHAJOTHYHAI).

Teopema. Pyudamenmaivras epynna npocmpancmsa Gynxyut Ha eeuse-
CMEEHHOU NPAMOL, HE UMEVWUT KPUMUNECKUT TMOYEX KPATMHOCTY TIPESHI-
waowet 2, usomopPna spynne yeaviz uucea.

SIBEEIE H30MOpPGH3IM 3aJa8TCA C HOMOINBIO CIeAYIOero “undexca” me-
n {f(z,t)}, coepmnumowmei f(z,0) =z u f(z,1) = =.

PaccMoTpum kpuByio kpurrdeckux Todek (8f/0z = 0) Ha mrockocTm
{(z,t)}. Jas neram o6liero NoXoXKeHHs dTa KpuBasg — [Ia[Kad B He HMeeT
rOPA3OHTANBHEX KacaTelbHEIX B TOYKaX neperuba (puc. 68). PaccMoTpuM
NOBepXHOCTh 2z = —@f/8z B 3-mpocTpancTBe ¢ KoopamHaTaMH (t,I,Z2).
Hudexcom KpuBon Ha3BIBAETCA THCAO

ind = # max —# min,
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rie # max eCTh IACAO MAKCAMYMOB, 2 # min — YHCIO MAHAMYMOB ¢y HK-
nuu £, orpaHAYeHHON Ha TY HOBEPXHOCTH (YHCIO cEIeN He HTPaeT HEKAKOH

SO

ird=1  ind=-1 ind=2 ind=0

Puc. 68. MHAexcel 3aMKHYTHIX KpHBBIX, He HMEIOIUX
TOPH3OHTAJILHLIX KAacaTeAbHEIX B TOYKaX Neperuba

Wrgekcu m306pakéHHLIX Ha puc. 68 KpUBHX paBHH 2 —~1=1,1 -2 =
=-1,3-1=2,1-1=0. TakuM o6pa3oM neppas w3 STHX KPHBHX,
Ha3bIBaeMad nouxot, COOTBeTCTBYeT o6padylomeid Halled CPYHIL.

HokazaTenscTBO TeopeMH H306pakeHo Ha puC. 69 (6o;ee mogpo6noe
JOKa3aTelbCTBO HMeeTcd B [92]).

Prc. 69. Ko6opanaM kpuBoi K Ho9KaM 1 aBTHHOYKAM

CymecTsyer nHTepecHas aHAJIOIMA MeXAY (BemeCTBeHHHIMH) aire6pa-
H9eCKHMH GYHKUAAME nad orobpakeHusMu u paccroennsmm Ceppa. Ha-
npuMep, TANHYHAA feOpManUd MHOXKECTBA BellleCTBEHHKX KOPHeHl MHOro-
41€Ha (KODHH MOryT HCY€3aTh HApaMu) MOXeT OLITh HAKDPHITa THIHIHOK
gecdopManued MHOT'O4JEHa ¥ T. I.

Haomopduam [loHTpirusa Mexkiy roMOTONMYecKHME IpyHoaMa cdep
H rpynnaMa KOGOpIH3MOB OCHAINEHHHIX MHOrooGpasui COOTBETCTBYET, B

§5.4. DYHKYUU C YHEDEHHBIKY OCOBEHHOCTIAKY 143

HallleM cydae, H3OMOP(HIMY MeXAy OMOTONHYECKMMH [Pynnamu npo-
CTPAHCTB PYHKOUH C YMEpEHHLIME OCOGEHHOCTAMH (< A3z B paccmaTpn-
BaBIUIEMCA CIy9ae) H TPyNNaMu KOGODPAW3IMOB MHOTOOGPA3MH CO CAAGKHME
neperu6aMu (TO eCTh KPHBHIX 6€3 MODH3OHTANbHAIX KACATEILHHX B TOY-
KaXx Tmeperun6a).

Prc. 69 noxasnBaer, 9To m06as kpuBaz Ko6opaaHTHa 06belHHEHNIO
“novex”. MHBapHAHTHOCTH HHIEKCA OTHOCHTEILHO KOGOp IH3MOB O4YeBH I-
Ha, CIeJ0BaTelbHO Halla MpyHHna KOGOpAu3MOB ABJIAeTCA CBOGOIHON AKIHA-
4eCKOW PPYHMOH, NOPOXKISHHON “movxoi”.

3amevaure. Unmekc neTinm B NPOCTPaHCTBe PYHKOHYE Ha BEIeCTBEHHON
npAMOI, BeJyInX ce6i Ha GeCKOHEYHOCTH NOZO6HO ¢yEKOAR Z, ABIfeT-
¢ HHIEKCOM nepeceveHns o cTpaToM MakcBeira (3aMHKaHHEM THIEpPIO-
BEPXHOCTH, O6Pa3OBaHHOH (PYHKIHAMA KOTOpPHE HMEIOT paBHBIE KPHTHYe-
Ck¥e 3HaJeHNA B Pa3HBIX KPHTHYecKHX Toukax). Crpar MakcBeala mMeeT
eCTeCTBEHHYI0 KOOPHeHTAnHo (HeCMOTPA Ha ero 0co6eHHOCTH, OH Olpese-
JA€T OJHOMEPHbIH KJIacC KOrOMOJOTHi). A EMeHHO, fedopManus byHKOUA
C ABYMS DaBHRIMHM KDHTHIeCKHMHA 3HAYEHHAMH NOJOXKUTeNbHA, eClH Npa-
BO€ KPATHI€CKOe 3HaYeHHe CTAHOBHTCA GOJblIe YeM JeBoe, B CIyYae KOraa
06a KPATHYECKHX 3HAYEHUS ABAAIOTCA MAKCHMYMAMH (m1m MUHEMyMaMn).
Ecam ogna KpuTHdeckas TOYKa — ToUKa MaKCHMYMa, a Apyraf — TO4YKa
MHHEMYMa, TO JedopManus HOJOXKHTeNbHA, eCii OHa yBeJHIHBAeT 3HaYe-
HAe JeBOi TOYKH IO CPaBHEHHIO CO IHAYEHHEM NDABOI. :

Ans foKa3aTenbCTBA TOTO, YTO TAKAM O6PA3OM AHCTBATEILHO 3a1aéT-
Ci koopmeHTanusA crpara Maxcsenra, JocTaTOYHO paccMOTpeTh pHC. 28
u 70. Tlogo6Has KOHCTPYKIHS NpAMEHAMA W K ¢yHEKUEAM, BeAymuM cebs
Ha GeCKOHeYHOCTH MO06HO z2.

Pmc. 70. KoopueHTanns crpaTta
Makcpe/wla B oKpecTHOCTH
TOYKHA THna A, Aq

Ilpepocrepexenme. He cyujecmeyem nuxaxot ecmecmeennot KOOpUEH-
mayuu cmpama Maxceeaqa 6 npocmpancmee Gynxyuli Ha oxpydrcrocmu.

KoneynoMepHOW Bepcuell nmpocTpaHcTBa GYHKOHE C YMepeHHHIMH OCO-
GeHHOCTAMM ABIAAETCA JONONHEHHE CTPATa BHICOKOH KOPa3MEepPHOCTH B I po-



144 Taaea 5. Jazpanacesa u sexcarndposa monosoeus

CTPaHCTBe BepcaabHOH gedopManum HekoTopon ¢pynkume. Caydai ¢pyHk-
OH#d OT OXHOM NEePEMEeHHOH COOTBETCTBYET HPOCTPAHCTBY MHOIOYIEHOB

RN - {zN+1 +azV 4 ...+an}.

PaccMoTpuM o6r1acTh ¢pyrKuHN 6€3 KpaTHmX KOpHEH KPaTHOCTH, mpe-
BHIIAaWILeR k, 1 0o6o3na4nM eé depes Di(N). HanpuMmep, D;(N) ecTs go-
HoJHeHHe JacTOYKEHA XBocra B N-mpocrpaHcTBe, Do(N) — nononzexnne
(saMhxanus) ero pe6pa Boaspata, Dip(N) = RN \ (samuxanme Ay).

OTH NPOCTPAHCTBA ONMCHIBAITCA B creAylomed Tabanue (cM. [92]):

NFl 2 3 4 5 6 7
1 Z- . . . . . .
2 Z: St . . . . .
3 Z3 St S2 ) . . . .
4 Zs St S? S3 . . *
5 | Za 1 e & $') . .
6| %) = o) 5 (st 5] e
7 | Zs J ' A A
8 | Zs ) ) st 5] s
1—t8 3
1—¢7
9 Ze 1‘-:: . S4 S5 S8
10 y ) J st) s° St
11| zr ) 1 =4 s | s
1-¢5 ( g8 g8
12 Z Tl e
=7 /
13 | Zs , s
J 7/ 1—¢22
Tt
14 Zs ] ] St
7 .
3aecs Z; m S' spnfioTcA roMoronmdecKnMu Tmnamum, a p(t) — MHO-

rouiesoM Ilyankape. k-i cToaben COCTOMT U3 OTPe3KOB, KaXKAHH M3 KO-
TOPHIX npeicTapifeT co6oi nosropenue k + 1 pa3 Muorodnena Ilyankape
1- t“(k_l))/('l —tF1), 4 = 1,2,3,... OueBnanue Bxawodenus Di(N) —
< Dg(N + 1) aHAynEpYIOT H30MODPGDA3M IOMOTONMYECKAX IpYNN ; HpPH
k>1ni<g ([%} +1){k — 1) - 2 (B.A.Bacunases, [158]).

Hrzgexc, paccMaTprBaBIUMACSA BhIllfe, eCTh 06pasyomas Ipynnoksl Koro-
monormit H'(Dy(00),Z) =~ Z. “llouka”, u3o6paxkénnas Ha puc. 68, ecTs
o6pasytomas rpynisl Hi(Dy(N),Z) = m1(D3(N)) = Z npa N > 3.

§5.4. DPyuxyuu ¢ yMepernbiny 0cobeHHocmany 145

Jlro6ok nonunoM f, npunagnexamni Do(N), onpegenser oTobpaKenne
z = (f(z), f'(z), f"(z)), ornparasomee R B R3\ 0. Tak kax ycroBus
Ha GeCKOHEYHOCTH He 3aBHCAT OT f, MBIl HOAyYAM HeTJI0 Ha cdepe S? (ma

xoTopywo crarusaerca R3 \ 0). Bacminer gokasai, 4To pe3yALTHPYIIEe
orobpakeHne

Di(N) = QS*, k> 2

ABIAETCA CIabOH TOMOTONHYECKO! SKBHBAJIEHTHOCTHIO A Pa3MePHOCTEH,
He NPeBOCXOAAUINX HeKOTOPOIo 3Ha4eHns i, pacTyllero BMecte ¢ N (romo-
JOTMH cTabHAN3nPYIOTCS TaKXKe M 1A CleAYIOlero 3HaYeHnd 1).

IIpamep. Crabuapnnie rpynnl mo(Da(00)) = mo(D2(9)) =~ Z. PaccMo-
TPHM HPOEKIAH MATKAX NTOBEPXHOCTEH B 3-IPOCTPAHCTBE Ha FOPH3OHTalb-
HYIO UIOCKOCTH BAOAL BepTHKaaLHON npsamoi. [IpegnonoxuM, 94To Bce oco-
GenHocTn — ckaagkn. Hamm crabuibrsle rOMOTONRYeCKHe CPYNIAl MOTYT
OLITH OTOXIECTBAEHEl C IPYNNaMi KOGODAU3MOB TaKHX HpPOeKuni.

“Nrpexc”, sBafomMiics e MHCTBeHHHM HHBAPHAHTOM TaKOI'O OTOGpa-
XKeHHA W ONpefeNsiOWIAA ero Kiacc KOGOpAA3MOB, MOXKeT GBITh BHIYHCIEH
clexyomaM o6pa3oM. .

Touka Ha AMHMH CKIajKH Ha3blBaeTCH uémuot (neuémuotl), ecm 96THO
(He4éTHO) YHCIO TOYeK NepeceveHHA NOBEPXHOCTH M BePTHKAILHOH JH-
HAW, JKAMAX MeXAY TaHHOK TOYKOH M GeCKOHEYHOCTHIO (NOACYHTAHHKEIX
C KPaTHOCTHAMH).

Bce Toukm 3aMKHyTON NMHAE CKIaIKH MMEIOT OAMHAKOBYIO 46THOCTb.
TaxnM o6pa3oM, N1MHAYM CKIaIKA pa3feldlOTCA Ha ABa THNA: YSTHHE KOM-
IIOHEHTH M HEYEéTHHE KOMOOHEHTEL.

Hudexcom NO6€EPTHOCTNY HA3HBaeTCcA KOdddHOHeHT 3amenJeEns o6b-
€JMHEHHH YETHHIX M HeYETHHIX JMHAH CKAagKh (CHAGKEHHLIX eCTeCTBEH-
HEIME OPHeHTaNAAMHE).

[OpnenTanns IMEAA CKAALKH WHIYOAPYeT OPHEHTALHIO COOTBETCTBY-
IOUIEro BHIAMOrO KOHTYpa. OTOT KOHTYD JOKAlbLHO ABIAAETCA TpaHHIel
06pa3a HEKOTOPOH OKPECTHOCTH JHHEH cKiagkd. KOHTYD JomkeH EMeTh
OPHEHTaNHI0 [PaHANE >TOT0 06pala (HaXOLAIerocs Ha OPHEHTHPOBAHHOH
TOPH30ETaNbHOH NIOCKOCTH). DTO TpeGoBaHue oNpenelieT eCTECTBEHHYIO
OpHEHTANHIO JHHAA CKIaIKH.]

Tononornsa npocTpaHcTB PYHKOUH ¢ yMEPEHEEIMA OCOGEHHOCTAMHE MO-
JKeT 6hITh HCHOJB30BAHA JAf H3Y4YEHHA TOHOJOTMYEeCKHX CBOMCTB KayCcTHK
¥ BOJHOBHIX (POHTOB, a TaKKe JarpaHKeBHX H JeXKaHIPOBHX 0COGEHHO-
cTei.

ITpumep. Unaekc xpuBhx, nopoxgaomun H'(D;), pasnndaer 1Ba THOA
JarpaHxeBhX c6OPOK.
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PaccMoTpeM ocobenHocTh THIA “cO0pKA” JarpaHKeBOl NPOEKUHH IO-
BEPXHOCTH Ha IIOCKOCTH. B HeKOTOpPOH OKPECTHOCTH TakOH ocOGeHHOCTH
JMarpaHkeBa NOBEPXHOCTD 33 J38TCH npoudeodawum cemeticmson (cM. [28])
F(z,q) bopmyramu

{(p,O)|Fz=0, p=Fy},

rxe (p,q) — O6HIYHBIE KOODJHHATH Ha KOKACATEIbHOM PACCAOEHHH H Tje
JarpaH:xeBa Hpoekius ornpaBiaser (p,q) B g. Hanpumep, MBL MoxeM BHI-
6path F = +z? + 122 4 goz.

DyHKUHA A3 ITOrO CeMeHCTBa, COOTBETCTBYIOIIHE TOYKAM ¢, KOTOpHe
He ABJAIOTCA TOYKaMH BO3BpaTa, He EMEIOT 0COGEHHOCTell cloxHee deM As.
CrefoBaTelbHO, JIeT/Id, OPPAHEIEBAIONIAA JUCK B ¢-IIOCKOCTH C IleHTPOM B
TOUKe BO3BPATA, HMeeT HHAEKC. DTOT HHJEKC PaBeH 1 JIf TOYEK BO3BPATa
OJHOrO THINIA, B —1 —— N8 TodYex BO3BpPaTa APYroro THINA.

Bosee cTporo, MH [NOMXHHE BHIGPATh €CTeCTBEHHYI0 OPHEHTALHIO g-
IIOCKOCTH, [JA TOro YTOGH ONpefeluTh HeTIIO.

Ilpe onpejeiennu HHJeKCa MH HCHOAL3GBAIM TO, 9TO “Ha GecKoHed-
HOCTH GYHKUHA BeJeéT cebi TakK ke, KaK &”; ecad 6H OHa Beia cebs, Kak
—Z, TO HHJEKC NoMeHda 6H 3Hak. CaeloBaTelbHO, MH BHGpaNH IOJOMKH-
TelbHOe HallpaB/leHHe OCH I I POU3BOAALIEN (YHKIHA TaKAM 06pa3oM, 4To
F,(z,0) noroxaTtesbaa. ITOT BH6OD 33 1aéT OPHEHTANAIO AAPA POEKIHH
H, clleJOBaTelbHO, THHAA cKAaku. TakuM 06pa3oM, B TOUKe JarpPaHKeBOH
c6opKu KpuBas KPHTHIECKHX 3HadeHHH (IOKalbHO guddeoMopdHAA mONY-
Kyb6udeckod napaboie) UMeeT €CTeCTBEHHYI0 ODHEHTALHUIO. JTa OpHEeHTa-
HHA 33JaéT eCTeCTBEHHYIO ODHEHTANHI0 6a30BOH NJIOCKOCTH (JarpaHkeBa
pacclIoeHns), B KOTOPOH HAaXOAMTCHA KpHBAaf KPHTHIECKHX 3HAYEHHH: ITa
KPHBasf NOJKHA GLITb OPHEHTHPOBaHa KaK IpaHHuna “ocrpoi” orpanuiuba-
eMoii e 061acTH.

Takodl rpaHHYHEIA HHAEKC THNHYHOrO ABYNapaMeTpHIECKOI'O ceMeH-
CTBa (YHKIHHA OT OJHOM NePEeMEeHHOH [JOCTABIAET HEMCHIOK OIeHKY A1
YHCJa TO9eK BO3BPaTA HPOEKIHH JalpaHKeBOH NOBePDXHOCTH, 33 jaBaeMoi
THM NPOH3BOAALAM CeMeACTBOM (YHKIHH.

5.5. I@no6aabHbIe cBOHMCTBA 0cobeHHOCTEH

HavHéM c npEMepa: pacCMOTPHM rayccoBo 0TO6parkeHne KOOpHEeHTHPOBaH-
HOH HOBEPXHOCTH B €BKJHJOBOM 3—np0chchTBe. 3'1‘0 JarpaHxeBo O0TO-
Opaxkenue OTIpaBAfeT TOYKY NOBEPXHOCTH B eJHHAYHKA HOpMalbHHEIH Bek-
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TOp, NPHAOKEHHHIH B HyJe. Eciu moBepXHOCTEL KBaAPATHIHO BEIIYKJa, TO
rayccoso oTo6paxKeHre He HMeeT ocobennoctell. fIxo6uan aTOrO 0TO6pA-
JKeHHAA paBeH [ayCCOBOH KDHBH3He NOBePXHOCTH. Jadaueti Munxoscxoeo
Ha3bIBaeTCA 3a3Jaia OIpejeleHHA BHIYKJIOH NOBEPXHOCTH, I'ayCcCOBa KDH-
BH3HA KOTODOil 3ajaHa KaK GYHKIHA Ha IayccoBoil cdepe (06pa3e nayccosa
0TOGpaXKeHus).

HeTpyaHo BEgeTb, 9TO 3Ta PYHKIHA JOAKHA GHTL NOSOXKHTEAbHA, H
4TO HeHTP Macc cheph (IpH pacHpefeleHUH MaccChl, 3aJaHHOM TOH QYyH-
KI#el) NOMXKEH COBHAJATh C €€ reoMeTDHIECKHEM [eHTPOM. Iny60oKad Te-
opema (MurxoBckoro, A.[l.Axrekcasnposa, [loropenosa,...) yTBepxjaer,
9YTO TaKOoe BOCCTaHOBJEeHHe BHINYKIOU NOBEPXHOCTH IO JaHHOH 'aycCOBOH
KPHBH3He Ha I'ayCCOBOH cdepe BO3MOXKHO.

Ecas moBepXHOCTH He BHINYKJ2 (OHA Jake MOXeT HMeTh TOHOMOTHIO,
OTIHYHYIO OT TONOJOI'HE C(epbl), TO OrpaHUYeHHe Ha LeHTD MAacC BCe elé
uMeeT cuay. OJHaKo HOCTAHOBKA 33398 MEHKOBCKOIO B 9TOM cllydae Tpe-
6yeT 60Jee TOTHOIO ONUCAHESA UCXOJHBIX JaHHHX. MHe kaxeTcsd, 9To TaKH-
MH TaHHBIMH [JIS HEBHINYKJIOH Npo6ieMhl MEHKOBCKOrO ABAAETCA IJaJKOoe
oTtobpaxKkenue

fo(M,7") =57,

rge S™ — cTaHZapTHad rayccosa coepa, a M™ — 3aMKHyTO€ MHOrO-
ob6pa3ne 6e3 Kpaf, cHaGXEHHOe HEeBHIPOXKAEHHHIM 3JeMeHTOM o6beMa (n-
¢dopmoit) 7. IIpamoil 06pa3 GopMH T HpE 0TOOpaxKeHuH f ABIfETCA MIOT-
HOCTBIO Ha M'ayCCOBOH cepe, HEeHTP MAcC KOTOPOH JOJKEH HAXONHTHCA B
neHTpe chephl. B BhykiIoM caydae f ecThb ToXJeCTBeHHOe 0TOOpaxKeHHe
T =w/K, rie w — CTaHJapTHHH dJIeMeHT miomajgu, a K — rayccosa
KPHBH3Ha Cdephl.

TaxuM o6pasoM, B ofiueM caydae rayccoBa KpUBH3HA Ha M jomxxa
3aMeHATbCA Ako6maroM J = (f*w}/T orobpaxenus f. Torja BosHmKaeT
npobaeMa: xaxue Pyuxyuu na M ssasiomes axobuanamu zaadxkur omo-
6panxcenuts u3 (M, T) 6 cmandapmuyio cepy? Pasymeercs, uaterpara ot
TakKod GYHKIHUHE JOMKEH PaBHATHCA 00LEMy cTaugapTHOl cdepbl. O6pas
MHOXKecTBa J 2> 0 nomxen noxkpeiBaTh chepy. Ho cymecTsylor am gpyree
orpanudenns? [lodobHbie npobaembl 603HUKGIOM U OAR NPOUIEOALHBIE AG-
2pandcesblir omobpaixcenuti (2ayccoso omobpaicentie — MOALKO YACTHbIL
cayuat maxuz omobpascenutl), u d4R sayccosvir omobpacenul (Ummepcu-
POBAHHBIT UAU 6AONICEHHBIT 2unepnoseprrocmetl).

OTH 3a/add JajleKH OT CBOero paspeilledus. PaccCMOTpPHM, HalpHMeEp,
caMBIfl IpocTol caydail: Kaxad ¢pyHKUEA MOXKeT OLITh AKOGHAHOM 0TO6pa-
JKeHnA cepsl Ha MWIOCKOCTh? [Apyramu ciopamu, xakue JHddepeHnnalb-
Hele 2-¢bOopMHL Ha cdepe npeicTaBEMEL B BHJe IIPOH3BeJeHHA JBYX 3aMKHY-
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THX 1-dopm? JlokaneHO Takoe IpejCTaBIEHHE BCErja BO3MOXKHO, HO [
ra06ajibHOro HpeAcTaBle s Heo6XOZUMO, 9TO6H 2Ta 2-hopMa 6hLIa TOU-
HO# (MHTerpal: oT Heé BO.MKeH PABHATHCA HYJIO).

Teopema. Jlo6as munuunas mounas 2-gopma na 2-cepe undyyuposa-
HG JAEMENMOM NA0WAOU €6KAUIO60U TLAOCKOCTIY NPU NOMOUY MUNUYHO2O0
2aadkoeo omobparcenus cepbl Ha MAOCKOCTND.

(CpasruTe ¢ pesyabraToM u3 [139].)

PaccMOTpEM Hyn# AaHHOU TOYHOH 2-POPMHL O6IIEr0 MOAOXKeHHA. [ep-
BO€ yCIOBHE OGUIHOCTH NOJOXKeHHs TpebyeT, YTOGH 3TH HYAH O6pa3oBHI-
BaJH rIajKylo KpEBy (ecim ¢opMa JamECHBaeTCA B Bufe h7t, rme 7 —
JneMeHT mnaoland, To Tpebosanne Takoe: () He ABAAETCA KPETHYECKHAM 3Ha-
deHEeM riaajxod ¢yrknuu h). KoMnoenTh 3710l KpEBOi feisT chepy Ha
06JaCTH, B KOTOPHIX AKO6HaH COXpaHieT 3HaK. BTopoe ycloBre 06UIHOCTH
HojoxKeHHA TpeGyeT, YTOGH HHTEr palbl OT (POPMHL HO DTEM 06.1aCTAM GHLIR
HePe30HAHCHLIMHE (TO €CTh OHH He JOMKHH Y OBIETBOPATD KOHEYHOMY MHO-
2KeCTBY JHHEHHKX OJHOPOXHLIX YPABHEHHH C LEJLIME Kod(punEeHTaMH).
JocTaTo4na, HalpUMEp, panHOHANbHAS HE3ABECEMOCTD DTHX HHTerpaJjos.

YcioBHe OGIHOCTH TOJNOXKEHHA HA oTo6paxKeHHe 3aKII09aeTCA B TOM,
1TO OHO HMeeT TONBKO PACHOJOXKEHHEIe 061EM 06pa3oM 0cO6eHHOCTH THIA
CKIa 0K B cG6OpOK YHTHH (H3 1ero clefyeT yCTOMIHBOCTB TaKOI'O oTobpa-
JKeHH).

Onpepgenenue. Tunuunbin Jepesos Ha3LIBAETCA IPad, BePIULHAME KOTO-
POro ABIAIOTCA OGNACTH, Ha KOTOPHIX AKOGHAH NMOJOMKHTEILHO ONpeeNeH,
H pE6pa KOTOPOro COEAHHAIOT Te 061aCTH, KOTODLIE pa3jjeleHbl KOMIOHEH-
TaMHE KPHBOU HyJled.

IIpumep. [epeBo cTanjapTHO# mpOeKnuE Cephl Ha eé OKBaTOPHAIbHYIO
-IIOCKOCTD 3alECBIBACTCA CIeYIOIEM 06pa3oM: e — e, BepIIHHAME ABIAIOT-
CA CeBepHaA U I0XKHaA noJycdepH, pe6poM — DKBATOD.

Tunuynas popma Ha cdepe onpegenser AepeBo B HOIOKETEILHYIO byn-
KIHIO Ha DTOM JepeBe (TO eCTh Ha MHOXKeCTBe BePIUHH): HHTErPAdhl BAOIE
o61acTell, OPEEHTHPOBAHHLIX (OPMOIi. ‘3HaKOYepe[YIOIAACA CyMMa 3HATe-
HE#d DTOH GYHKNEE paBHa Hyxwo. [lepeBo W 3Ta PyHKUHA ABAKIOTCH eluH-
CTBEHHBIMA MHBADHAHTAMH THOHIHOH 2-GOpPMH Ha 2-Cdepe.

Onpepenenne. [Jefexmom @ywxyuu Ha KOpHeBOM JepeBe HashlBaeTCA
PasHOCTh MeXJy CyMMOU €€ DHaYeHHH B 4ETHHIX BePIUEHAX (COEIMHEHHEIX
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€ KOpHeM 1éTHBIM YHCIOM pébep) u CYMMOU 3HaYeHHH B HET&THHIX (ocTann-
HHIX) BepIIHHAX.

Jlio6as nosokaTenbHAA GYHKUEA C HyJeBhIM AedeKTOM Ha HEKOTOpOM
llepeBe peallu3yeTCd HEKOTOPOH HeBLIPOXKJeHHOH 2-¢opMmol Ha 2-cdepe.

Onpeaenenne. Jedexmon xopresozo depesa HasEBaeTC JedeKT HIOCTO-
AHHOH PyHKUEE 1 (TO eCTb Pa3HOCTD THCe] YETHHIX H HEYETHHIX BEpUIHH).

Teopema. Tunuunas 2-gopma na 2-cepe mowcem 6bimb noayvena u3
IAEMEHME TA0UAdY HG TAOCKOCTNY NPU NOMOWY OMOGPANCENUR, eOUHCT-
SENHBLUIL OCOGEHHOCTIAMY KOMOPO20 ABARIOTNCA CKAGOKU, €CAU U TOALKO
ecau €€ depeso umeem nyaegoti dedexm.

Hucao mouex 6036pama MUNUNHOZO OTROGPANCENUS, UNIYYUPYIOUE20
dopmy c darnnbim depesos, ozpanuueno crusy ydeoewnvim dedexmon de-
pesa.

B gelcTBETeNLHOCTH, BCerAa CYIECTBYeT CHOCO6 TaK pacHpefelHTh
3HaKH TOYeK BO3BpaTa, 9TO HX YHCAO, NOACIHTAHHOE C yI6TOM 3HAKOB,
PaBHO yABOeHHOMY jedeKkTy lepeBa [140].

A EMeHHO, TOYKa BO3BPATA NOAONCUMEAbNAE, €CIH I6THA 061aCTD, JHG-
$eoMopduo oTO6paKaeMad BO BHYTPEHHOCTb “pora”, 06pa3oBaHHOIO KPH-
THYeCKEMHE 3HaYeHHAMH B HEKOTOPOH OKPECTHOCTH DTOH TOYKH.

IIpamep. KopreBoe sepeBo o —e — e, fedeKT KOTOpOro paseH 1, peannsy-
eTcs oToOpakenneM (2-cdephl Ha NAOCKOCTD), H306DaKEHHEIM Ha, pHc. T1.
O6e TOYKE BO3BpaTa NOJOKHUTEAbHEI.

PHc. 71. Peannsanusa gepeBa C Tpemd BepllHHaMH
oTobpaxeHdeM cdepbl B IIOCKOCThH

[logo6Hble pe3yabTaTHl CHpaBeAlUBH JAA OTOOpaXKeHHH APYLHX HO-
BEPXHOCTeH Ha HAOCKOCTD, IPH YCIOBHH, 9TO KOMIOHEHTH 3HAKOOTI pe e éH-
HOCTH ABAAIOTCA HPOKOIOTHIMA JuCKaMd. ['pad, COOTBETCTBYIOIHUE TAaKOH
¢opMe Ha OpDHEHTHDYEMOH MHOBEPXHOCTH POJa ¢, FOMOTONHMYECKA PKBHBA-
JeHTeH GyKeTy ¢ okpyxHocTed. OH He HMeeT HeIETHHIX UHKIOB, CleJ0OBa-
TeJIbHO ero JedeKT KOPPeKTHO onpeleleH.
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5.6. Tomosorusa JarpaHXeBbiX BKIIOYEHUHU

PaccMoTpEM oTO6paXkeHHe r1agKoro MHOroo6pa3ui B CHMILIEKTHYECKOe
npocTpaHcTBO. Takoe oToGpakeHHe Ha3BIBAETCA U30MPONHbLM, €CAH OHO
HHAYUAPYET HYJAeBYIO GOpPMY H3 CAMIIEKTHYECKOH CTPYKTYPHI.

IIpumep. WMMepcus sarpai:keBa MHOroo6pasus (KM ero HOAMHOr006pa-
BHA) ABAAETCA H30TPONHHM OTOGpaKEHHEM.

EctecTBeHHEM NyTEM OonpefeleHus O0COOHIX JarpaHKeBbiX MHOroo6pa-
SEH ABIAETCA PACCMOTDeHHE H3OTPONHHIX OToOpaXkeHHE MHOr0O6Gpa3mii,
HMEIOIHX NOJXOJAMIYI0 Pa3MePHOCTE {paBHYIO HOIOBHHE Pa3MePHOCTH 06b-
eMIIOLero CUMIIeKTHYecKoro MHorooGpasus). Takoe oTo6pakenne Ha-
3BIBAETCA AA2PAHIHCEBLIM 8KAONEHUEM, €CIH er0o 0co6hle TOYKH 06pa3yloT
noaMHOroobpasue MeHbiled pPa3MepHOCTH.

Iipumep. PaccMOTpEM npOCTPaHCTBO KOHOPMAaJdbHOI'O PacClOeHHA HOJY-
Ky6Hudeckol napaGOoaH:

{p,9)la =12, g2 = 1%, p12+ p23t = 0}.
Oxo MOXeT 6HITH NapaMeTPH30BaHO GOPMYIaAMH
q1 = t2; g2 = t3, P = _3St1 p2 = 2s,

3aJaOIHEME H30TPONHOe oTo6paXeHHe, 06pa30M KOTOPOrO ABJIAETCA HO-
BEPXHOCTh B CHMIIEKTHIECKOM 4-IPOCTPAHCTBE, eJHHCTBEHHAad OCOGeH-
HOCTb KOTOPOH HAaXOAHTCA B Hyle. OTa NOBEPXHOCThL roMeoMopdHa 2-
HNIOCKOCTH.

I'uBenTans B [141] Ha3Bak 3Ty NOBEPXHOCThL PACKPLIMbIM 30HMUKOM. E6
IpoeKnEd B 3-IPOCTPAHCTBO BAOADb Py-OCH €CTh OOLITHEIA 30MmMux Yumhu—
Ksau.

PackpHTHI 30HTHK ABAAETCA JaCpPaHXeBOH HOBEPXHOCTBLIO C €JNHHCT-
BeHHOH 0c060# TOUKOH. DTa TOIKa MOXKeT OHITb Criax<eHa B KIacce BCeX
NOBepXHOCTeH B 4-NPOCTPaHCTBe (TaK KaK mepecedeHre 3TOM OBEDXHOCTH
¢ Manol 3-cpepoli ¢ HEHTPOM B 0coGOH ToUke HesaysiaeHo). OjHako, 3Ta
0C06eHHOCTh He MOXeT GHTb CriaXKeHa B Klacce JarPaHXKeBhIX HOIMHOIrO-
o6pasuil, TaKk KakK uHjekc Maciosa neTam, oxBaThBalOIleld 0C06yI0 TOIKY,
He paBeH HYIIO (B 3aBHCHMOCTH OT OPHEHTALHH OH paBeH +2).

T'uBenTanb gokasal, 4TO 3Ta 0CO6EHHOCTb M3O0TPONHOrO BKAKIEHHA
ycroiiuuBa: A1060e GIH3KOe M30TPONHOE BKIIOYeHHe NPH TNOMOIIE AHd-
¢eoMopdhE3Ma NOBEPXHOCTH H CHMIJIEKTOMOD(H3Ma NPOCTPAHCTBA MOXKeT

””{"‘r
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GHITh NPHBeJEHO K BHJY, YKA3aHHOMY B IpeELAYILeM IPEMepe, B 6IH3KOM
TOYKE HCXOJHOH NOBepXHOCTH.

IunoTesa INueenTansa. Jazpanocesvl exaouenus noseprHocmet, edun-
CTBEHHBLUY OCOOERNOCTRAMY KOTROPHIE AEAKIOMCR PACKPBIMbE 30MMUKXY (u,
PA3YMEETNCR, CAMONEPECENENUR), NAOMHbL 8 NPOCMPAHCMEE 6CET Aazpan-
MHCEBHIT 8XMONENUT.

Ha yposue cTpyii, mroxoe MHOXecTBO B 3TOH npo6ieMe EMeET Kopa3-
MEPHOCTb 7, CleOBATEIbHO, KaXeTci yOeNHTeTbHHM UpeiloloKeHHe o
TOM, 4TO THNHYHOE JArPaHXKeBO BIOXKeHWe Pa3MePHOCTH 2 He NlepeceKa-
eT ero. OJfHako, JOKAa3aTeIbCTBO HE MOXET GHITh CBEJEHO K OGLIIHLIM
apryMeHTaM TPAHCBePCAIbHOCTH, TakK KaK yPaBHeHHe, ollpelelfioiee B30
TpoNHOe BiIoxkeHUe (f*w = 0, rqe f — BAOXKeHHE, & w — CHMILIEKTHIECKAA
dopma), xeadpamuuno HO OTHOUIEHHIO K f.

Takum o6pasom, B runoTese paccMaTpEBAIOTCH “THNEIHEE” oTo6pa-
eHHH B MHOI0OGpa3ue, 3aJaHHOE CHCTeMOH KBaJPaTHIHBIX OJHOPOIHKIX
YPaBHEHHH. DTO MHOroo6pa3ie fBAAETCA OYeHb BHIPOXK/JEHHRIM KOHYCOM,
KOTOPHIH MOXET HMeThb KOMIOHEHTH Da3iHIHbIX pa3MepHocTed. MoxHo
A3Tb MHOrO, APHOPH HEIKBUBAJIEHTHEIX, €CTECTBEHHKIX ONpejie/leHuit “TH-
NEYHOCTH  OTOGPaKeHHH B 9TOT KOHYC (oTa ke cIOXHOCTDH BCTpeyaeTca B
npoGieMe KIaCCHpUKANHA “THNHYHEIX” aare6p Jlu fanmoi Pa3MepHOCTH,
B KOTOPO# ToXAecTBo AK06H — cHCTeMa KBaAPATHIHBIX YPaBHEHHH).

BoaMoxno, mpocTeiimeli mpo6GaeMoll Takoro THmAa sBASETCH 3ajada
KIaCCHPUKAUME “THNHIHHX” OTOGPaXKeHHH H3 TAOCKOCTH B IAOCKOCTh,
AKOOHaH KOTOPHIX TOXJAECTBEHHO paBeH HYIIO.

PackpHITHIE 30HTHK HOABAAETCA B TEODHH CHCTeM Iyded B caefylomen
cetyanmu. Paccmorpmm THIEPIIOBEPXHOCTD 27-MEePHOrO CHMILIEKTHIECKO-
O NpOCTPAHCTBA U (n — 1)-MepHOe H3OTPONHOE NOAMHOrOO6pas’e B ITOM
THIEPIOBEPXHOCTH (MBI 6y 1€M Ha3HIBATh €I'0 HAUALbHbIM #MN02006pasuen).

Jlyam (xapakTepEcTHKH I'EIEPHOBEPXHOCTH), NPOXOAALIAE TePe3 TOY-
Kd Ha9aldpHOr0 MHOroo6pasus, 06pasyoT (JIOKa.JIbHO) HoaMHoroo6pasue B
(2n — 2)-meprOM cEMOIEKTEIeCKOM MHOro06pa3uy XapakTepHCTHK. OTO
NoAMHOr0o6pasie H3OTPONHO H B 06weM caydae (n — 1)-mepro. Ilpu n = 3
2TO NOAMHOr006pa3ne ABAAETCA JArPAHKEBHM BKIIOTEHAEM OBEPXHOCTH.
B [8] I'msenTans gokasax, wro €JUHCTBEHHHIME OCOGEHHOCTAMH COOTBeT-
CTBYIOUAX N3l PaHXKEBbIX BKIIOIEHHH ABIAIOTCA PACKPHIThie 30HTHKH (npm
yClOBEH, ITO Ha4albHOE MHOr006Gpas3ne NIPHHAIIEXKUT HeKOTOPOMY OTKPHI-
TOMY H ILIOTHOMY MHOXECTBY B IPOCTPaHCTBE BCeX HOAMHOr006pas3uil pas-
MepHOCTH n — 1). '
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PacKpHITHEe 30HTHKH GOMbIIMX Pa3MepPHOCTeH ABIAIOTCA HPOCTPAHCT-
BaME KOHOPMaJbHEIX PACCAOeHHM pacKpPBITHIX JaCTOYKHHEIX XBOCTOB HOJ-
XOAAIHX pa3dMepHOCTel. PackpbimbiM AGCTROUKUHBLM TE0CTNOM PAIMEPHO-
CTH M Ha3bIBaeTCAd MHOXKECTBO MHOI'OYJEHOB

(™ 4 g™ g bag = (- P 4,

HMeOILEX KOPeHb KPATHOCTH, IpeBHINAKIEd m. ITO HoAMHOroobpasue
JarpaHKeBO B IPOCTPAHCTBE MHOIO1/IeHOB HeTETHOR CTeNeHH, CHaGKEHHOM
CHMILIEKTHYeCKOH CTPYKTypoil, onucanuon B §1.1.

Iipumep. lloryky6udeckas mapa6oiaa Ha ILIOCKOCTH ABAAETCH OJHOMeEp-
HHIM PACKPHITHIM JaCTOYKHHEIM XBOCTOM. [ BYMepHHHE paCKPHITHHA JaCcTOY~
KHH XBOCT B 4-IDOCTPaHCTBE MHOTOYIEHOB HATOU CTeNeHH H306pakéH Ha
puc. 10.

EcrecrBennas npoexuns (ompedensemas KPaTHEIM AudpepeHIEPOBa-
HHEM MHOIOY/€HOB) OTHPAaBIfeT 2m-MepHOe NPOCTPAHCTBO MHOTOYIEHOB
crenesd 2m + 1 B (m + 1)-MepHOe IPOCTPAHCTBO MHOrOUJIEHOB CTENEHH
m + 2. DTOH npoeKnued “pacKpHITHE” JaCTOYKAH XBOCT Pa3MEPHOCTH m
oTobpaxkaeTcd Ha OGHIYHBIH mM-MepHHIA JaCTOYKAH XBOCT (06pa30BaHHEIA
MHOTOWIEeHaMH, HMEIOIUME KPATHHH KOpeHb). JTO 0To6GpaKeHHe OJHO-
3HaYHO Be3Je, 3a HCKIIOYEeHHEeM JMHAA caMomepecedeHud JaCTOYKHHA XBO-
cra (npu n = 2). Kaxgaa Toixa DTOH JAMHHE, 33 HCKIIOYEHHEM BepilH-
HEL JACTOYKHHA XBOCTa, HMeeT 2 nNpoobpa3a Ha PaCKPHITOM JaCTOIKHHOM
xBocte. Tomosoravecku pacKpHITHIA JacCTOUYKHH XBOCT IOMeoMopdeH eB-
KIHJOBY HPOCTPAHCTBY. JTOT rOMeOMODP(GH3M COXpaHAeT BCe OCOGEHHOCTH
O6LITHOIO 1ACTOYKHHA XBOCTA, 33 HCKIIOUeHHeM caMonepecedenuit. Taxam
obpazoM, “noguaTHe” OGEITHOTO JACTOYKEHA XBOCTA Ha PACKPEITHH (TONO-
JOrMYeCKH KBHBaANeHTHOE “HOpMaJu3anuu” B aare6paudeckoll reoMeTpun)
YApOILIaeT TONOJIOTHYeCKYI0 CTPYKTYPY H pa3pe3aeT HEKOTOphle NeTAH B
To4KaX caMmoliepecedenus. Haspanme “pacKphITHIE” KaK pa3 H OTpaXKa-
eT 2ToT ¢aKT. Kak Mbl yBHAMM HEMXKe, PACKPHIThIE JaCTOYKHHBI XBOCTHI
YTIPaBJAAIOT OCOGEHHOCTAMH CHCTEM Jy4ed Ha NPeNATCTBHH. 3jech Xe ME
HCHOJAb3yeM JTH M-MepHHe 0Co6He JarpaHkeBhl MHOroo6pas3us A4 onpe-
JleJieHH s PaCKPHITHIX 30HTHKOB. 3a0yjeM IpO CHMILIEKTHYeCKYI0 CTPYKTY-
Py o6BbeMaoLero 2m-MepHOro NpocTpancTsa. KonopMaibnoe paccioenne
M-MEePHOI'O PACKPBLITOrO JaCTOYKHHA XBOCTA JEXKHUT B 4M-MePHOM CHMILIEK-
THYeCKOM IPOCTPAHCTBE KOKACATEABHOI'O PaCcCIOeH s HaJ HIPOCTPaHCTBOM
MHOIOWIEHOB. JTO MHOT0O6pa3de AarpaHKeBo, 1€THOU Pa3MepHOCTH 2m,
oHo sBJifeTca oOpa3oM JlarpaH:KeBa BKIIOYeHHS.
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Oco6GeHHOCTH 2mM-MepHOr0o PaCcKpPEITOrO 30HTHKA 06pa3yioT duar nox-
MHOroo6pa3nil 1€THEIX pa3MepHOCTEH, npu4eM 2k-MepHOe NOAMHOT006pa-
3ge DTOro duiara H3oMOpgpHO 2k-MepHOMY PACKPHITOMY 30HTHKY.

Jpyrumu (JKBEBANEHTHHIMHE) ONPeeIeHEAME 2M-MEPHOro PacKpHTOro
30HTHK3 ABAAIOTCA:

l) IMogMHOr0O6pasue B HPOCTPaHCTBE nap MHOI'OY/JIeHOB
{e2m+1+q1€2m-1+ ...+ g2me0, Pomerm-1— Prm—1€2m—2+...— P1reg}

(rme e, = z°/s!), obpasoBaHHOe mapaMu, EMEOIEME O6LIEA KOpDeHb
KPaTHOCTH He MeHbINEH (m + 1,m).

2) KoMnosenTa 0co60ro sarpanxeBa MHOroo6pasni, 3a1aBagMOro BHIPO-
XK IeHHBEIM [NPOE3BONAIIAM CeMeHCTBOM

F(z,q,Q)= /O SQET Q) ET 4 @™ g de.

ITO ceMeHCTBO 3a4aéT JarpaHKeBo MHOroo6pasne

oF oF
{P— a P= E:

dq
koMnorenTy ™t 4 qrz™ 14 44, =0 KOTOPOr'o MHL B pacCMaTpH-
BaeM.

Fz=0}1

Bosppamasch k cBcTeMaM Aydell, pACCMOTPHEM OGLITHYIO CATYAIRIO: CH-
CTeMy HopMaJell K I'HIEPIOBEPXHOCTH B €BKJHMJIOBOM NPOCTPAHCTBe, HIH
CHCTEMY XapaKTepHCTHK ypaBHenusa [ammabrona-Hko6H, cooTBeTCTBYIO-
WAX JaHHEIM HadalbHBIM 3H39€HHAM HEH3BECTHOH (PYHKIHH, OrpaHHIeH-
HOH Ha IHIePIIOBEPXHOCTb B KOHGHIYDPANHOHHOM NPOCTPAHCTBE.

' B 5ToM caydae THnEYHEe FPaHEYHBIE YCIOBES ONPeJelSIOT AT PAHKEBO
O AMHOr 006pa3Ke, TPAHCBEPCANbLHO NepeceKaolliee THIIePIOBEPXHOCTD (3a-
Haouryo ypasrene [amuibrona—ko6u). CaenosaTenbno, COOTBeTCTBY-
Iomjad CACTeMa Ayied ABIAETCA HMMEPCHPOBAHHBIM Jal PaHKeBHIM [0 IMHO-
roo6pasdeM OPOCTPAHCTBA JydeH, He UMEIIIEM OCOOEHHOCTeHd THNA pac-
KPBITHIX 30HTHKOB.

Kak 6HLI0 yHOMAHYTO BHILHe, HOBEPXHOCTH C HEHYJIeBOH DAIEPOBOH Xa-
PaKTepHCTHKOM He MOr'YT GHITh HMMEPCHPOBAHE B CHMILIEKTHYecKHe HPO-
CTPaHCTBa KaK JarpaHxKeBbl NogMHorooOpasma. Opguako, 'iBedTanb mo-
CTPOHJ JarpaH:KeBbl BKJAIOYEHHA B CTAHJapTHOe CHMILIEKTHYeckKoe 4-Tpo-
CTPaHCTBO NOBEPXHOCTEH C [POH3BOJILHOH DHIEPOBOH XapaKTEPHCTHKOH
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X £ —2. OTH BKIOYEHHA MOT'YT GHITh BHIGPaHb TaKHM O6Pa30M, ITO OHH
He HMeIoT TOYeK caMmollepeceieHHs, B 3TOM cilydae o6pa3 BKIIOIEHHA I'O-
MeoMopdeH npoobpasy [141]. MoxeT cIy4HTbCA, 9TO 3TH BKAIOYEHHSA He
TOYHHI.

PaccMoTpEM NpOH3BOILHOE TarpaHkKeBo BKIOYeHHe noBepXHocTH L2 B
CUMILIeKTHIeckoe MHOroo6pasne M?. T'mpenTanb foKasal, 9TO

L-L=x(L)+2s+u,

I'Jie ¥ — YHCJIO PACKPHITHIX 30HTHKOB, S — YHCJIO TOYEK CaMollepeceveHns,
X — 2ia1epoBa XapakTepucTuxa, L - L — HHjJexc caMollepeceienns o6pasa
dynsaMenTaNbHOrO HuKIa MHOroo6pasua L B Hy(M). Camonepecedenus
NOJCIHTHIBAIOTCA C yI6TOM 3HAKOB, ONpelelfeMbIX opHeHTanneidl L (ecinm
L ne opHenTHpyeMO, TO (OpMy.Ja CHPaBelIHBa 10 MOAYIIO 2).

s oToit GOpMYH BEITEKAET, ITO TOUKA CaMoliepecededus HIH 2 Bep-
UIHHBI PACKPHEITBIX 30HTHKOB MOI'YT PacCMAaTPHBaTbCA KaK “aHTHPYYKa”.
JleficTBETENBHO, B HEKOTOPOH OKPECTHOCTH JMI060H TOYKH BIOXKEHHOrO JAa-
r'paHKeBa MHOI'0OGPa3Hd MBI MOXeM HPHAeNaTh MAAYIo JarpaHKeBY Py IKY,
Ha KOTOPO# ecTh ad60 TOUKa CaMolepecedeHHd, JU60 2 PACKPHITHIX 30H-
Tuka. [ToayduBiieecs oco6oe JarpaHkeBo MHOrooGpasue Takyke BIOXKEHO
(B clly9ae 30HTHKOB PyYKa HapPYLIAET OPHEHTALHIO).

ITa KOHCTPYKUES MOXKET Jaxke COXPaHATh TOYHOCTh MHOroo6pa3ns:
€CJIE HCXOJHOe Jal DAaHXeBO MHOr006pa3ie ABIAETCSA IPOeKIueH JexaH Ipo-
Ba, TO IPEKpeNJIeHHe PYIKHE MOXeT OhITh IPOU3BeeHO TAKAM 06pa3oM, 9TO
HOMyYeHHOe JalPaHXkeBO MHOroo6pasde Takxe ABAfeTca 06pa3oM Ipoex-
1nHHE ocoboro JexaHApoBa MHOroo6pasus.

Py4xn MoryT 6HITh OHHECAaHH B TepMEHAX (PPOHTOB, COOTBETCTBYIOMIHX
TOYHKIM JarpaHXeBHM MHOroo6pasuam B R* = T*R2. Bo nepBrx nosnu-
MeM MHOroo6pasie Jo JexaHpoBa noJimuoroo6pasusa 8 R® = JI(R% R), a
3aTeM CHPOeKTHEpPyeM ero B 3-mpocrpanctso JO(R? R) = R3. O6pas sroit
NIpDOEeKNHH U eCTh (PPOHT.

DpPOHT TENHIHOH NIATKOW JArpaHKeBOH NHOBEPXHOCTH HMeeT TOAbKO
nonyky6uieckne pébpa BO3BPAaTa H JacTOYKMHH XBOCTH. KacarteibHas
IIOCKOCTh HEIJE He BepTHKalbHa {TPaHCBEPCAIbHA CJIOSM eCTeCTBEHHO-
ro paccioenas JO(R? R) -+ R?). Camonepeceienus rarpamiesoil mo-
BEPXHOCTH COOTBETCTBYIOT BePTHKAILHBIM XOpJaM (PPOHTA, B KOHEIHEIX
TOYKaX KOTOPHIX KacaTellbHble ILIOCKOCTH K (PPOHTY HapalieibHhL.

PackphiThie 30HTHKE narpaHXeBa MHOI006pa3ua COOTBETCTBYIOT 0CO-
6esHOCTAM QpoHTa THHA “cloxeHHbIN 30HTHK”. HopMmanbHad ¢opma cao-
JdCEHHO20 30MMUKG — ITO NOBEPXHOCTh B 3-IPOCTPAHCTBe, 3ajaBaeMasd

§5.6. Tonoaozus aazpanaessiz sxawouenut 155

dopmy.I0ii

y° = z°z°,

ITa MOBEPXHOCTD, HMEIOAA nonyky6udeckue pé6pa BO3BpaTa U AHHHIO Ca-
MonepeceieHns, u306paxeHa Ha puC. 72. IDTa 0cOGEHHOCTD BCTpedaeTcs
BO MHOI'HX 33J3a9aX TEOPHH 0COGeHHOCTEH.

z

Puc. 72. CnoxeHHEI 30HTHK

IIpumep 1. Paccmorpam ABIXKYINYIOCA K3YCTHKY (THIHYHOE OJHOIAPA-
MeTpHecKoe CeMeHCTBO KayCTHK) B 3-NPOCTPAaHCTBe. Pé6po sosspara
9TOM KayCTHKH 3aMeTaeT NOBEPXHOCTb, Ha3hBaeMyio 6uxaycrmuxod. Tu-
THIHBIe OCOOEHHOCTH 6HKAYCTHK W3ydanuch B [72], [142]. Croxennul 30H-
THK — OJHa U3 TaKUX 0COGeHHOCTel.

IIpumep 2. PaccMoTpuM o6bequHenne KacaTelbHbIX NPAMBIX K THNHY-
HOM TPOEKTHBHOW KDHBOH B IPOCTpPaHCTBe. DTO obbLennHeHne ABAAETCA
pazeépmuisatoetica noseprHocmbI0, peGPo BO3BPATA KOTOPOH eCTh HCXO -
Haf npAMad. TENHIHAA KPHBad MOXKET HMeTh H30IEPOBAHHELIE MOUKY ynao-
wenus (B KOTOPHIX PaBHO HYJIO Kpyienue). [loBepxHocTs, 06pasoBaHHas
KacaTeJbHbIMH, B TAKHX TOIKaX 0c06a, 0CO6EHHOCTD — CI0XKEeHHbIH 30HTHK
([143], [144]).

IIpumep 3. B 3-npocTpancrse paccmoTpum THNHIHYIO [OBEPXHOCTH
C OGHITHEIM pe6poM BosBpaTa. PaccMoTpuM TunmIHOE omobpaixcenue cxaa-
dbi6anus ITOro 3-NPOCTPaHCTRA (B MOAXO AKX KOODAMHATAX 33 KaBaeMoe
dopmynamu (z,y, z) — (z2,y, 2)). O6pas HOBEPXHOCTH UMeeT 0CO6eHHOCTH
THNA CIOXKEHHBIH 30HTHK B TOYKaX Nlepecedenns pe6pa BO3BPATA ¢ HOBepX-~
HOCTBIO CKAAJKH. DTOT IPEMeP BMECTe C TONOIOTHIECKON SKBHBAJEHT HOC-
ThIO CIOXKEHHOIO 30HTHKA M 3OHTHKA YHUTHH M JaJf Ha3BaHHe “CJAOXKeHHBIR
30HTHK” .

ITpumep 4. CroxeHHHE 30HTHK AOCTaBARET HEKOTOPHIe HOpMaJbHbIe
POPMEI THIHIHHX 0CO6eHHOCTel B TeopHE [[aBLIJOBA MeAleHHOTO JBHIKE-
HHA B PEAGKCAYUOHHBIT CUCTIEMAT C ONHOU GHICTPOH H ABYM# MeIeHHBIMH
nepeMennbiMu (cM. [145]-{147]).
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O6c¢cyx leHne MHOIOMEPHEIX 060611IeHEl CIOXKEHHBIX 30HTAKOB HMeeTCA

BepHéMcd K OpHKDelieHHI0 JarpaHyKeBhIX pydek. Hadném co cTan-
JapTHOro ¢poHTa ¢ OOBLIYHHIM pe6POM BO3BpaTa, JOKAILHO 3aJaBaeMOr'c
ypaBHeRHeM y? = =} B KoopAHHATaX (%1, 2,y) Ha npocrpancree JO. Ho-
Bble POHTH. ¢ PY4YKaMH H306pakeHH Ha pHc. 73 (0fHA TOYKa caMollepe-
CedeHUA JArDaHXEeBOH MMMEPCHH) ¥ Ha pPHC. 74 (4Ba PacKpHTHLIX 30HTH-
Ka Ha JarpaH:KeBOM BKJAIOYeHHH). DPOHTH CHMMeTPHIHH OTHOCHTE]bHO
IIOCKOCTH y = (; TUHHEE yPOBHA MYHKUAHE ¥ Ha GPOHTAX H306pakeHh Ha
pucynkax. Ms »>Toli caMMeTpUE BHTeKaeT TO, YTO e[HHCTBEeHHHE BO3MOMK-
HEIe caMollepecedenus JarpaH:keBa MHOroo6pasus BCTpedaloTci B TOYKaX
($poHTA, B KOTOPHIX KacCaTelbHOE NPOCTPAHCTBO TOPH3OHTAIBHO, TO €CTh
B OCOGHIX TOYKaxX nuHEM ypoBHA. Taxum o6pasom, Ha puc. 73 msobpaxe-
Ha OJ[Ha TOYKa CaMolepeceieHns JarpaHxeBa MHOroobpa3us, a Ha pHC. 74
TaKHEX TOYeK HeT.

pC

Ws npuBesénnol BbIlle KOHCTPYKUEE [HBeHTals clelyeT, YTO YHHYTO-
XeHde Nap PAaCKPHLITHX 30HTHKOB JarpaHKeBbiX BKJAIOYEHUH HOBEPXHOCTH
BO3MOXHO, €C/IH OBEPXHOCTh HMeeT JOCTATOYHOE YUCIO pydeK.

Puc. 73. PpoHT NarpaHxkeBol pydKH
¢ OJHOH ToYKoi#l caMomnepecedeHHA

Puc. 74. dpont Narparxkesol pydKu
C AByMsA PacKpBITbIMH 30HTHKaM#

Teopema. Jamxuymas Heopuewmupyemas noeeprnocmd, iaeposa Ia-
paxmepucmuxa xomopoi ompuyemeadbns u xpamua 4, donycxaem weo-
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c060€ Aa2PANINCEBD BAONHCEHUE 6 CTNAHOGPMNOE CUMNIEKMUYECKOE 4-npoc-
mMparRcmeo.

(JoxasareapcTso uMeerca B [141].)

HewnssecTro, fonyckator au GyThiixa Kieiina, IpoexTHBHAS MIOCKOCTD
H [OBEPXHOCTb dHIePOBOH XaPaKTEPHCTHKE —1 POMEOMOPGHEIE TarpaHKe-
BHI BKJAIOY€HHA B CTaHJaPTHOE 4-IPOCTPAHCTBO (BKIIOIEHHS, AMEIOLIHE PAc-
KPHIThie JaCTOIYKHHEI XBOCTH H CaMOllepecedeH s, 66U TOCTpoeHH ['upen-
TaleM B [141}).

5.7. IlpumeuaHnwue

Hagmnas ¢ 1993 roga ucciefoBaHis CEMIIEKTHIECKEX 0606IIENAN YIOMHE-
HaBlUIEXCA BO Beenennn TeopeM o 4eTHIpEX BepHIMHAX B 9eTHIDEX OMGHIE-
YeCKHX TOYKaX HPHBEIH K CO3JaHHI0O TEODHH HHBADHAHTOB H llepecTpOeK
KPHBHIX H BOJIHOBHIX ()POHTOB Ha ILI0CKocTH [192]-[196], cBAzanHOl ¢ Teo-
pHell HHBapHaHTOB y3.0B. [loaBHauch pa6oTH 06 oOneHKaxX YHCIa TOTeK
YILIOIeNH# KPHBHIX B MEOTOMEPHHIX I[POEKTHBHHIX IPOCTPANCTBAX, THCIA
TOYeK BO3BPaTa Ha KAayCTHKAX JalPaH)XeBHIX NUJIMHIPOB, GIH3KHX K CH-
CTeMe HOpMaJeli OKDYXHOCTH (JarpaHXeBEIX KOUIAICOB), B MHOCHE ApY-
rae [194].

O606umenne TeOpeMEl O 9eTHIPEX OMOHIMYECKHX TOYKAX HNOLYIHI
M.95.Kazapsan [191]. Yucio Takux OCO6eHHOCTEH ¢ YI8TOM CHelHANbHO
BHIGPaHHEIX 3HAKOB ABIAETCA TONOJOI'AIECKHM HHBAPHAHTOM TPEXMEPHBIX
JarpaHXeBEIX MHOI0O6GDa3Hil, OCHALIEHHHX KaCATeIbHHIM BEKTOPHHIM MO-
JeM, EMEIOIIAM PeryifapHylo OpOeKUHIO Ha 6a3y JarpaHyxeBa pacCIOEHHA.
Ox xe [187] HOCTPOEI HOBHIE KOTOMOJOTHIECKHe CIeKTPaNbHEE NOCIeN0-
BaTeIbHOCTH CTPATH(GUKANKH JarpaHKeBbiX WIH JeXKaH[POBbIX HMMEPCHH,
YIATHIBAIONIAE BMECTE € KaXXJHIM JarpaHKeBEIM (e aHIPOBHIM) KJAACCOM
rpynny CEMMETPHHE J3HHOH OCOGeHHOCTH H YKa3al Ha CBA3L TEOPEMH O
9eTHIPEX BepUIMHAX C NEKIHIeCKEMH romosoruamid [197).

B >Tux paboTax moayieHn HoBhie (o CpaBHeHEIO ¢ pa6oramu B.A.Ba-
CHJbeBa) JarpaHXKeBhl H JA€XAHADOBH XapaKTepACTHIecKHe xiaacchl. Ilo-
Ka3aHo, 9TO NOCTPOeHHEIe ClleKTPalibHbie NOCAeJ0BATENLHOCTH CXOAATCH K
KOI'OMOJIOTHAM CTaOHAbHALIX NarPaH¥eBbiX (eXaHIPOBEIX) MPACCMaHEAHOB.
3 5Toro BEITEKaIOT HOBLIE TONOJIOTHIECKHE OPPAHHICHHUS Ha COCYIIeCTBO-
BaHHpe JAIPaHXKeBHIX H J€XaHIPOBHX 0COOEHHOCTEH.



6 IlpoexTHpoBaHHMA mOBepXHOCTEH
H 0COGEHHOCTH BHIHUMBIX KOHTYDOB

Otobpaxenns npoekuui (IPOEKTHPOBAHHA) BCTPEYAIOTCA BEChMa 4acTO.
Hanpamep, Ml pasiudaeM 06BEKTH 10 BHAHMHIM KOHTYpaM HX HPOeKHEi
Ha CeTYaTKy Hallero riasa, T0 eCTh O KPETHIECKAM 3HAIEHAAM DTHX IpO-
€KTHPOBaHHUH.

Oco6eHHOCTH NPOEKTHPOBAHHI BaXKHH TaKiKe B Teopuu Gudypxanmi
TNOJOXKeHHH PaBHOBECHSA [UHAMHEIECKEX CHCTeM. B dToM ciyuae HpOeKTH-
pyeMoe MHOroo6pasue IeXHUT B IPOU3BEJeHHH NPOCTPAHCTBA NAPaMeTPOB
 (pa30BOT'0 IPOCTPAHCTBA JUHAMHETECKOH CHCTEMH: OHO 06Pa30BAHO HOMO-
EeHUAMH DABHOBECHA A BCeX 3Ha4eHHH mapaMeTpa. Oco6eHHOCTH mpo-
eKTHEPOBAHHUH JITOrO MHOr0OGDa3Hs Ha IPOCTPAHCTBO NAPAMETPOB OTBET-
CTBEHHHI 33 GH(YPKaN AR NONOXKEHHH PaBHOBECHA UPH H3MEHEHHH 3HAYeHHH
HapaMeTpOB.

Oramine TeopHE 0COGeHHOCTEH NPOEKTHPOBAHHH OT obued Teopum
0CO6eHHOCTeH 3aKII09aeTCA, [MABHEIM O6GPa3oM, B MeHbIIeM 3alace o~
NYCTEMBIX oTo6GpaxkeHul. Onpefellenne YKBEBaJEHTHOCTH IPOeKTHPOBA-
HEH TaKXe OTAHY3eTCA OT OGLIero olpexeleHus (RL-) sKBHBaleHTHOCTH
OTOGpaXKeHHH. A MMeHHO, ABa NPOEKTHPOBAHHA (nogMHEOr006pasHil Mpo-
CTPAaHCTB PacCIOeHHH Ha COOTBETCTBYIOLHe 6a3hl) 3KBHBAJCHTHHL, €CAH cy-
uteCTByeT JEPdeOMOPIA3M H3 IPOCTPAHCTBA NlepBOI'O PacCCOeHnd B NIPOC-
TPaHCTBO BTOPOrO, PACCIOEHHHE Ha i nHddheoMopdr3MoM 6a3, oTo6packa-
0Kl epBOe N0 AMHOr006pa3ie Ha BTOpOe.

B >Toi raase Mu o6cyqEM KIaCCH(UKANUIO 0COGEeHHOCTEH HPOEKTHPO-
BaHHH C TOTHOCTHIO JIO ITOrO OTHOMIEHHA >KBEBAJICHTHOCTH.

6.1. OcobeHHOCTH NPOEKTHPOBAHMI IHOBEPXHOCTH
Ha ILIOCKOCThb

PaccmoTpum nosepxHocTs B 3-npocTpancTBe. CormacHo KIacCHYecKoR Teo-
PeMe YHTHH, OCOGEHHOCTH TaKHX THNHYHHX NDOEKTHPOBAHEH — 3TO
CKIa/KHE (BAOAb NAMHEM KDHTHIECKHX TOYeK) H C6OpKE (B E30AMPOBaHHKIX
Toukax). OfHaKo, IPOEKTUPYA THIHIHYIO NOBEPXHOCTb BAOIL HeKOTOPHIX
H3IPaBJEHHH, MBI MOXKEM NOAYIETh 6ojee CIOKHEIE 0COGEHHOCTH. Apyru-
MH CIOBaMH, THNU1HAS NOBEPXHOCTD, PACCMATPHBAEMAA BJOIb HEKOTODPHIX
HallpaBJeHHH, MOXET HMETh HEOGRITHYIO POPMY.
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uc/0 pasAEIHKHIX THNOB, TOAYI3eMBIX TAKHEM 06pa3oM {raafd B 0 AX0-
AALIEM HANpaBJIeHUHE B3 TOYKH BHe NIOBEPXHOCTH), paBHO 14. UX m3yvennme
OCHOBBIBaE€TCHA Ha aHa/H3€ BEKTOPHLIX MOJeH, KACAIOIMHEXCA (0606mEnnbIX)
JNACTOYKHHBIX XBOCTOB.

IIpoexmuposanues nosepxuocta M, nexkameit B IPOEKTHBHOM MPOCT-
pabctse RP3, u3 touxm O, He npEHa aexamed M, HasniBaeTcH JHATPaM-
Ma M — RP3\ O —» RP?, rpe repas CTpelKa — BKJTIOYeHHe, a lpaBaf
— HPOEKTHPOBaHHe, 0TO6paXaloliee TOIKY B HPAMYIO, COEHHAOMIYIO DTy
TOoUKY ¢ O.

Pocmxom NpoexTHPOBaHHA Ha3HIBAaETCA AHANOTHIHAA NHEACPAMMa POCT-
koB. [[Ba npoexTHpoBanus (POCTKH HPOEKTHDOBAHUE) 3K6UBALERMNDI, eC-
MU CymecTBYeT KOMMYTaTHBHAA (3 X 2)-AHarpaMMa, CTPOKH KOTODOH —
IpOEKTHPOBaHUA (POCTKH NDOEKTHPOBAHMH), a CTOAGIH — JaddeoMop-
¢u3MbL (pocTKH AudpeoMopdE3IMOB).

[lnockocts RP2, na xoTopyio Mbl HpOeKTHDYyeM, HasbiBaeTCi 6a301
NPOEKTHPOBaHHA. TakEM 06pa3oM, YKBHBaJIEHTHOCTH [0Jpa3yMeBaeT cy-
IecTBoBaHUe AHPPeoMOppE3Ma 06BEMIIONIEro 3-IPOCTPAHCTBA, PaCCIO-
€HHOr'O HaJ HEKOTOPLIM JupdeoMopdusMoM 6a30BEIX TPOCTPAKCTB.

Komnosunun M — RP?, onpejenétnbie 9KBEBaIeHTHHIME IPOEKTHPO-
BaHEAMH, RL-3KBHBaJeHTHH (TO €CTH MOTYT GHTb opeo6pa3oBaHbl APYT B
APYra npH HOMOIIE fH(dheoMopdusMOB 0ToGpakaeMol noBepxuoctd M u
npocrparcTsa RP?).

BrguaMbie KOHTYpPH (TO €CTh MHOXKECTBa KPHTHIECKHEX SHaYeHUH) HKBH-
BalleHTHHX NPOeKTHPOBaHER nuddeomopdun. CaeroBaTenbHo KJIacCHpH-
Kalud POCTKOB HPOEKTHPOBAHHK C TOYHOCTHIO 4O 5KBHBaJeHTHOCTH HIpo-
eKTHPOBaHEM BAEYET 3a COGOH KIACCH(PUKANHIO BEAUMLIX KOHTYPOB C TOU-
HOCTRIO J0 nud¢deoMopdusmos. OfHAKO, A3 AHPGHEOMOPHHOCTE BAIEMBIX
KOHTYPOB He ClefyeT DKBHBAIeHTHOCTh NPOEKTHPOBAHHH.

Hepapxua pocTkoB THIHYHHIX IPOEKTHPOBAHEI H306pAKEHa, HA pHc. 75
(ona 6bln1a nocTpoena O.A.Ilratowosoit [9] # mcnpasrena O.I1.1ep6akom
[13], [148]). Pucysku 0603Ha9ai0T POCTKE [POEKTHPOBAHEH, SKBHBAICHT-
HHIX POCTKaM HPOEKTHPOBAHHE NOBepXHOCTeH 2 = f(z,y) BAoab och z. B
HeocoGom caydae 1 gpynknus f paBHa z; ocTaibHEe QYHKIEE f TaKOBHL:
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Puc. 75. Hepapxusa pocTKoOB
HpoeKTApOBaHAN

Tan | f(z,y) tun | f(z,y)
z2 7 | 2t + 2%y + zy?

3+ 7y 8 |z zy+ay
Byl 9 |23 Loyt
3+ zy3 10 | 2%+ z2y + zy3

(= T DO S <

i+ 2y 11 |28+ zy

TeopeMma. [Ipoexmuposanue munuxnol NOBEPIHOCTRU HE UMEE POCTN-
K08, HEINBUBAIEHMMHBLIT NeEPENUCIERHbiM ebiwe 14 pocmxan (npu a060m
6bibope yenmpa npoexmuposanus (6ne npoexmupyemol nosepruocmu)).

CooTBeTCTBYIOIAEe 0COGEHHOCTH BHJHMBIX KOHTYPOB H306paxKeHHl Ha
puc. 76. PocTOK NpoeKTHPOBaHHA U3 THNHIHOTO eHTPa UMeeT THN 1 B TH-
NEIHBIX TOYKAX HA HOBePXHOCTH, THN 2 (CKAaJKy) B TOIKaX Ha HEKOTOPOH
JAMHEA Ha NOBepPXHOCTH H THN 3 {C60PKY) B HEKOTOPEIX H30JHPOBAaHHBIX
ToikaX. A EMeHHO, COOPKE HOABIAIOTCA, €ClH HalpaB/leHHe 1 pOeKTHPOBa-
HUA COBHaJaeT C aCEMITOTHIECKAM HalpaBieHHEM NOBEPXHOCTH.

18 onEcagus ApYrAX 0co6eHHOCTeH, BEAUMEIX TOALKO BJOIL ClelH]H-
9ecKEX HaNpaBIeHHH, HaM HOTpPeGyeTCA NPOEKTHBHAR KIACCH(pHUKANHA TO-
Yex Ha THNAYHON OBepXHOCTH B mpoekTuBHOM 3-mpocrpancTse (O.A.Ilna-
tonosa [9], E.E.Jlanguc [25], puc. 77).

Tiaakas xpusas napaboauvecxur modex Il33 JeJIHT HOBEPXHOCTH HA
obaacmpb adaunmudveckur moyex lly (He HMelOUIYIO BelIeCTBEHHHIX Kaca-
TeIbHHX, NOPALOK KacaHHS KOTODHIX IpeBHIlaeT 2) B obaacmy zunep6o-
auvecxur mouex I3 (B KaxJo# TOIKe KOTOPOM HMeeTCH Napa TAKAX Ka-
CaTelbHKIX, Ha3BBAEMEIX GCUMNMOTNUYECKUMY NPAMbLME; KX HApaBACHHA
B TOYKAX KAaCAHHA Ha3hlBAIOTCH GCUMNIMOMUNECKUMU Hanpasienusmu). B
3THX 0603HAYeHHAX MepBHH HHJEKC paBeH MAaKCHMAJbHOH KPaTHOCTH Ile-
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Puc. 77. Taureannaabuble
0Co6eHHOCTH HOBEPXHOCTH
B IPpOEeKTHBHOM 3-TIpOoCTpPaHCTBe

pecedeHHs KacaTelbHOH MPAMON C HOBEPXHOCTHIO {OPAAOK KACAHUA PaBeH
2TOH KPaTHOCTH MHHYC 1).

B o6aacTh rumep6oirdecKax TO9eK Ia Ko EMMEPCHPOBAHA KPUBAR TE-
peeubos acumnmomuneckus sunwti I, (TOpAAOK KacaHHA acEMITOTHIE-
CKOW KaCaTelbHOW IPAMOH HpeBEHIaeT 2). OTa KPHBAS COJNEPXKHT MHO-
KeCTBO H3OJNHPOBAHHEIX mouex Gunepeeuba Il5 (xacanme 4-ro mopsajxa)
H MHOXeCTBO movuex camonepecevenus Iy 3 (o6e acEMNTOTHIeCKHE Kaca-
TelbHEIE EMEIOT KacaHue 3-ro mopsaaka). B mouxaz Il e xpuBas mepern-
60B uMeeT xacaHde (1-ro Hopajka) ¢ KpuBOH NapaGOIHYeCKHX TOoYeK (B
3THX TOYKAX eJMHCTBEHHOE aCHMITOTHYECKOe HallpaBleHHe KacaeTCH KPH-
Boit mapaGoanmdeckux Todek). W HakoHen, KpHBaA NapaGOIHIECKHX TOYEK
HMeeT H301HPOBaHHbE mouxy muna I3 3, onHcaHEe KOTOPLIX NPHBEJEHO
HEXKe.

Tonyvalomasca mepapxus KIacCcOB TOYEK Ha NOBEPXHOCTE H306paxeHa
Ha puc. 78 (Haxogslideca B oJHOM cToa6lle KA1AaCCH HMEIOT OAHHAKOBYIO
KOPa3MepHOCTb).

[loBepxHOCTb, NPOEKTHBHO JBONCTBEHHAA HAlled TUOMYHOH TIJaNKOH
NOBEepPXHOCTH, HMeeT NOAyKybudeckoe pe6po BO3BpaTa B TO4YKaxX, COOT-
BetcTBylomEx I3, u Il33, E JaCTOYKEHE XBOCTH B TOYKaX, COOTBET-
creylomux IIg3. B 9THX ToYKax p-cTPyH HOBEPXHOCTH NPOEKTHBHBI-
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\ \ 43 Puc. 78. Wepapxus TaHreHnHaIbHBIX ocoGeHHOCTel
A

Mas
ME Ipeo6pa3oBaHUAMHE NPHBOAATCA K CAELYIOLIEM HOPMAJbHHIM ¢opMaM

(eM. [9)): :

Kracc HOpMaJbHad popMa orpanmienus p codim
I, 2+ y? - 2 0
3, zy + 23+ 43 - 3 0
M3, y? + 23 + 29 + az? - 4 1
M4y zy + 3 + =t + hady - 4 1
My2 y? + 22y + ua? u#0,% 4 2
M43 zy + z* + azdy + bzyd £yt - 4 2
Is cy+ P+l + s #5(0,5) 0 5 2
Moz 2 +23+act + 0% £ay? + 2243 - 5 2

31ech ¢ — HEKOTOPHH OJHOPOJHLIE MHOIOUJEH CTENeHH I OT T H .

Teopema. Jho6as p-cmpys munusnot NOSEPTHOCTIU NPOEKTNUSHO IKEU-
saaenmua p-cmpye noseprnocmu z = f(z,y), ede f — 0dua u3 npusedén-
HbIT 8 npedvidyuyeti mabauye HOPMALLHHT Popu.

3ameuannme. /i TEOHIHOE alre6pamdecKoidl MOBEPXHOCTH CTelneHH d B
CP3 wpcia ToueK B KI1acCaX KOPa3MePHOCTH 2 3aBUCAT TOJABKO OT d. OTH
qucaa paBHH (coraacHo [149], [26], [150]):

s a3
5d(d—4)(7d—12)  5d(7d® — 284 + 30)
I 2 I35

2d(d — 2)(11d —24)  10d(d — 2)(7d — 16)

CTenenn KpHBHIX, 06Pa30BaHHLIX TOYKaMH KJACCOB KOPa3MepHOCTH 1,
PABHHI, COOTBETCTBEHHO:

1 ER M4
4d(d=2) d(11d- 24)
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CneacrBue. Bewecmsennas aazebpauuecxas noseprnocmd 8 RP3 do-
CTRATMOYHO 6bICOKOT HEUEMNOU CTRENENY UMEETN, KAK MUHUMYM, 00HY Selje-
CTEENNYI0 TNOUKY Ounepe2ulc GCUMNIMOMUNECKUT KPUSHIT, KAK MUHUMYM,
00HY 6ewecme ennyI0 MoKy nepe2uba 06euUs ACUMNMOMUNECKUT KPUBHIT 1,
KGK MUNUMYM, OOHY KPUBYI0 NAPabOAUNECKUT ToYeExK.

3aMevaHde. AHalOrHIHHE DE3YJAbTATH, KACAIOU[HECS I'HIEPHOBEPXHOC-
teil B CP*%, uMerorca B [151], [152).

BepréMmcs x onmcaHHi0 IPOEKTHPOBAHHEH H3 HeTHIWYHLIX IeHTPOB (CM.
pec. 77). OcobenHocTE 4 # 6 NOABIAIOTCA NPH HPOEKTHPOBAHHH HD TO-
d9eK, NPHHAJJEXAIIHX HEKOTOPHM NHOBeDXHOCTAM {06pa3OBaHHEIM, COOT-
BeTCTBEHHO, aCAMITOTHIECKUME KacaTelbHHIMH IIPAMEIMHE B Hapaboamye-
CKEX TOYKaX H B TOUKaX Heperuba acCHMITOTHYeCKHX KpEBHIX). TaxkuMm
o6pa3oM, 14 TOro 4To6k YBEAETh 0CO6eHHOCTD 4, HY>KHO PaCCMaTPHBATh
THNAYHYIO HOBEPXHOCTD 3 TENHYHON TOYKH Ha aCHMITOTHIeCKOU IPAMOH,
Kacaloltelca HCXOJHOH NOBEPXHOCTH B THHHYHOH Mapaboid4ecKod TOYKe.
A1 Toro 4T06H yBHAETH OCO6EHHOCTH 6, HYXHO BHIGPATh LEHTP NPOEK-
THPOBAHUA HA 2CHMITOTHIECKOH KacaTelbHOHN 3-ro nopaiKa.

Oco6ennocte 5, 7 1 8 BCTpeYalOTCA NIPH NPOEKTHPOBAHHH U3 TOUEK,
HpHHAJJeXAHUM HeKOTODHIM KPHBHIM. A HMeHHO, AIi TOro 4ToGH YBH-
eThb 0COGEHHOCTb 5, HYXHO PacCMaTPHBATh THHHYHYIO NOBEPXHOCTb H3
THNHIHOH TOYKH Ha pe6pe BO3BpPaTa NHOBEPXHOCTH, o6pa30BaHHOH ACHM-
NTOTAYECKEMHE KACATEILHLIME IPAMBIME B IapafoiMiecKHX TO4kaxX (3Ta
[HOBEPXHOCTDb ABAAETCA Pa3BepTHIBAIOIIEACT U UMeeT peGpO BO3BPATA).

Oco6eHnocTb 7 BCTpedaeTcs HPH NPOEXTHPOBaHAA U3 THNHYHOH TOY-
KH, IpEHA JAeXallel aCAMITOTHYeCKOH IPAMOH, KOTOpasA KacaeTCd KPHBOH
napabolEiecKEX TOoYex (TO ecTh BHIXOAHT U3 [I49). OcobenrnocTh 8 BEAHA
U3 THOAYHHX TOYeK HA aCHMITOTHIECKOH KaCaTelbHOH, HOPANOK KaCaHHA
KOTOpOi# paBeH 4.

Camzie peakre ocobenHocTE 9, 10 ¥ 11 BUIHE AHILb B3 H30JEPOBAHHBIX
Tovex. FIMeHHO, 0CO6eHHOCTh 9 BH/[HA 3 HEKOTOPOH TOYKH Ha peGpe BO3-
BpaTa ONECAHHON BHIiIE Pa3BEPTHBAIOLIEACH TOBEPXHOCTH {COOTBETCTBYIO-
mad aCAMITOTHIECKad NpAMas KacaeTca noBepxHocTH B Todke [I33). Oco-
6ernocTb 11 BEJHA B3 ABYX “(oKaibHHX” TOTEK HAa aCHMITOTHIECKOH Ka-
careabHol nopagka 4. OcobenHocTs 10 BcTpedaeTcda NPE IPOEKTHPOBAHHH
B3 HeKOTOpO# TOYKH Ha aCHEMITOTHIeCKOH IpAMoH, kKacatomeics (B I42)
KpuBoOdl NapaGoindecKnX TOYeK.

OTa KIaCCAQHEKANUA OPOEKTUPOBaHUA ClelyiOlINM 06pa3oM CBA3aHa C
BEKTOPHBIME NOJIAMHE, KaCAIOUWUMHECH JaCTOYKHHBLIX XBOCTOB.
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PaccMOTPEM nepecedyeHHe HpAMOH, 3ajaloliedl HalpaBleHHE IHPOEKTH-
POBaHHiA, C HOBEPXHOCTbIO Kak (-MepHoe moAMHOroo6pasde ITOH HPAMOH.
[lag TEnMYHON HPAMOH TaKue NepeceieHds — TPaHCBepCalbHEE, HO B OCO-
6LIX TOYKaX TOYKH IlepecedeHus cauBaloTci. TakuM o6pa3oM, KaXJad 0co-
6eHHOCTL NPOEKTHPOBAHAA NOBEPXHOCTH B 3-IPOCTPAHCTBE HA MIOCKOCTb
3afaéT 2-mapaMerpuiecKyw Hedopmanuio 0-MepHOro HOAMHOIOOOpa3Hs
HPAMOH {COCTOALEro U i CAABHIEXCA TOYeK, IJe (b eCTh KPaTHOCTb Iepe-
CedeHHA B TOUKe KacaHH#d, 3aJalolllell IPOEKIHIO IIPAMOH C HOBEPXHOCTHIO).
ITH 2 napaMeTpa OIPeJeldIOT UPAMYIO B IPOCTPAHCTBE paccioeHns: 6a30i
fedopManue ABAAeTCA (POCTOK) MpoeKTEBHOH miockocTd RP? mpammix,
NPOXOJAAX depe3 HeHTP NPOEKTHPOBAHHA. JTa 2-NapaMeTpHYecKas Je-
¢opManua, Kak B a06as Apyraf, 5KBHBaJeHTHA HHAYIHPOBAHHON HD Bep-
caapHol gedopmanur. CilelosaTelbHo, OHa ONpefeideT oTob6paXKeHHe Ga-
3Hl Hallleil JeopManuu B 6a3y COOTBeTCTBYIOLIEH BepcalbHOl fedopMalnn
(T. e. B IPOCTPAHCTBO, COepXKalllee 0O606IEHHEIH JaCTOYKEH XBOCT ~— JHAC-
KPUMHHAHT ocobenroctn Tuna A,). Hanpumep, mpr y = 3 MH Noaydmm
IIOBEPXHOCTD, COePXKALIYI0 BePHINHY OGLIYHOrO TaCTOYKHHA XBocTa B R3.

Hupdeomopduam 6ask BepcatbHOR JedopMakun, coxpaHawmui (0606-
IEHHKIN) JACTOIKAH XBOCT, Hpeobpa3yeT Hally HOBEPXHOCTh K HEKOTOPO-
My Buxy. llony4umBiuascs HoBas NOBepXHOCTH 3aJaéT HOBYIO 2-llapaMeTpH-
qeckylo jJedopMalHi0 U-KPaTHOA TOYKH, a CleJOBATEILHO, H HOBOe HpO-
eKTHPOBaHHe. JTO HOBOe NPOEKTHPOBaHHEe >KBHBaJeHTHO HCXOJHOMY B
ONpeJeJéHHOM Bhllle CMBICIe DKBHBAJNEHTHOCTH NPOEKTEPOBaHHE (Goiee
noapo6Ho cM. [98]).

Taxum 06pa3oM, AaA HpuBejeHEs HPOEKTHPOBAHEA K HOPMalbHOH dop-
Me, JOCTaTOYHO IPHBECTH K HOPMaJbHOH (bOpMe COOTBETCTBYIOINYIO HO-
BePXHOCTb B NPOCTPaHCTBe, cojepxKameM (06061EHHEIR) 1aCTOTKEH XBOCT,
IpH NOMOIUH COXPaHAWIEro JaCTOIKEH XBOCT JudpdeoMopdu3Ma. JHaHHE
BEeKTOPHHIX [OJeH, KaCaIoIAXCA JaCTOYKAHKX XBOCTOB, MO3BOAAET NPHBe-
CTH K HOpPMaJbHEIM (hOpMaM pa3ariHbie OGBEKTH B CO[EPKAN[AX JACTOYKH-
HE XBOCTHl IPOCTPAHCTBAX COXPAHAKINAME JACTOYKHHE XBOCTH Auddeo-
MophH3MaME (MOXHO HCHOB30BATh CTaHAAPTHbIE FOMOTONHYeCKHE MeTO-
AH A KBa3HOJHOPOJHOCTE KK ClleKTPalbHEIe oCejoBaTelbHOCTH). Bonee
nojpoGHoe m310KeHHe HMeeTcH B [98], [1].

IIpoekTHpOBaHHESA NOBEPXHOCTH M3 TOYeK 3-NIPOCTPAHCTBA 06pa3yioT 3-
apaMeTpHYeCKOe CeMeACTBO oToGpaxeHuid. B TEnEuHmX 3-mapameTpH-
YeCKHX CeMeﬁCTBa.X om‘oﬁpaaxermﬁ NOBEPXHOCTH H3 HOJOCKOCTH NOABAAKT-
CA HeKOTOphHe 0co6eHHOCTH, He DKBHBAJeHTHbLIE NepedHCIeHHBM B CHACKe
1-11. Caeays BHuucrenniM B.B.Iopionosa, Takie 0COGEHHOCTH IKBHBa-
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JeHTHHL POCTKaM B Hadalle KOOPAHHAT NPOeKTHPOBaHHE BJOJAbL OCH T HO-
BEPXHOCTEH

z =zt £ 2%y? 4 zy?,
z =25 4+ 23y + z2y,
z =25+ azty + 23y + zy.

TeopeMma Ilnatonosoit u Illlep6aka rosopaT 0 TOM, 9TO ITH OCOGEHHOCTH
He BCTpeYaloTCA IpPH NPOEKTUPOBAHME THOMIHOH HOBEPXHOCTH B 3-Tpo-
CTPAHCTBe H3 NPOM3BOALHOM To4dku. llpmiumoi 3Toro sBiaseTcs cTporad
B32aAMOCBA3b MEXK Y HPOeKTHPOBAHEAMHA U3 TOYEK HA OJHOH H TOH e Npi-
MO# NpPOEKTHDOBAaHHA: 3J-mapaMeTpHYecKue CeMeWCTBa, HOABIAIOIIHECH B
ITOH 3ajade AOCTATOYHO CIEHUATbHEL.

PaccMoTpuM, HalpEMep, NOCAEIHIOKW OCOGEHHOCTbH H3 3TOrO CHHCKA,
oas koropo#l g = 6. TunmdHOe NpOEeKTHPOBaHEHE HMeeT M30JIUPOBAHHEIE
cOOpKH, Alia KoTopwiX g = 3. CaegopaTenbHo, THUHYHOe 3-TapaMeTpH-
4ecKoe CeMeUCTBO EMeeT H30JHDOBAHHLIE TOYKH, B KoTophix g = 6. Ho
KPAaTHOCTb HepecedeHHs IPAMOH, 33jalollieli NPOEKTHPOBaHHE, C NOBEPX-
HOCTBHIO He 33BHCHT OT BHIOODa LEHTPa HPOeKTHPOBAHUA HA 3TOU IPAMOU.
CiefopaTelbHO, H3OAHNPOBAHHLIE LEHTPH, B KOTOPHIX H3MeHAETCA KpaT-
HOCTb, HEBOIMOXKHH. - leHCTBHTENbHO, IPOCTPAHCTBO KacaTeAbHHIX NpA-
MHX TpéxMepHo. KaxJoe nopuiineHde Ha 1 mopsajxa KacaHMs HajgaraeT
OJHO.OTpaHMYeHHe Ha KacaTelbHyio npiMylo. CieqoBaTelbHO, MaKCHMaab-
HBIA NOPANOK KacaHus paBeH 4 (MakCHMalbHad KPaTHOCTL lepecedeHus
paBHa 5). CueloBaTelbHO, He CYI[eCTBYeT HEHTPa IPOEKTHPOBAHHA B 3-
IPOCTPAHCTBE, A KOTOPOro BCTPe4aeTca 0co6eHHOCTD ¢ i = 6 (IpH yciao-
BHH, YTO NPOEKTHpPyeMaA HOBEPXHOCTb — OOLIEr0 NOMOXKEHH ).

Te xe paccyxJeHnd HOKa3LIBAIOT, 1TO OCOGEHHOCTH ¢ 1 = 6 He BCTpe-
9aloTcAd PH NPOEKTHPOBAHMM THNHYHBHIX NOBEPXHOCTeH BJOJbL DKCTpeMa-
Jell TPOH3BOJbHON BAPHAUMOHHOM 3aJavd (H Jaxxe BROJb KPHBHIX NMDOH3-
BOJILHOIO 4-IapaMeTPHIeCKOTO CeMelcTBa KPEBHX B 3-MEpHOM MHOroo6pa-
omH).

Iogo6ubie npEiEHL 0GBACHAIOT OTCYTCTBEE OCTANIbHEIX I[BYX OCOGeH-
HOCTeli KOpa3MepHOCTH 3 u3 cnucKa [opioHopa (»TH npHYHHb OBLIE HaM-
nenul O.I1.11lep6akom): OHE CKOPee OTPaxaloT CBOHCTBA HPAMOH, 331310~
el IpOEKTHPOBaHEe, HEXEIH CBONCTBA NeHTpa npoeknun. OcobeHHOCTD
%5 + 23y + 22y BO3MOXHA TONBKO IPH NPOEKTHPOBAHEE U3 TOYKH Ha aCHM-
ITOTHYeCKOH KacaTelbHOH, HMewlned 4-d NOPAJNOK KacaHHA C HOBEPXHO-
cThio B napabGoamdeckod Toyke. OjHako, THNHIHEE NIOBEDXHOCTH HE HMe-
IOT TAKUX KacCaTelNbHBIX.
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Oco6ennocts 24+22y?+zy? BosmoxHa TOALKO IPH NPOEKTHPOBAHHT H3
TOYKH Ha aCHMITOTHYECKOH KacaTelbHOH, AMelollell 3-il NOPAJOK Kacanus
C IOBEPXHOCTBHIO B 0COGOH TOYKe KPHBOH, COCTOALIEH A3 HapaboldvecKHX
roiek. OaHako, THIAYHAA OBEPXHOCTH HE HMeeT TaKAX TOYeK.

OcoGennocTn NpoeKTHPOBaHHHE NIYYKOM HapalieJbHEIX NPAMEIX GbLIA
Kiaccupunuposann B [98] (10 THNOB; OTCYTCTBYIOT 4 OCOGEHHOCTHE THIOB
9, 10, 11). IToT cmucox COBIaJaeT CO CIHHCKOM OCOBEHHOCTeH THIHY-
HHX 2-NapaMeTPHYECKAX CeMeHCTB HpoeKHmui (T'opionoB) u co cmackoM
ocoGeHHOCTeH, YbA JeBo-NpaBafd KOpPa3MepHOCTb He INpeBhlmaer 2 (cM.
[153], [133]).

Puc. 79. Budypkauun npoexruposanns z° + zyt

Ecin cMoTpeTs Ha THNHIHYIO MOBEpXHOCTH M3 OfHOH M3 CAMBIX BHIPO-
MK AEHHBIX TOYeK (9, 10, 11), To, Ip# HEGOABIIOM H3MEHEHHH TOYKH 3PEHHA,
BHAEMBLIA KOHTYP HOBEDXHOCTH H3MEHHTCA. Pe3yaAbTaThl TAKOro M3MeHe-
HUA TOKH 3penud n3o6pakenhl Ha puc. 79-82. B mentpe kaxgoro pacynka
H306paxceHa 6HpypKanHOHHAd AHArpaMMa, 06pa3oBaHHad OesTpaMn HeTH-
NHYHBEIX NpoekTupoBaHnd. [IpoexTHpoBaHs, CoOTBETCTBYIOMME NeHTPaM,
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Puc. 81. Budypxanun npoextapopanus z* + 2y + zy3
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Puc. 82. Budypkanud npoekTuposasnd z° + zy + azy’

NpAHALeXAIUM Pa3idIHHM CTpaTaM OHQYpPKaNHOHHOM IHArpPaMMbl H €€
JoloNHEeN 0, N306paXKeHbl B KieAMaX, PacHOIOXeHHEX BIOAb CTOPOH Co-
OTBEeTCTBYIOLIAX PHCYHKOB.

6.2. Oco6eHHOCTH NPOEKTHPOBAHHUHU IOJHEIX NIepeceYeHu

Kaaccapukagun ocoGeHyocTell pa3iHIHbIX 0GbEKTOB IOKa3LIBAIOT, ITO a1~
re6panyeckd Haubojee ecTecTBeHHB KIaCCH(HKAIHA NPOCTHIX O0'bEKTOB,
To ecTh 06bEKTOB, He HMelownx moayied. Tak, kraccapHKAIAA MPOCTHIX
KPATHYECKHEX TOYEK (PYHKOHUH, NPOCTHIX OCOGEHHOCTeH IHIEpIOBEPXHOC-
Tel, NPOCTHIX HarPaHIKEBEIX U T€XKaHJPOBBIX 0COGEHHOCTEH, IPOCTHIX OCO-
GenHOCTell KayCTAK H BOIHOBHIX HPOHTOB BeléT k cuucky A,, D,, Fs, Ex,
Es nmuarpamM /JBIHKMHA, He AMEOWAX KpaTHX pébep (Yyrios, OTIHIHHIX
oT 120° Mex Iy HeopTOroHaJIbHRIMH OPOCTHIMA KOPHAMH), cM. [2]. Kuac-
cH(pHKANAA NPOCTHIX KPHTHYECKHX TOYeK (PYHKOHUHE Ha MHOIOOGDal3mA C
KpaeM BeIET K TOMY )K€ CIACKY, foloiHenHomy guarpammamu B, C,, Fy
(sonyckalores yram B 135°).

B x060i npo6ieme ecTeCTBEHHO MCKATh IpoCcThie 06bekTH. [Ipn s3TOM
NOJe3HO lpexJe Bcero H3y4aTh GHQypKauuoHHBIE JAArpaMMBbI, TakK KakK
OHH HIPaiOT pOilb OTHeYaTKoB ocobenHocTed. Tak, npocThie aarebpsr Jlu
OBLIH PacNO3HAHHL B CHHCKE [POCTHIX KpaeBHX ocobGeHHOCTeH 6aaromapi
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TONOJOIHIeCKOH YKBHBANEHTHOCTH GH(YDPKALHOHHEIX JHAIPAMM, NOABAA-
oLEXcA B 060uX Teopuax (cum. [3]).

Kraccadukanus npoctrix ocoGennocrtei npoeKTapoBaH®dl V «— F —
—= B nogmuoroo6pasua V Ttoraibsoro mpocrpanctsa E paccloends
E —» B na 6a3y B, ¢ TOYHOCTBIO IO 3KBHBaJeHTHOCTH (ro ecth ¢ TOYHO-
CTBIO JO paccloénnoro val B muddeomopdusma E) npunanzexar B.B.To-
prosoBy [131].

B ero Teopuu V npegnonaraetcs me 0643aTeNbHO M IKAM MHorooGpa-
3UeM, HO MOJHLIM llepeceveHHeM (3aJaBaeMHLIM ypaBHEHHAMH, YHCIO KOTO-
PHIX paBHO Kopa3MepHoctd V B FE). OTu orpaunyeHHs ecTEeCTBEHHHI B
TEOPHAX MepecTpoeK H KoGOPAH3MOB mpoekTHpoBaHud. B camom gere, B
STHX TEOPHAX OCOOLIe NPOEKTHPOBaHHA BCTPEYalOTCA NPH 6udypkangnon-
HBIX 3HaYEeHHAX NapaMeTpoB, OT KOTOPHIX 3aBHCHT 3TO NPOEKTHPOBAHHe.
OTa CATyallHs ONHCHIBAETCA [HArPAMMON

Vi< E' 5 B3 P,

rfe P — mpocTpancTBo napamerpos, a V' — raagkoe HOAMHOT006pasne
HPOCTPaHCTBa MajKoro paccioenus F —— B,

Caoll paccroenns nag P 3agaér nmpoektTnpoBaHme V» = E, = B,.
Msuoroo6pasne V, craHoBATCH 0coGHIM npua Gmpypxa,nnonnom 3HaYeHHH
ImapaMeTpa p.

OnpenenuM nadcmpoiixy npoexmuposanus V <3 E — B Kax BKIIOTe-
HEe E' B npocTpaHCTBO GoXbliero paccloeHnd C TOH e caMoi 6a30i B (s
KaqecTBe nogpaccioenis). Cmabuibnas x616a.1eNMNOCTIO NPOEXTMUPOSa-
#utl 0GO3HAYAET SKBEBAIEHTHOCTh HX NOAXOAALIMX HajicTpoek. ITpoexmu-
posanuem “na” Ha3LIBAETCA IPOEKTHEPOBAHHE, Jif KOTOPOr'o pa3mepHOCTb
Ga3bl B He mpeBhIlIaeT Pa3sMEPHOCTH IPOEKTHPYEMOro Mnorooﬁpa,am V.

MpoextupoBanne V na B 3agaér cemeicTso HOAMHOrOOGpa3suil B cio-
ax paccioenus £ —— B (cemeiicTBo nepecevenmit V co croamu). Poctok
npoekurd V < E —— B MoXeT GHITh pacCMOTPeH Kak JegopManus MHO-
roo6pasusa Vy B HekoTOpoM BhiJelenHoM cioe. Kopasmeprocts Vg B aTom
cloe paBHa Kopa3aMepsoctu V B E.

Teopema (cm. [131]). [pocmoti pocmox npoexmuposanus “wa” nocaot-
#0 cmabuabho IKeueatenmen defopuatuu aubo 2unepnosepznocmu, aubo
xpueol 6 3-npocmpancmee, aubo (xpamnoi) mouxu na naocxocmu.

B xaxgom #3 >THX Tpéx ciytaes I'OpioHOB mepedmcimn Bce HpocThHIe
ocoGeHnocTn. HekoTophle 4acTn 3THX COHCKOB COBHAZAIOT CO CHECKAME
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NPOCTHIX OCOGeHHOCTell IPyrux KiacchgpukanmuonHnx mpo6reMm. Hanpz-
Mep, HM JoKa3aHa clefylolliad

Teopema. Jefopmayus xpucoi ¢ C? 3adaém npocmot pocmox npoex-
TMUPOGANUS, €CAU U MOALKO €CAU IMa JePopHAYUS R6AREMCA 6EPCAALHOY
dehopmayuetl npocmot ocobennocmu xpusot 6 C3,

CHHEcOK NPOCTHIX 0COG6EHHOCTEH NPOCTPAHCTBEHHEIX KPHBHIX B C38, 3a-
ZaBaeMHEIX IBYMA ypaBHennamd, 6eun ony6ankoBal M./ xycTn B [154]. He-
papXuf 3TEX ocob6eHHOCTel H306paxena Ha puc. 83.

DroT cuucokl) cofepKHT GecKOHETHYIO CepHIO

S”:z2+y2+z“'3=yz, u 2> 5,

# 10 BCKAIOYATeNbHHX KPABHX fi = fa = 0, re f; npaBefeHs B clenyomei
Tabanne:

TAO f TAN f

Ty | 22493+, yz || Ug | 2®+yz, oy + 24

Ty |22+ 43+ 24, yz || W | 22+ 23, y24zz

To |22 +3+2% yz | Wo | 2?2 +y2?, y? + 22
Up | 22 +yz,ay+23 || Zo | 22+ 28,y +23

Us | 2 +yz+ 28,2y || Zoo | 2®+y2% P +2°

Bepcaavnas degopmayus 0co60ro MHOroo6pasnsi B HEKOTOPOH €ro ToY-
Ke ollpe/leifeTCA Clenylolleld KOHCTPyKIHell (MOTHBAPOBKa KOTOPOH MOXET
6LITH HalifieHa, HanpEMep, B [28]).

Hedpopmanua poctka {z|f(z) = 0} kopaamepHocTH m B Hayale Ko-
opauHaT ecTb poctox F(z,)) Takolt, uro F(z,0) = f(z). Nedopmanua
6epcaabha, ecin o6pa3bl HaYaIbHHX CKOPOCTeH NedopMalnH,

OF
gi(z) = N

o™ / <g—i,fiej>,

UIpocThie 0CO6EHHOCTH MOMHEX MEpecedeHui MOrYT PaCCMATPHBATHCA KaK HPOCTHE
0COBEHHOCTH CHIIEPHOBEPXHOCTEH B CynepMHorco6pasuax (M.Kasapms, 1990).

B paKTOp Moayle
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s

/ 'IS/FE
FE\% S\Z
6\

ol

8w
opoX aloT 3ToT mMoayab Hag C. 3xecs O = C[[z]] ects C-aare6pa pagon
Teittopa B Hauade koopguuaT, O™ = @Oe; — cBobogurii O-Monyab c

o6pasyomamu {e;}, 1 yrioBue cko6kn 0603HaYaOT HOIMOAYAb, MOPOXK-
JEHHBIA CTOAIMME B CKOGKaX >JA€MEHTaMH.

Puc. 83. Hepapxua mpocTrIX
npoCcTpaHCTBEHHBIX KPHBBIX

fl,z(zyyy Z) = 0

IIpumep. PaccMmorpuMm kpusyio Ss,

fi=22+ 92 +22, fa=y2

B kavectBe BepcaabHO# AedopMalnu BO3bMEM

F1=f1+/\1, F2=f2+/\2+)\3z+)\4y+)\5z.

IIpoexTupoBanne mopepxrHocTd F} = F; = 0 Ha A-IpOCTpPaHCTBO AMeeT
NPOCTYI0 OCOGEHHOCTDh B HaYale KOOPJHHAT.

TaxaM o6pasoM cnucok JKycTH (IpHBEeZEHHBIH BhILIE) CONEPXKHUTCA B
cnacke I'opioHOBa IPOCTPaHCTBEHHBIX KPHBLIX.

Cpabnende cnuckoB ['opionoBa u JpKycTH nmokashBaeT, 4TO HOABIAIO-
ipecd B CHHCKe IPOCTHIX ocoGeHHOCTed npoektApoBannd V «— E —» B
noAMHOrooGpasusa V', KoTophle He ABIAIOTCA CTabHALHO JKBABAJIEHTHHI-
MH IPOEKTHPOBaHHAM M'HIeplloBepXHOCTEH, ABAAIOTCA B HeHCTBATEILHOCTH
2aadkumu nogMuoroo6pasuamu F. [ oCTalbHEIX TPOCTHIX IPOEKTHPO-
BaHHY MOXHKIX HepecedeHAR HoAMHOIN006pasna V He 06A3aTeNbHO MIaJKHeE.

Cuoucok 'opionoBa npocThX NpOEKTHPOBAHHHA IOIHKIX HepecedeHAH Lo~
CTaTOYHO BeldK, ocoGeHHO B BeilecTBeHHOM ciydae. (KpoMe Toro, on ne
coBnagaeT HH C OLHMM JPYCHMM A3BECTHHIM CIHHCKOM NPOCTHIX 0GHEKTOB.)

3aeck MBI NpABEAEM TY YaCThb ITOrO CIHCKa, KOTOpad COOTBETCTBYeT
IPOEKTHPOBaHUAM “Ha” KOMILIEKCHYIO HPAMYIO.
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Teopema (cm. [131], [130]). 1) Jas npocmozo pocmxa npoexmuposanis
NG NPAMYIO Npoexmupyemoe nodmunozoo6pasue s6aremca (¢ mounocmovio do
Paccaoénnot cmabuabhot IKNEUBAAEHMNOCIIU) A0 ZUNEPTIOE EPTHOCTBIO,
aubo (ocoboi) xpueoi 6 3-npocmpancmee, aubo (xpamuot) mourod na
TIOCKOCTU Uati 8 3-npocmpancmee.

2) ITpocmoti pocmox NPoexMUPOGANIR 2UNEPNOEEPTHOCTNU 6 TPOCTRDPAH-
cmee paccaoenus (Z,u) — U paccaoénunbim 20a0mopPruvin duddeomopPus-
Mom 6uda (z,u) — (h(z,u),v(u)) npueodumea x npoexmuposanuro na oco
% 00not u3 2unepnoseprrocmeti U3 NPUCEIENNO20 HUNCE CIUCKT

mun 2unepnosepIrocms
An,p>0 u-{—:z:"’H q=0
Dyp>4|utzizy+azh” +q=0
Eg utzi+zi+g=0
E; u+z:{’+z1z%+q=0
Eg ut+23+254+¢=0
B,,u>2 g +ut+q=0
Cuyp>3 z{ +uz; +q¢=0
Fy 23+ ut4+g=0

2de q o6o3nauaem cymmy x6aIPAMOE OCMAGWUTCR nepemennviz (¢ = T3+
+...4+2k 0dar A,,B,,Cy, Fyugq=2}+... 422 dan D, u E,). Juazpamma
npumbixanutl uzobpadcena na puc. 84.

3) IIpocmbie npoexmupo6anus pocmroe KPueslT 6 3-npocmpancmee Ha
npauyo obpasyom 2 Gecroneunsvie cepuu (0dna u3 xomopwvix umeem 2 un-
dexca); onu nNPuEoIAMCR K NPOEXTNUPOGANUAM KA OCb U POCTNKOE 6 HANAAE
x00pJuNATM CACYOUWUT KPUGHIT:

mun | oZpanuNenus l KPUGAR

Ck, 2<k<l |2y=0, sF+y +u=0
Forpr | 25k 22 +y3=0, yF+u=0
Fortq 1<k z2+y3=0 zyk+u=0

Jduazpamsma npumsikanui uzobpasicena na puc. 85.
4) IIpocmbie npoeKMuUPOEaNUR NOANBIT NEpecevenuti Ha NPAMYIO 06pa-
3yrlom 2 Gecroneunvle nocaedosamesbnocmu (00na U3 xKomopviz uMeem 2

e
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Puc. 84. Hepapxua nmpocTrix IPOEKTHPOBaANE T'HIlePIloBEPXHOCTEH

A<—A<——A<——A<—A<—~A<—-A<——A<——

\\kx
\\\%

<) i\\ \\Cﬁ\i\\

G "’ E
'FLM B<——-B<———B<—-

Puc. 85. Hepapxua IpoCTHIX NPoeKTHPOBAHMH [POCTPAHCTBEHHBIX KPHBRIX
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undexca) u 7 UCKMIONUMEAbHBIT 0COGERROCTIEN, OHU IKEUBAIENTINDL NPOEK-
MUPOGAHURM HA OCb U CACOYPOWUT POCTKOE 6 Havade KOOPOURAM KPAMHLLT
movex na (¢, u)-naockocmu uau 6 (z, Yy, u)-npocmpancmee:

mun o2panuvenNus xpamuble MoKy
B, k20 z=ut=
Xk, 2<k<l1 ktu=2'=0
U, 4<u 2 +ur?=uz =
Ve g2 +ul =
| %8 2B +ul=uz=0
a=2 b=2 uau 3 .
Totses 6=3 b=23 wmd |Y= Tty =uty

IIpumvixarus usobpascensl na puc. 86.

Puc. 86. Mepapxua NpoCTHIX NMpOeKTHPOBAHHM KPATHRIX TOYeK

ITa KilacCHdHKaluid BeXeT K CASIYIOUIMM BHBOKAM.

1. KpaeBnie oco6ennocTn. IlpocThie ocoGenHoCcTH TpoeKTHpOBaHHM M'i-
HepHOBEpXHOCTEH KAaCCHPHIAPYIOTCA (C TOYHOCTHIO JO KOMIIEKCHOH CTa-
6unbHOM DKBABaJeHTHOCTH) rpynnamn Beitaa A,, ..., Fy, To ecTb Tem Xe
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CIHCKOM, TO KIaCCH(UUHPYeT KpaeBhle ocoGenHocTn [3]. O6mrunnre (me
KpaeBhie) 0COGEHHOCTH COOTBETCTBYIOT IPOEKTHPOBAHIAM 24adkuz rumep-
HOBEepXHOCTeH.

OTroulenne 5KBHBAIEHTHOCTH B TEOPHH KPaeBRIX OCOGEHHOCTel rumep-
NOBepXHOCTed “mupe” YeM B TeOpPHH OCOGEHHOCTeH NMpoeKIHit CHIEepIo-
BEpPXHOCTeH: B N€PBOM CIyiae SKBHBAICHTHOCTAMH ABIAIOTCH TH(bEOMOp-
®U3MEI, CoXpaHAlomAe Kpadl (OfHY rANEpHOBEPXHOCTH), B TO BpeMmf Kak
BO BTOPOM ClIyae SKBHBAJEHTHOCTH COXPAHAIOT paccloeHde (Ha FHIEpIO-
BEepPXHOCTH, NapaJielbHble JaHHOH I'HIePIOBEPXHOCTH).

CoBnagenne 060uX CHACKOB — Pe3yIbTaT allPHOPH HEOXKAAaHHLI. DTH
CHACKH COBHaJaloT TakKe CO CIHCKOM NPOCTHIX KPaeBHIX ocoGenHocTel
GyHKIHE (a TaKKe CO CHHCKOM MPOCTHIX KPaeBhIX JArPAHIKeBHIX H IeXKaH-
ApoBHIX ocobennocreit). MnpuHrTe3NMANbHOE “06DbACHEHHE” 3THX coBma-
AeHmi (HCHoOAB3yiOLlee apryMEeHTH KBa3HOZHOPOJHOCTH) NPHBEZEHO B §2
paboTw [133].

3ameuanme. YHHMOZJalbHbe B GHMOJAIbHEIE KPaeBhle OCOGEHHOCTH ByH-
Koui knaccudunuaposans B [3], [155], [156]. [loxyenBmineca cuackn go cux
nop He HACHTH(HEUAPOBAHE! C APYIHMH HHTEPECHHIMH KIACCH(pHKALNAIME.

Teopas KpaeBrIX TarpanXeBLx ocOGEHHOCTEH BeXBT K HHTepecHOd “Ja-
FpaHXeBod JBOMCTBEHHOCTH”, MeHAIOLEH MeCTaMH (YHKOHIO Ha O6BHeM-
JioleM OPOCTPaHCTBe H €€ OrpaHHYeHHe Ha KpaH (3Ta Bepcua “mpaBHia
MHOXHTeNed Jlarpatxa” 6uira monyyena H.I.Iep6ax [157]).

Hycts f(z,y) (z € R, y € R™1) ecTb pocTok dbysknnn B KpaTHIECKOM
Toike (0 n-npoctpancrsa ¢ “kpaeM” z = 0. Ero .azpansceso dyasvras
Pynryus onpefensercs popmyiaon f*(z,z,y) = zz+ f(z,y), rae ypaBHenre
“pyanbroro kpas” — z = 0. OrpaHuyenne f* ma xpail ecTb f, B TO BpeMi
Kak orpaHuvenme [ Ha Kpaif cTaGuibho >kBEBatenTHO f*. Kpome Toro
J**, paccmaTprBaeMad KaK GYHKOHA Ha MHOIOOGPA3HH C KpaeM, CTabHIbHO
SKBHBaJdeHTHa f.

Budypxannonnrie guarpammer nyied dpynknmi f m f** qadpdeomopd-
HBI, HO KOMIOHEHTH (COOTBETCTBYIOLAE BHPOXACHAAM MHOr0O6Gpasus Hy-
IeBOr'O YPOBHA U €ro HeTPaHCBEPCAIbHOCTH KPalo) MEHAIOTCS MeCTaMH.

Takum 06pasoM, kpaeBele OCOGEHHOCTH MOTYT PacCMATPHBATHCH Kak
“npou3BefeHHs” OGEITHEIX oco6eHHOCTENH:

Ck ~ (Al,Ak_l)a By ~ (Ak—hAl), Fy~ (AZ)Az)

(MHZeKc, paBHBIM KPATHOCTH, 3aNHCLIBAETCA BBEPXY, €CIH OH COOTBETCTBY-
€T 0coGeHHOCTH orpaHH4YeHHA Ha KpaW, I BHH3Y, eclH OH COOTBETCTBYeT
0c06eHHOCTH Ha OGLeMIIOmEM IPOCTPaHCTBe).
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“IlpousBesenne” onpefesseTcs COMHOKATEAIMHA He €HHCTBEHHBIM 06~
pazoM, u “ymHOXeHHe” He Bcerga BO3MOXHO. Hanprmep, neBoaMoxuo
yMHOXETH Ag Ha A3 (u, B o6lem cryvae, Ag; Ha AP upu p > 2k).

IIpowssenenna A, Ha AP o6paayioT Mm-napaMeTPHAIECKOe CEMEHCTBO 0COo~
Gennocrei, rage m = [(p — 1)/2]:

FP = 2% + y?*! + za(y),

rie a(y) = a1yP "1 4+ ...+ anpyP ™.

IIpomsBesennd mpocTHX oco6eHHOCTeH GhIH KIacCH(MUIHAPOBaHbI
W.T".Uep6ax B [157]. Juarpamma Jduinkuna npocmozo NPOU3BEJeHUA pas3-
JaraeTcd Ha AHArPaMMEI COMHOXHTeNeH Tocle YiaJeHHA [BORHOTO pebpa
(nanpaBreHHOro K AMarpaMMe orpaHEYeHHA ¢ynkou# Ha Kpa#). Mogans-
HOCTDH NIPOU3BEJEHHA HE NMPEBRIIAET CYMMBI MOJalbHOCTEH COMHOXHTeeH,
IO KpaiiHedl Mepe B npEMepax.

2. IlpoexTupoBannsa xpuBHIX. O603HaYeHns cepuil C u F oTpaxalor
BHYTPEHHIOO CBA3b 3THX ocobenHocTel ¢ ocobennocTamn Cy 1 Fy FHIEpno-
BepxHocTedl. B camom gele, A1a 5THX ocobennocTeit B.B.I'opionos fokaszan
TEOpEMEl O reoMeTprn GH(yDPKaNHOHHHIX JAArpaMM, MoAOGHBIE COOTBET-
CTBYIOIIEM TeOpeMaM O6GLIIHOH TeopuH. OH TaKxe oNpee’n JHAATPaMM bl
Aeinkana >THX ocobGenHOCTeH (cM. pHc. 88). TakuM 06pa3oM, HCKAIOYH-
TeabHad aare6pa JIn Fy aBaserca “npengxom” IIOCJI8,ZIOB&’I‘€JII>H6C’I‘H Fy pox-
CTBeHHBIX 06'beKTOB.

3. @opma mepecedennnt. [lna onpegerenus opMHl mepecedenuil mpo-
eKTHPOBaHUM Ha npamywo, Vo = E — C, Mu HCIOAb3yeM TOT XKe MeTof,
4TO ¥ B CiyYae KpaeBhIX 0cO6eHHOCTEH.

B npoctpancrse E 3adukcupyem mauni wap B, pajfuyca r c qerTpoM
B Hyle H BhiGepeM Majoe (IO OTHOLIEHHIO K r) noxoxuTenbroe €. Ilycrs
NoxHoe nepecevenue Vy 3agaérca B £ ypapuenrem f = 0 (pac. 87). Caoem
Muanopa [POEKTHAPOBAaHUA HAJEIBaeTCA HeocoGoe MHOrooGpasde ypoBHA
Ve = B. 0 f71(€),1¢] = ¢, rae & — TummiHOoe 3HAYeHmE. DTO MHOLO-
06pasHe TPaHCBepPCAIbHO NepeceKaeT clol paccioenns E ——+ C nag nyném
B/JIOJb MHOrOCOGPa3nA KOMIJIEKCHON KOpasMepHOCTH 1 B Ve, o6oanagaemoro
sepes V.

PaccMoTpum AByancTHOe mHakphrtHe VE — V¢ nag V¢, passeTBaénnoe
BJOJE VEO (“xoMmrekcndukanna” “kpas” ecTh “gByrHCTHOE pa3BeTBIAEHHOE
Hakputue”). Paccmorpum rpynny H nerovmcaensbx romozorai cpexuent
Pa3MepHOCTH MHOroo6pas3ud 175 IlepecTanoBka AHCTOB HAKPLITHA [eii-
crByer Ha H kak muBomonms. Ilycre H™ oGosnavaer aHTHHBApHAHTHYIO
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Puc. 87. Cxoit Muanopa
HpPOeKTHPOBAHAA

qacts H. dopma nepecevenuin na H mugyuupyer Ha H~ Guaaxednyio
¢opMy, HasHBaeMylo Guauneiinot gopsot npoexmupoeanuas.

4. Amarpamma JAniHKAHaA. Fcin koMImekcHas pasMepHOCTb Ve 1€THA, TO
¢opma nmepecedyeHus CHMMeTpHYHa. B 3ToM caydae guarpamma /JbIlHKAHA
onpefeirdeTcd TaK Xe, KaK A i1 KpaeBHX oco6eHHOCTed. A HMeHHO, aHTH-~
HHBaPHaHTHOE HPOCTPAHCTBO NOPOXKAAETCH OAuNNbLUY KOPHAMY ([THHHBIH
KOPeHb eCThb Pa3HOCTh MeXJAY ABYMA NpooGpa3aME HCYE3AlOLIero LHKJIA
Ha Vi) H xopomxumu xopusmu (KOPOTKHE KopeHb 06pa30BaH NpooGpasaMu
OTHOCHTEJIBHOrO HHKAA V; MO MOZYHIO V£°, TO ecTh HCYEIAIOWHUM ITOXYIH-
KIOM; JeTaan cM. B [3]).

Ecan komnrekcHad pa3mepHOCTb Vi HevéTHa (B Hallled cHTyaOHH — KO-
ria V¢ aBagerca KpuBoH, B caydadx Fy mam Ciy), onpefenenns ATHHHEIX
H KOPOTKHX KODHEH He TaK OYeBHJHHI. B ciydae KpaeBRIX ocoGeHHOCTeH
3Ta TPYZHOCTh He CyleCTBEHHA, TaK KaK MBI MOXeM HCIOJb30BaTh [PO-
Oeqypy CTaGHUAN3aluH, Tpeobpa3ys PyHKIHIO C KOCOCAMMETpHYHOA Gop-
MOH nepecedenui B GYHKIHAIO C CAMMETPAYHOR popMoH nepecedennid. /a4
IPOEKTAPOBaHEA TakKod HpONeLYpPH He cyliecTByeT (MAM, TOYHee, OHA He
H3BEeCTHa), A MH olpejelfeM KOPOTKAE H JIHHHLIE KODHH IPH IOMOIIH
cleXyiomed KOHCTPYKIHA.

PaccMoTpuM amTHmHBapHaHTHylo H~ u muBapuanTryio HT wactu
rpymnet H. Tpymma H™ MOXeT GBITh ecTeCTBeHHHIM 06pa3oM CHPOEKTH-
poBaHa Ha ¢akroprpyuny H/H™. AHTHRHBApDHAHTHBIA DIEMEHT Ha30BEM
XOPOMKUM daeMenmoM, ecin ero obpas B H/H™ ne gennrca Ha 2, B Ipo-
THBHOM CIy4Yae Ha30BEM €ro JAUHHBLU IAEMEHMOM.

[Inarpammost [JHHKHHa KOCOCHMMETDHYHOH (OpMH fBIfeTCH Ipad,
BepIIAHEl KOTOPOro MpeACTaBAAIOT 6a3UCHbIe BeKTOpa. [lBe BepLIMHEI CO-
eIVUHEHH HEKOTOPHIM YHCIOM pé6ep (3TO YHCIO PaBHO 3HAYEHHIO (HOPMEE
Ha nape COOTBETCTBYIOLIMX GABUCHHIX BEKTOpOB). Pé6pa OpHeHTHPOBaHH
(Tak, YTO yHOMAHYTHIE BHIIIE 3HAYEHHA MONOXKHTeAbHE). Pebpo, coequna-
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foiiee AMMHHYIO BEPIIAHY C KOPOTKOMH, OMEYEHO 3HAKOM <, Hall paBleHHEIM
K KODOTKO# Bepiudge.

Ecnn rpag aBasercs gepeBom (BoaMoxHO, ¢ KpPaTHBHIMHE PEéGpaMH) opH-
eHTalNH péGep Ha JfHarpaMMe He YKa3HIBAIOTCH (Ex MOXHO cHenaTh mpo-
H3BONLHEIMA, MeHAA Ga3UCHEE BEeKTOPa Ha NPOTHBONONOXHEIE).

Caegys sToMy onpegenenuio, noayiaem, 1to KpaeBble 0COGeHHOCTH HMe-
10T OGHIYHLe Anarpammbl JuHknna Ay, ..., Fy.

Teopema (cM. [131]). B nodzodawuz 6asucaz Popmvl nepecexenuti npo-
exmuposanut Fy u Cr; onpedeasomes duazpammany Avinruna, uzobpa-
ACEnnbIML Ha puc. 88.

C . Puc. 88. durpammnl
(4 Abtaxuna Cy | u Fy
,IC(" O——o=h=p——o—:o—o )

k-2

5. Bepcaavuvie degopmayuu npoexmuposanul. YHIOMAHYTHe BHIIe Ga-
SHCH MOTYT GBITH BLIGDaHBI OTMEYEHHBIMH, KaK A B OGBIYHON TEOpHUH KDH-
THYECKHX TOdeK pyHkuud. OfHaxo, MBI JOIKHH IPHCHOCOGHTH K Haieit
CATyallud ollpefeNeHne OTMEYEHHEIX Ga3UCOB U3 TEOPHH KPaeBHIX 0COGEH-
HOCTel [3].

Bo-mepBrix, HaM HyXHB HekoTopule oGo3nadedud. Paccvorpum mpo-
eKTAPOBaHHe (T, ) — u HOTHOTO Hepecedends V (sagaBaemoro B E ypas-
HenneM f(z,u) = 0) ma 6azy B = {u}. Jedopmayus >roro IPOEKTHPO-
BaHHA 3a/Ma€TCi ypaBHEHHEM F(z,u,)\) = 0, rzge F(z,4,0) = f(z,u) u X
IPAHALIEXKHT HEKOTOPOH OKPECTHOCTH Hyld B HEKOTOPOM KOHEYHOMEPHOM
IpOCTPaHCTBe.

Bepcaavnas dedopmayus MoxxeT 6urth BHGpaHa B crefyiollleM BH/Je:
F= f+ ZAigi(z1 u)?

rAe cxopocmu dedopmayuu g; Nopox faioT Hag C axTOopnpocTpancTBo
9 9
Q=S b+ Dnal 55, 2L
Ty Bus

a QyEKuun a, 3,7, — romomopduu B HEKOTOPOH OKDeCTHOCTH Hada-
71a KOOpAHHAT mpoCTpanCcTBa {(z,%)} (& W kax/Jad KommonenTa fB; cyrb
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BeKTOP-(OYHKUHAH, TACIO KOMIIOHEHT KOTOPHIX PaBHO YHCJAY KOMIOHEHT f;
ds B 7y; — cxanspuble GYHKIMH, B §; = &,(u) He 3aBHCAT oT Z).

3amevannme. Juciureab 3ToH HOPMYIH ABAETCA KacaTeAbHHIM IPOCT-
paHcTBOM K npoctpaHcTBy Jedopmanui f. Ilepsoe ciaraemoe B 3mame-
HaTele NOPOXJeHO (MHPHHATE3AMANbHBIME) feOPManAiIME f, OCTaBIAIO-
IIAMA HenoABMXKHHM MHOrooGpasne f = 0. OcTaiabHbie claraeMble Iopo-
X AeHbl AHGAHATEIAMAIbHEIME JedopMannamu F, paccioéHuniMa nax B.

Ilpumep. Kpupaa Cy2 B C3 3agaéres ypabHenuamu f; = fy = 0, rge
fL ==y, f2 = 22 + y? + u. CregoBaTtenno, dimc Q; = 3, # 3-napamerpn-
JecKad BepcadbHad gedopMannd MoxXeT GLITh BhIGpaHa B BHjJe

Fi=fi+ M+ X+ Ay, Fa=fi

6. Hciesalomme OHKILI M DOMYyOAKILL. BLi6pas gedopmanmio, 3ajaBa-
eMyio oTobpaxennem F, onpegeanm oTobpaxkenus

Fy: (z,u) = F(z,u,)), FY:(z,0)— F(z,0,)).

MHoXecTBa KPETHIECKHX 3HaYeHHH 3THX OTOGPaKeHUH ABAAIOTCA THIEP-
NOBEPXHOCTAMA B mpocTpaHcTBe 3navesud F. Ilpegmoroxum, 4To Tod-
Ka £ A3 3TOro NpoCTpaHCTBa He ABIAETCA KPATHYECKHM 3HaYeHHEM OTO-
6paxenna F. B aTom ciyyae Mmuoroo6pasue V) ¢, 3a5aBaeMoe ypaBHeHAEM
F) = &, B npocrpancrse {(z,u)} aBrserca rnagkam. Ecan € He apagercs
KPHTHYeCKHAM 3HadeHHeM FY, To V)¢ TpaHCBepCaJbHO IepeceKaeT THIep-
n10ckocTh ¢ = 0 BxoAb riajKod FHNEepIOBEPXHOCTH V,{’v e C Vag.

Haynnas c naper (Vi ¢, V,{’,ﬁ), onpejeiaM GopMY lepecedeHus cnocotom,
OMHUCAHHEIM B IIpeIuAyieM nmyHkTe 3 Axg mapht (Vz, VEO), COOTBETCTBYIOLIEH
cayqato A = 0. Touku (A, €) 1 (0,£) MoryT 6LITh coefUHEHH YTéM, HE e
peceKalolllaM CHIepPHOBEPXHOCTH, COCTOALLYIO U3 KPATHYECKHX ToYek. Haj
OTAM NYTEéM COOTBETCTBYIOIHE Naphl 06pa3yloT riajxkoe paccioeHude. Mul
MOXeM BHIGPaTh TPHBHAIH3ANHIO DTONO PACCIOEHHA HAJ DTHM IyTéM, TO-
X JeCTBeHHYI0 Ha HEKOTOPOH OKPEeCTHOCTH paHMI {IIapoB B IPOCTPaHCTBe
{(z,u)}. OTa TpEBHATM3aLAS 32 12T H30MOPHA3M FOMOJOrHH ABYTHCTHO-
ro pa3BeTBIEHHOTO HaKPHITHA H rpyHN aHTHAHBAPHaHTHHIX KJIacCOB ro-
Monoruit H™~ ana pasauineix 3nadenui (A, §), n GopMul nepeceveHud Ha
rpynnax roMOXOrdH cpefHedl pasMepHOCTH.

Mpe1 6yzeM HCIOAB30BATH 3TH HIOMOP(HUIMH 11 OUpeleleHAs HCUe3a~
IOIIUX GAKIOB H HOJYNHKIOB Ha [OJHHIX [lepeceYeHdaX B MEHOroo6Gpa3uix ¢
KDaeM.
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Bri6epem THHHYHYIO TOYKy A (B6aH3M Havala KOODAHHAT) ¥ PaccMo-
TPEM THNAYHYIO KOMIIEKCHYIO MPAMYIO, NDOXOAAMYIO Yepe3 HeKpHTHYe-
cKyw Touky . IIpoo6pas arol mpamoi (npu orobpaxennu F)) ecTsb raag-
Koe wmHuoroobpasme, pa3MepHOCTb KOTOPOTO paBHa Da3MepPHOCTH V) ¢
nmoc 1. 9To MHOroo6pasne coepXXHT FHepIoBepXHOCTb 4 = 0 (ABAAIONLy-
locs MpooGpa3oM To# e caMoll IpAMOH npH oToGpaxennn FY). Ilpexmo-
JIOXKHM, ITO Hallla IPAMasd TPaHCBEPCANbHO ePeceKaeT MHOXKECTBO KPHTH-
YeCKHX 3HaYeHHH 0TO6paxenud F) B a ToYKaX H MHOXECTBO KPHTHIECKHX
sHavennit oToGpaxenus Fy B a® roukax (Bce mepecevenus — THOMYHB).
[lepemecTnM ToYKy £ B 9TH KPATHYECKHE TOYKH B/JOXb HENEPeCEKAIOLIAX-
cA nyTel (Tak JelaeTcs BCerna [PH ONpeAeNeHAH OTMeYeHHHX Ga3HCoB,
cM. [44] u puc. 89).

Pac. 89. Mcdepatomme nAKAL H MONy QAKABI

Korga £ npubnumxaerca x @ Toikam mepBoro Buga, maKkiAm Ilmkapa-
Jledpmena na V) ¢ ncuesalor. Korga & npubamxkaercs k a® Toukam BTOpO-
ro BAJa, HCI€3al0T HOJYOUKIH, IpeICTaBAfONHAe OTHOCATEAbHEE KIaCCh!
romonoruit B H(Vye, VY,) (cm. (3]). Otu a + a® uuxna u nonygukaa mo-
POXIAIOT BCIO I'PyHNY OTHOCHTENbHEIX I'OMOJOIHH, HO OHH MOLyT GHIThH
3aBACEMBIMH.

Jlio60i Acyesatomui MUK (moxynuka) onpegenser aHTHHHBapHAHTHHIH
OHKT B H} .. OTH [HKIH Ha3HBAIOTCH OMMENENNOIMY YuKAGMY (HCIE3AI0-
LAY GHKT ONpefefieT ANUHHBIA OTMEIeHHBIA UK, HCIE3AIOMHHE TOXY HK
— KOPOTKHH oTMevenHbIH nukn). [JuarpaMumbl [[blHkAHA, H306paXKEéHHbIe
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Ha pHc. 88, ABAAIOTCA JHarpamMaMu ¢opM nepecevesuil B 6azncax, o6pa-
30BaHHEIX HEKOTODHLIMA OTMeYEeHHHIMH LHKIaMH (H3IHIIHAE OTMedeHHEE
OUKALI He DPAHAMAIOTCA BO BHAMaHHe).

3amewanme 1. OTH H3NHLIHAE OTMeYeHHHe OHKIH ABAAIOTCHA IPOABIE-
HAEM CJefyiollero obllero OPHHIHIA: ecTeCTBeHHoe 0606ilende cuCTeM
KOpHeHd (COOTBEeTCTBYIOUIMX NOJHEIM IlepeceveHHAM IHIEPIOBEPXHOCTEH)
JOMXKHO HaXONHTHCA He B FOMOJOrHAX CaMAX HOAHKIX lepeceveH i, HO B He-
KOTOPHIX NPOCTPaHCTBaX, aCCONAAPOBAHHKIX C (IaroM NOAMHOroo6pasui
BCeX pa3MepHOCTeH, KaXJoe H3 KOTOPHIX ABAfeTCA THIePHOBEepXHOCTHIO B
Hpenu AylieM.

PaccmoTpaM monnoe mepecesenne (Him ero Heocobuil cioil Muanopa)
KaK "'HNepNOBEepXHOCTH YPOBHA HEKOTOPOH QPYHKIHUH Ha IONHOM Nepecede-
HHH, Pa3MepPHOCTb KOTOPOro Ha 1 HPeBOCXOLHT PAa3MEPHOCTb MCXOLHOIO
HOIHOrO Nepecedyennd. KpHTHYecKHe TOYKH >TOH (PYHKUME ONpENeRfiOT
HCie3aiolllie HHKAH B CPeAHHEX FOMOIOraAX clod MHIHOpa H CACTEMH OT-
MeYeHHBIX OHKIOB. B ofiem ciaydae, ofHaKe, 5TH CHCTEMLI He ABJIAIOTCA
6a3Hcami, TaK KaK YHCIO KPHTAYECKHX TOYEK GOIbILe YeM CpegHee THCIO
Bertu cuos.

IMoaToMy MH GyZem paccMaTpHBaTh CBOGOAHYIO abeleBy Cpynmy, Io-
POXIEHHYIO HCYe3alOMUMH [UKIAMA CACTEMBl OTMEIEHHLIX UAKAOB, BMeCTe
€ roMoMop$hH3MOM ITOH IPYNINEl Ha PPYNIy FOMOJIOrHH CIOA, OTHPaBIAIO-
HIMM HCYE3AIOUIUH IHEKA B €ro FOMOJOTHYECKHAH KJIacC.

[daa msyvenus fapa 3Toro romoMopdmEsamMa MH IJOMIKHH HCCIEZOBATH
FOMOJOIAH IIOXHOrO NepecedeHdd Ha 1 Goabliedl Pa3MepPHOCTH, B KOTOPOM
Halll CIO# ABAAETCA MHNEPUOBEPXHOCTHIO YPOBHA. _

lloBropas HpeAHAYLIYI0 KOHCTPYKIHIO, MH MOAyYAM “peaodbBeHTy”,
HIH GallHIO, KaXXAHH TaX KOTOpoH cHabxéH dopMmoi NepeceieHHH, MO-
HOZpOMHEeH, cMemaHHOH cTpyKTypoil Xofxa ¥ T. 4. K coxadenmio, nm
reoMeTpud, HE aare6pa STOH KOHCTPYKOWH He NPHBIEKJIHE TOFo BHAMaHHA,
KOTOpOE OHH 3aCIyXHABaloT.

3agada. Haitn o6obuienne KpacTaniorpagpuieckax rpynn Kokcrepa gas
ITOH KOHCTPYKIHA C 6allHAME (OTBeT, No-BALAMOMY, 6y e T BKAIOYaTh CIIH-
COK GallleH, COOTBETCTBYIOLIUX NPOCTHIM NPOEKTHPOBAHAAM KPHBHIX).

3ameuanne 2. [[n14 npoeKTHPOBaHEA NOJAHHX [epeceyeHEd Ha NPAMYIO
CyLIeCTByeT Apyroi THO “oTMedeHHBIX GasucoB” (BeZywinH, B obieM CIy-
Jae, K ApYyruM auarpammam Juuxuna).

PaccmoTpum npoexkTupoBanne Ha NpAMYio Kak GyHKnuio u. Jiad TAanny-
HHIX A orpaHuieHne ¢pyHKOHA ¥ Ha MHOTco6pasne V) g (ACHOAbIYA Hpefhl-



182 Tagsa 6. [Ipoexmuposanus noseprrocmet u 0cobennocmu sUJUMBE KONMYPOS

Ayline o603HaTeHAA) ABIACTCA MOPCOBCKOH GYHKIAEH C 1 HEBHIPOXK JeHHbI-
MH KpHTHYECKAMH TOYKaMH H i Pa3ANYHEIMH KPUTHYECKAMH 3HadeHHAMH.
Yrcno xpuTHIECKHX 3HaTeHUH paBHO WHCIHy chep B GykeTe, KOTOPOMY ro-
MOTONHYECKH 3KBHBAJEHTHO IPOCTPAHCTBO V,\,o/V,{),o- CregoBaTelbHO 3TO
YHCJIO pPaBHO paHry rpynnobl H™ aHTHAHBapHaHTHHIX KJIaCCOB FOMOJOrHH
JABYJAHCTHOIO HaKpHITAA V£0 — V)0, pa3BeTBIéHHOrO BAOAL V,\%. Ecau
IpoeKnHUA NPocTa, To 4 = v+ 1, rlie v ecTb pa3MepHOCTb 6a3kl MHHHEBED-
caJbHOH ZedopManun.

Korga u nsmxercs m3 mexpuruieckoro suadeHus (u = 0) B ofHo u3
# KPETHYECKHMX 3HAYEHHH BLOJIb OLHOIO H3 4 OTMEYEHHHIX NyTeil Ha KOM-
IIEKCHOM NpAMOM {u}, THIIepIOBepXHOCTh ypoBHA Ha V) o Bupox qaetca. B
MOMEHT BRIPOXJEeHHA HCIe3aI0T [ NONYOUKIOB, a cIeJoBaTelbHO ACUE3AI0T
TakoKe y MOMOJOTHYeCKHX KJiaccoB Vj o/ V,{),o- CooTBeTcTByOLAE aHTHAH-
BapHaHTHHE HHKIAL B MOMOJNOIEAX JBYAMCTHOIO HaKpHITHA Vyg — Va0
Pa3BeTBAEHHOIO BJAOAL V,\o’o, 06pa3yloT OTMedIeHHHA (B HOBOM CMEICIe) Ga-
3UC M3 {4 KOPOTKHX HHKIOB B H~.

Ans ocoGennocreit A, ..., Fg 3Ta KOHCTPYKIHAA BeI&T K OGBIYHLIM AHa-
rpamMMaM [binkura. Ho gas B, pesyibTaT HeoOHIieH: B CHMMeTPHYECKOM
clyyae SHarpaMMa pacnalJaeTcs Ha TOYKH (Haul 6a3HC COCTOHT H3 KOp-
Heil e;, TaK YTO OCTalbHhle KOPHHM PaBHH e;, +e; + ;).

Apyrum creicTBHEM KIacCHGAKAaOHH NPOCTHIX NPOEKTHPOBAHHY ABIA-
€TCHA ONHCaHHe TIeOMEeTPHH COOTBETCTBYOILIMX G6GH(PYPKAIHOHHHX LHa-
rpamM. HamomuaM cradana ux HekoTophe ofiae cBOHCTBA.

6.3. TeomeTpusa 6udypKauHOHHEIX AUArpaMM

Ognnoit 13 mpocTeiimuxX GEpYPKAIMOHHKIX THATPAMM ABIACTCH HOAYKYOH-
JecKas napaboia, COCToANIas U3 TOYeK Ha (&, b)-NIOCKOCTH, 41A KOTOPHIX
MHOrowieH z° + az + b uMeeT KpaTHble KOPHH. OTa KpHBad IOABAAET-
Cq B KayecTBe GHYpKauuoHHOH JHarpaMMbl Bo MHOPHX 3afadYaX TeOPHH
ocoGennocteil. Hampmmep, oma MoxeT paccMaTpHBaTbcs Kak 6udypka-
LHOHHafA AMarpaMMa Hylell ¢dynknuu z3: oHa o6pasoBaHa TeMH TOYKAMH
BepcaJbHOH JedhopMalnH dTo# GPYHKINH, 411 KOTOPHIX MHOXECTBO HyIE€BO-
roO ypOBHA KepopMAPOBaHHOH (HYHKIOHH ABAAETCA OcOOHIM. DTa 6ndypKa-
LHOHHAA JHarpaMMa HMeeT 3aMedYaTelbHHe cBoiictBa. Hampmmep, €& go-
noanenne B C? spaserca npocTpaHCTBOM OiirenGepra-Maxkineiina K (m,1):
BCE €r0 FOMOTONAYECKHe FPYNNEl TPHBHAJIBHBL, 3a HCKIlOYeHEeM (yH/[a-
MeHTaIbHOH TPyNNkl (ABAAIOIEHCH rpynnod Koc ApTHHA H3 3-X HHTEH, CM.
puc. 65).
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PaccMoTpum THmEYHOE rosomopduoe BekTopHOE moNe Ha HJIOCKOCTH,
cojepxallel moayky6uieckyio napabony. Hanpumep, PacCMOTDUM NOCTO-
AHHOe noxe J/0b Ha onMCaHHON BhILIE MIOCKOCTH KyGHIeCKHX MHOIOYIEHOB.
B Touke BosBpara moayky6uieckoil napaGoisl BeKTOp 3TOrFO MOAf TpaHc-
Bepcalen KacaTelbHOH K >ToH mapaGore. Jlio6oe gpyroe BekTopHOe noxe,
o6nafalollee 3TAM CBOUCTBOM, MOXKET GLITh pABENEHO K 3TOMY ClelHaldb-
HOMY HOJIO NPH NoMowH AupPeoMoppHEIMa, COXPAHAIOUIEro MOAYKYGH e
CKy10 napabodiy.

OTH CBOHCTBa NOAYKYGHIECKOH napaGoin — eé AOomoXHeHHe ecTh npoc-
TpaHcTBO K (7, 1); THHNHYHOE BEKTOPHOE I10€ MOXET GLITh BEIIIPAMJEHO —
IpHCYIIA A MHOTEM Ipyrum GHQypKanHOHHEIM gHarpammaM. Hampmmep,
06a 3TH CBOMCTBa UMEIOT MECTO JJIA JaCTOYKMHA XBOCTa (cm. puc. 3), gas
61y pKanAOHHBIX JHArPaMM HyJledl IPOCTHIX $pyHKOHA Ha MHOroo6pasnax
C KpaeM I A1 GHYPKAUAOHHHLIX JHATPAMM IPOCTHIX NPOEKTHPOBaHHA.

PaccmoTpam, Bo-mepsrix, GyHKIHE Ha MHOrooGpasnu c kpaem. IlycTsb
f:(C™0) = (C,0) ectb pocTok ronoMopdHoR ByHKIEA Ha MHOroo6pa-
sun C", B KoTopoe BIOXeHa runeprnoBepxuocTh (“kpair”) C™ !, 3azaBae-
Mas ypaBHenneM z1 = 0 (z; — koopamuaru na C"). Touka 0 masmBaeTca
xpaegot ocobennocmvio f, eciu oHa ABNIAETCA KPATHYECKOH TOYKOM orpa-
HUYenua f Ha kpail.

Kpamuocmewo p xpaesoii ocobenwnocmu wasnBaeTca pa3MepHOCTD,
Haf C, xpae6ot .ioxasbnoti auzebpol

Qflzl = C[[ml, sy z'n,]]/(:l:lflv f27 se ey fn):
rpe fy = 0f/dzy. Bepcaubnaa fedpopmanus moxeT GHITH BbIGpaHa B BHe:
F(z,A) = f(z) + Ag1(z) + ... + A\ug.(2),

TAie gk CYTh MOHOMEI, 06pa3kl KOTOPHIX 06pasyior 6asuc (Hag C) dakTop-
npocrpancTBa Qflz,. Ilycrs g9, = 1. IlpocrparcrBo C* ¢ koopgnnaTa-
ME (Ag,...,\,) Ha3bIBaeTca 6a3ot BepcaabHOH epopMarnHH, IpocTpaHc-
rBo C#~! ¢ koopgmmaTamu (A1y..-, Au—1) Ha3LIBaeTcH Ga3ol yceuéHHOM
BepcalbHOH fedopManiu HIH yceuwénnot 6a3od.

Ilpmmep. [ns Kpaesok ocobernocTH C3 BOabMEM
f=23+z122, F=f+ 22+ Xazo+ s
Ounpejgenenne. Tucio a nasuBaerca xpumuuecsum 3Inavenuem F(.,\),

eciu MHOrooGpasue F'(., ) = o 1160 0co6o, 1160 He TPaHCBEPCATBHO KPalo
(rumepuoBepxHocTH z; = 0).
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Oupegenenne. Bufyprayuonnot duazpammots nyset xpae6oti ocobenno-
CTU Ha3bBaeTCA MHOXKECTBO TaKHX TOYeK Ga3bl BepCcalbHOH HedopManum,
Axa koTophixX 0 ecTs kpaTadeckoe 3Hadenne F(., ). Ora 6udypkannonnad
JuarpaMMa oGo3HayaeTcH depes 1.

IIpamep. Budypkannonnad JZuarpamma HyJAed npocrod ocobGeHnoc-
ta C3 06pa3oBaHa TaKUMH TOYKaMH (a, b, c), 4Jf KOTOPBIX MHOrOY1eH £3+
+az?+bz+c umeet an60 HyIeBoil, 1H6O KPaTHHIH Kopesb. JTa AualpaMMa,
n306pakéHHad Ha puc. 90, uMeeT 2 HenpuBoguMEie KoMnonernTre. Ogna u3
HHEX (II0BEPXHOCTB, COOTBETCTBYIOIad KPAaTHHM KODHAM) muddeoMopdra
OHIAHADPY HajJ HoayKyGudeckod napaGonoidt. [pyras, cooTBeTCTByIOILAA
HyJZeBOMY KOpHIO, ecTb Hxockocth ¢ = (). IlepBad xoMmmonemTa cooTBeT-
CTByeT MHOroo6pasuaM HyaeBoro ypoBuia F(.,A) = 0, He TpaHcBepcaib-
HBIM Kpalo. BTopa# KoMmoHeHTa COOTBeTCTBYET OCOGHIM MHOI'006pa3umiaM
HyJeBOro yPoBHA (B 9ToM npuMepe A3 = &, Ag = b, Az = ¢).

Puc. 90. Budypxaurnonnas
LHarpaMma
KpaeBoit oco6eHHOCTH ('3

Bugypkannonnue fuarpaMMBl HyJeH NPOCTHX KpaeBHX 0CoGeHHOCTeN
COBNAJAIOT C JUCKPEMHHAHTAMH (IPOCTPAHCTBAMHE HePeryiipHHX opGHT)
COOTBeTCTBYIOILUX IPyNn oTpaxenni (§4.2). DTu anreGpauviecKkne MHOrO-
06pa3nd HMEIOT 0JHO3HAYHO ONpeleféHHHe KacaTelbHue AIEepIIOCKOCTH
B Hadalte koopauuar (dA, = 0 B BBeJEHHRIX 06O3HAYEHNAX).
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Teopema 1. JoGoe zosomopfroe eéexmopnoe noae, mpanceepcaavioe
KacameabnoMy npocmpancmey budyprayuonnod duazpamsst nyaet npo-
cmotl Kpae6oti 0COGENHOCTIY, AOKAALHO NPUEOJUMCA K NOCTROANKOMY Gex-
moprosy noawo 8/9\, npu nomowu 2osomopdrozo JufdeomopPusma, co-
zpansowezo budyprayuonnyro Juazpammy.

Ira TeopeMma, OTKPHTad B [98], 6bura Hokasama O.B.JIamko B [159],
[160]. B.M.3akaxiokun B [29] pacnpocTpatnn eé Ha HEKOTOpHE HEeNPOCThIe
0CO6EeHHOCTH. )

Teopema Jlsmxo 6a3nupyeTcs Ha TeopeMe 2, cOopMyINpOBAaHHOH HHXKe.

Ounpepenenne. Bufyprayuonnas duazpamma dyneyui (das xpaesoti oco-
Gennocmu) 06pa3opaHa TeMH TOTKaMHA A yCe48HHON 6a3Hl, 411 KOTOPHX fie-
dopmupoBaHHad (ynkuua F(., A, Ay) EMEET MeHee 4eM u PasJHYHBIX KPH-
THYECKHX 3HAYCHHH (3aMETHM, ITO 3HaYeHHe A, He CYLIECTBEHHO, TaK Kak
F(, A M) =F(,0,0)+ ),).

IIpamep. Budypkanmonnas gmarpamma yHKUHi KpaeBoil ocoGeHHOC-
T# C3 o6pa3oBana IpAMol b = 0 ¥ IBYMA KacalOL[MMHACA e& B HayaJe KOOp-
AuHaT B (@, b)-mrockoctn mapaGoramn (puc. 90).

Bugypkanuonnas guarpamma dynknui kpaesoii oco6ennocrn Cy n3o-
GpaxceHa Ha pac. 91. YceyéHHad BepcaibHad JeOPMaLAf MOXKET GLITH
BHIOpaHa B BAfe:

F=f+azd+by? +ecy, f=zy+ a4,
Kpad: z = 0.

Budypkanuonnas guarpamma KpasnoaHOpogHa (HHBapHAHTHA OTHOCH-
TeAbHO KBa3HOJHOPOAHHX pacTixenud (a,b, c) — (ta,td,t3c)). MosTomy
Ha DHCYyHKe H306paXkeHo TOXbKO eé nepeceveHye ¢ ILIOCKOCTHIO @ = const.

Budypkannonnas guarpamma kpaepoit oco6eHnoctn Cj COCTORT U3 e-
THIPEX TMIEPIOBEPXHOCTEH B ycedéHnoi Gase. [ledCTBATeNbHO, OHA o6Gpa-
30BaHa KayCTHAKOH B MHOXecTBoM Makcsenna. Kaycruka umeer 2 xomrmo-
HEHTHI:

A? (orpamMyenne Ha rpaHHLy EMeeT HEMODCOBCKYI0 KPHTHYECKYIO
TOUKY),
Cy (KpETHYeCKas TOYKa NPHHALISKAT KPaio).
MmuoxecTBo Makcsenna raxke nveer 2 KOMIOHEHTHL:
Al A; (kpaeBLIe W BHYTpenHHe KPHTHYECKHE 3HAYEHHA COBIAJAIOT),
2A! (nBa KpaeBEIX KPHTHYECKAX 3HaYeHHA COBIAZaloOT).

Kaycruka C4 o6pasoBana TaknME MHOrOYJIeHaMH y" + ay3 + by2 + cy,

KOTOpBIE HMeIOT 160 HEMOPCOBCKYIO KpHTHYecKylo Touky (A?), aubo myne-
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Puc. 91. Bupypkanuonnas gdarpamMMa ¢yakgui Cy

Byio kpuruieckyio Touky (C3). CuexoBaTeibHo oHa AuddeoMopdHa AHC-
kpuMmunanTy C3 (aHadoruadHo, kaycruka Cryi ZuddeoMopdpHa JUCKPEAMHE-
Hanty Cy).

Pucynok 91 nokasmiBaeT, 4To MHOXKecTBO MakcBenta Cy guddeoMopd-
HO KayCTHKE 3TOH 0cO6eHHOCTH. ANPHOPH 3TO ZaleKo He OYeBHAHO. JTOT
pe3yabTaT pacnpocTpaHseT TeopeMy ['MBeHTalf o ABYX pPacKphITHIX Ja-
CTOYKHHEIX XBOCTaX, o6cyXKZéHHYI0 B KoHue §4.4, Ha cayvyak Cp (nau Bg).
Briio 6L HHTepecHO NOHATL MPUIHHEL JTOH CTPAHHOH CBA3H MEXAY Kay-
CTHKaMH H MHOXecTBaMu MakcBelia.

Bepuémca k obeil Teopuu 6upypPKANMOHHEIX JHarpaMM GYHKOUH KA
KpaeBhIX ocobenHOcTel. O606mad koHcTpykuuio Jlamko-Jlolenru, kax o1
TOYKe A yceiéHHO¥ Ga3kl CONOCTABUM 3HaYeHHe CBOGOLHOTO YIeHa BepCcalb-
HOH gepopMaluu, I KOTOPOrO CyMMa /i KpETHYeCKAX 3HaYeHUH (PYHKIAH
F(, by Au) paBHa Hyxo. IlocTpouM MHOIOYIEH, KOPDHAMH KOTOPOT'O ABJA-
I0TCS 3TH KPHTHYECKHe 3HadeHus. TakuM o6pa3oM Mkl TOCTPOKAH oTOGpa-
JKeHHe ycedéHHOH 6a3nl B npocTpancTBo CH™1 MHOrowIeHOB cTenenu u, ¢
eZMHUYHBLIM CTapPLIAM ¥ HYJAEBLIM NOCIEIYIOMAM KO3(PPUAIHEHTOM.

Teopema 2 (cMm. [160]). [Tocmpoennoe sviwe omobpasicenue A6azeMCcA
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cobcmeennvim u 2040MOPPHBLK, NPU YCA06UU YMO KPAEEAR 0cobennocm
Aeagemea npocmoi. Jonoanenue Gudyprayuonnoi duazpamms Pynxyud
HAXPLIGGETN MHO2000DA3UE MHOZOUIEN0E, HE UMEIOWUT KPAMHLIT KOPHET.

Caegcrsme. Jonoanenue 6udyprayuonnot duazpammbi npocmot xpae-
80t ocobennocmu seasemcs K(m, 1) npocmpancmeosm, 2de T ecms nod-
2pynna xoneunozo undexca 6 zpynne xoc u3 y numnet.

Jns Toro 4robel BhIBecTH TeopeMy 1 u3 TeopeMHl 2, paccMoTpuM m
MOMEHTOB, KOr'Ja ABHXYIaACA BAOJAb HAllero BeKTOPHOIO MOAL YacTHHA
nepeceKkaeT JUCKPUMHMHAHT. OTH MOMEHTHI 3aal0T IpAMYI0, B KOTODPYIO
TpebyeMElll JuddeoMOpPhH3M LoMKeH OTOGPa3UTh OPGHTY ITOU YACTHIBI,
C TOYHOCTBIO 4O BEIOOpa H3 KOHEYHOI'o YHC/Ia BO3MOXKHOCTEIR.

Hdedopmanus cramgaprrHOro BeKTOPHOI'O O/A B Hallle BEKTOPHOE IIOJe
€AUHCTBEHHKLIM 06pPa3oM MOXeT GLITh HaKpPhITa HeKOTOpo# JedopManuen
TOXK ZECTBEHHOIO zuddeoMopdu3Ma; 3Ta KOHCTPYKIHA ZOCTAaBIgeT Tpeby-
eMuId guddeoMopduaM, COXPaHSOUIAR AUCKPAMAHAHT (mozpo6rOCTH ONE-
canwl B [159], [160]).

Teopema 1 pocraBiger Takxke wHpopMammio o BEKTOPHLIX NOJfAX,
TPaHCBepCAIbHBIX JUCKPUMKHHAHTaM OGLIYHLIX (He KpPaeBhIX) OCOGeHHOC-
rTed. HanpuMmep, ms meé caegyer BosMoxmocTb BBUIPAMIECHHUA THIUIHOrO
BEKTOPHOrO NOJA B BeplINHe OOLIYHOr'O JACTOYKHHA XBOCTA DU IOMOIIU
COXPaHAIOLIEro JaCTOYKHH XBoCcT AuddeoMoppusMa.

Mas TOro 4TO6K NPUBECTH K HOPMAIBLHON hopMe BEKTOpHOE NoJie B He-
KOTOPOH OKPECTHOCTH BepIIMHEL 61y PKaOH HOH AuarpaMMel HyJaell ¢yH-
KUAH ¢, IDHEMEeHHM TeOpeMy K PpyHKUHH

flz) = zo+ g(z1,...,25)

Ha MHOrooGpa3ui ¢ kpaeM zo = 0. B oM cay1ae 6NdypKaloHHAA AHa-
I'PaMMa HMeeT eIHHCTBeHHYI0 KOMNOHEHTY: OHa CoBHajaeT c 6udypkanu-
OHHOM AWAarpaMMOH OoCpaHMYeHHs f Ha Kpall, TO ecTb ¢ 6udypKauOHHOM
AHArpaMMoll Hylell QYHKUHH g, Tak KakK MHOrOOGpPAaduL YPOBHA (pyHKIUH
F(.,X) He ocobmI.

Cnegcreme. [Ipoexmuposanue Ha naocxocms 6004b OCU C AGCTONKUNG
z60Cma, 00pa306GNHO20 UMEIOWUMY KPATMHBIE KOPHU MHO20UAEHAMU
z4 + az? + bz + €, YCTOUUUBO: 6 HEKOOPOU OKPEeCTNIHOCTU HANAAG KO-
opdunam et Ixeusatenmno w0boe bausxoe npoexmuposanie.

Ecrecrpenno, nogo6uoe clescTBue cnipaBesinBo A1 BCEX NPOCTHIX 0CO-
GenfocTed pyHKUME (Ha UMEIOWAX HAH He HMEIOIIMX Kpai MHOroo6pasu-
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%X) B ZAs ZUCKPUMHUHAHTOB BCeX MPYNN OTPaXeHHH (BKIIOYafd YHUTapPHEE
IPYNNbl OTPaXKEeHAH).

IIpumenenre TeopeMbl 1 k H3ydeHHI0 HOPMaJbHEIX (pOPM U IepecTpoeK
Pa3IMIHHX reoMeTpHIECKAX 00BbeKTOB B IPOCTPaHCTBe, cojepKalieM 6u-
$YPKAUMOHHYIO JHArPaMMY, (HaNpAMep, NPUMeHeHHe K TEODHH I1POeKTH-
POBaHMI IJaJKHX THAepoBepXHOCTeN) obcykfaeTca B [98), rie aTa Teope-
Ma 6bl1a BIepBhle choOpMyInpoBaHa. BMecTe ¢ TeopeMoit 1, chopMyanpo-
BaHHad HHXKe TeopeMa 3 O4YeHb MOJe3Ha NPU H3Yy4eHUH HOPMaJbHBHIX (popM.
B aTol TeopeMe 6udYpKallHOHHAA AUarpaMMa HyleH 3aMeHeHa HPOH3BOJb-
Hol runepnoBepxHocTbio V B C® (0cO60H HIM HET).

IpeanonoxuM, 4To orpandyenue paccioenns p : C" — C™ ! n5a po-
cTok runepnopepxHocTH V C C" ecTh cob6cTBeHHOE oTOGpakenue. Torga
JoKaabHO V' MoXeT 6HITh 3ajaHo ypaBHenueM R(z) = 0, rze R ecTh MHO-
rowied BJoab Jdo6oro cios npoekuud p. Ero crenens k paBHa kpaTHOCTH
nepecedernus V ¢ cojepxallluM TOYKY IPHKIOKEHHA pocTka cloeM. O6o3Ha-
qum wepes D : C*~! — C guckpuMmuHaHT MHOrodwieHa R. MuorooGpasme
HyJIeBOr'o YPOBHA JHCKPAMAHaHTa Ha30BeM Oufiypxayuonnol duazpammot
npoexmuposanua V < C* —» C* 1,

Onpegenennme. CkaxeM, YTO BeKTOPHOE NOJE U COZPAHAETN MH02006pa3ue
f = 0, ecim npousBogHas f BoOAL U NPHHAAIEKUT HJIealy, NOPOXKAEHHO-
My f.

Teopema 3 (cM. [159]). Ilpednoaorcum, wmo pa3mepHOCb MHOICECTIEE
mouex 6a3vl, 6 KOMOPHLIT causaemca 6ogee J8YT MOUEK NEPECENEHUAR 2U-
nepnosepznocmu V co caoem (npu smom obujee HuUCA0 PASAUNHLIE TIOUEK
nepeceuenua caosa ¢ V cmanosumeca menvuie vem n — 1), empozo menbwe
pasmeprocmu oudyprayuonnot duazpammol.

Tozda pocmox 4106020 20a0mopProz0 6exmopro20 noas na 6ase, xaca-
ouwezoca 6ufyprayuonnoti duazpammvi, donycxaem nodxsmue do pocmxa
2040M0pPHO20  6EKMOPHO20 TOAR NG NPOCTNPANCINGE  PACCAOENUR
C" - C* 1, cozpanswougezo 2unepnosepznocms V.

Cneacreme. Jwboe 20aomopProe eexmopnoe noae, corpanswouee 6u-
Pyprayuonnyo Juazpammy dynxyuti npocmod ocobenwnocmu, donycxaem
noduamue do 2040MopPnozo 6exmopro20 Noar, KacawWwe20ca budyprayu-
onnoti Juazpammol nyaed (Jucxpumunanma).

IIprmep. Jw6oe none, kacaomueeca o6besUieHnd NOIYKy6UdIeckoll mapa-
60ABI C KacalolieHcs e€é B TOYKe BO3BpaTa NMpAMOM, NONYyCKaeT NOJHATHE
Ha JaCTOYKHH XBOCT, pe6po Bo3BpaTa H JHHHA CaMollepecedeHHs KOTOPOro
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NPOEKTHPYIOTCA Ha NMORYKYyGHdecKylo mapaboly M 3TY KacaTelbHYIO Npf-
MYIO.

OTH HHQUHATE3NMANbHEE Pe3YAbTAThl HMEIOT M06aIbHEe aHaJoOI'l, B
KOTODLIX BEKTOPHEIE NO/A 3aMeHeHkl Judbdeomopdusmamu. [Jag Toro yro-
OBl MOZHATH AU(PeoMOpPPHIM, coXpaHAOmKl 6udyPKaUOHHYIO Juarpam-
My, MOAE3HO 3HATh I'PYNNY Mg CBA3HBIX KOMIOOHEHT NPOCTPAaHCTBa GHrOJIO-
MOP®HEIX AU (PeOMOPGUIMOB, COXPAHAIOMIEX THATPAMMY.

[Ans RUCKPUMUHAHTOB IPYNN OTpaXkeHUH oTBeT 6Lt Hail ren O.B.Jlamko
[159], [160]:

Teopema 4. Ipynna my cosnadaem c Paxmopom zpynnvi asmomopPus-
MO6 2PYNTbL OMPAHCENUL, COTPANAIOUUT MHOIICECTRE0 OmpPadcenutl, no UN-
sapuanmnot nodzpynne enympennuz asmomopPuamos. Ima zpynna co-
cmoum u3 2-¢ saemenmos dax cayuaes Dax, By, Fy, Ga, Iy(2k) u usomopg-
HA 2pYnne nepecmanceor 3-r saemenmos dax cayuasx D4. B ocmaabuviz
CAYNAAT IMA 2PYNNA MPUEUAIbHA.

Beprémca Tenepb k IpocTHIM NPOEKTHPOBAHUAM NMOJIHKIX IepPecedeHuil.
B.B.I'opioHOB pacnpocTpaHn1 NpuBegéREbIE BHIe TeopeMsl JIAMIKO W Ha
370T ciryyail. Ero cnucok npocThix mpoekunit (86.2) BkaIO9aeT comcok mpo-
CTHIX KpaeBhIX ocobennocTel. Ho faxke B 3ToM cayvae Teopemn I'opioHOBa
AROCTABIAAIOT HHGPOPMAIUIO, OTIHIHYIO OT COAEpXKameicsa B TeopeMax Jlam-
KO: HaYHHAf C TeX XKe KPaeBhIX ocobennocTeil, ['oplonoB noxywaer dpyzue
npocTpaHcTBa Jiner6epra-Makielina u BHIPAMAseT dpyzue BEeKTOPHEIE
nons.

IIpumep. PaccMoTpuM emé pas npocTpaHCTBO KY6HIECKHX MHOTMOYICHOB
23 + az? + bz + ¢, umeromux KPaTHbEIE KOPHH. JTO NPOCTPaHCTBO, IH-
¢eoMopPpHOe HUINHADPY HaJ MOAYKYOHIeCKOH napaboiaoil, 06pa3yeT 4acTh
6uypKanMOHHO! JUArPaMMEl Hyaell ocob6ernocTu C3. Ha sToT pas Mu
CIPOEKTUDYeM €ro He BJOAb OCH ¢ (KaK B TeopeMe JIAIIKO ¥ Kak Ha DHC. 90),
a Bgoxb ocu b (puc. 92). B 3ToM cayvae BepTHKaIbHAL IJIOCKOCTDb, 0603Ha-
deHHad Ha PHC. 92 ToYKaMH, He NPUHAJIEKHAT MPOEKTHPYEMOMY MHOIO-
obpa3nro.

Budumviii xonmyp npoexTupoBaHHA Ha (a,C)-IIOCKOCTL COCTOHT U3
ABYX raagkux KpuBeix, A2 m Cj, umeomux ky6uueckoe Kacamme IPyT C
APYroM B Havaje KoopxmHaT. B 3TOoM mpuMepe Teopemul ['oploHoBa dop-
MyIUpYIOTCH CaegyiomaM obpasom [131), [161).

Teopema 5. [Jonoanenue sudumozo xonmypa ecms npocmpancmeo Jii-
aenbepza—Maxaetina K(n,1), 20e m ecmo nodzpynna undexca 8 & zpynne
Koc u3 3-r numet.
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Puc. 92. BudypKkanuonHas guarpaMMa mpoekTEposannsa Cs

Teopema 6. I[Ipoexmuposanue 6doab ocu b npusedénnozo eviwe yuaun-
dpa nad noayxybuuecxoli napaboaot ycmotuuso: woboe 6ausxoe (6btmas
MOdHcem neaunetinoe) 2oaomopdnoe npoexmuposanue Imozo yuaundpa 4o-
KaLbHO 6U20A0MOPPHO IKEUEAIENMNO NPOEXTRUPOEANUIO (a,b,¢) = (a,c).

Teopema 7. Pocmox 6 nauase xoopdunam eexmopnozo noas 0/0b yc-
MOUYUE N0 OMKOWENRUIO NPUBELIENHOMY BbILE NOAYKYOULECKOMY YuAUnIpY:
woboe 6au3Koe 2040M0pProe sexmoproe nose npusodumeca (8 nexomopoti
mouxe, 6au3xot x nanaay xoopdunam) x eudy 0/0b aoxasvusim 6uzoao-
MopPrvin JufdeomopPusmon 3-npocmpancmea, corpansouum noayxyou-
necxutl yuaundp.

Teopema 8. Jlo6oe munuunoe zoaomopgnoe eexmoproe nose 6 a06oi
mouxe pebpa 603epama noayxybuuecxozo yuaundpa u? = v3 npusodum-
ca (Jupdeomopdusmon 3-npocmpancmea ¢ xoopdunamamu (u, v, w), co-
ZPARAOWUM IMOM Yuaundp) x 0dnot u3 deyz nopmassuviz gopm 0/0u (s
munuunbiz mouxaz), 8/0v + wd/du (e ocobvir mouxaxz).

[Ans TOro 9T06EI CHOPMYIHPOBATH O6IIME PE3YALTATH A1 IPOU3BOIDL-
HBIX NPOEKTUPOBaHMA Ha NPAMYIO, PACCMOTPHM NPOeKTHPOBaHHe Ha OCh
4 NOIHOTO mepeceveHus Vp, 3agamHoro ypasHeHmsmu f(z,u) = 0. [e-

¢PopMalHs ITOro NPOEKTHPOBAHUA ABIACTCA CEMEHCTBOM NPOEKTHPOBAHMI

(z,4) = u nonHkIX nepecevenuil V), 3aaBaeMuix ypaprennamu F(z, u, A) =
=0, rae F(z,u,0) = f(z,u). Ilpegnoroxum, vro F spaseTcs MHHUBep-
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CalbHOH JehopManmell IPOCTOro POCTKA rOIOMOPHHOro OPOEKTHPOBAaHHUS.
STO 3HAYAT, YTO YUCIO 1 — NapaMeTPoB A — MHUEEMAIbHO (onpegenenne
BepcaJabHOH gedopmannu cm. B §6.2).

IIpamep. [aa poctka npocrtoro npoekTupoBanus Cs MonHOe nepecedyeHne
Vo ects naockas xpusad f(z,u) = 0, rae f = z3 + uz. MunnsepcanbHas
AedopManud ecTh AByNapaMeTPUIeCKOE CeMeHCTBO KPHBHIX F(z,u,A) =0,
rae F = f+ M\z? 4+ ).

[edopMannn NpOEKTAPOBAHHS CONOCTABEM “GoibiNoe HOIHOE nepece-
2
4eHHe

W = {(z,u, \)|F(z,u, ) = 0}.

Ecarn gedopMalus Bepcanbna, To W He 6co60 B Hayale KOODAHHAT.

Onpegenenne. Budyprayuonnoii duazpammot nyaei NPOEXMUPOBANUA
Ha3LIBAETCA POCTOK B HaYale KOODAHHAT MHOXKECTBAa KPHTHYECKAX 3HaYe-

HUH OTpaHUYeHHs OTOGpPaXkeHU (z,u, \) (u, A) Ha pocTok MHOr0O6pa-
ang W.

IIpumep. Badypkanuonnas auarpamma Hyei npoekTupoBanus C3 o6pa-
30BaHa Temu TodKaMm: (u,A), NI KOTOPHIX MHOTOYIEH 5 + Ajzl+
+uZ + A2 UMeeT KpaTHHI KopeHb (Ha puc. 92 (A1, u, Ag) oboamauaroTca
sepes (a, b, c)).

PaccmorpuMm Teneps ecrectBermyio mpoekmuio 6ndypKkagnoHHOH IHa-
TPaMMbl HyJeH NPOeKTHPOBAaHHA BAOAb OCH U Ha NPOCTPAHCTBO napaMe-

TpoB {A}.

Onpegenenne. Budyprayuonnoti duazpammor NPoeXMUPOBAHUA Ha3bIBa-
eTC O6beiNHEHUE IPOEKIMA Ha TPOCTPAHCTBO NapaMeTpoB {\} MHOXecT-
Ba 0COGHIX TOYeK 6ucypPKauUOHHOH JUATPaMMHL HyJleH W MHOXeCTBa KpH-
TAYECKUX 3HaYeHHH ITOTO APOSKTHPOBAHHA Ha TIaIKOH YacTH 3TOH Gu-
dYpPKaMOHHON ZMArpaMMEI HyjaeH.

Iipamep 1. /14 NpoeKTHPOBaHUA IIaIKOH YacTH 6upypKAUNOHHOR fHa-
rpamumel nyaeii C3 Ha {A}-nuockocTs ((a, ¢)-naockocTs Ha puc. 92) MHOXec-
TBO KPHTHIECKHX 3HaYeHHH ecTb oChb a. [Ipoeknneit MHOXeCTBa OCOBHIX To-
ek GHYpKAUHOHHOW JUarpaMMH HyJleH sBIfeTci Ky6uieckad mapaboa.
Hx o6megunenne o6pasyer 6ucdypKauMOHHYIO ZHATPAMMY OPOeKTHPOBaHHA
C3. DTo MHOroo6pasme He AuddeoMopdHO 6HDYPKANAOHHON JHArDaMMe
dynxnni Cj (cocrosmel u3 TPEX KBaJpaTHYHO KaCAIOMUXCA APYT Apyra
KOMIIOHEHT).
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IIpamep 2. TlpoexTnpoBanue NacTOYKHHA XBOCTa BLOIB HaNpaBJeHHS,
TPaHCBePCAIbHOrO KacaTelbHOH INOCKOCTH B BeplIHHE, Ha MIOCKOCTH He
HMeeT KPUTHYECKHX 3HaYeHUH Ha rAafKod YacTH JacCTOYKHHA XBOCTA.
MHoXecTBO 0COGBIX TOYEK NACTOYKMHA XBOCTA COCTOHT 3 JBYX KOMIO-
HeHT: peGpa BO3BpaTa W NMHHH caMoNepecedenus. Ux obpas o6pasyer
OH¢YPKanHOHHYI0 AHArpaMMy npoekTupoBaus Az (coBmajaioumyio c 6u-
dypKanHOHHOH AmarpaMMoll ¢yskumn As). 3gecy f = u+z4, F = f+
+A122 4+ Mgz :

B o6miem cayvae 6ncdypkannonnas guarpaMma NPOEKTHPOBAHUA COCTO-
HT U3 3-X JacTell: NpoeKnUU pe6pa BO3BpaTa 6UDYPKALHOHEOHR AHarpaMMbI
HyJell, TPOeKNUH MHOXKEeCTBa CaMONepeceYeHn il B MHOXKECTBa KpHTHIECKHX
3HavYeHKH NpPOEKTHPOBaHUA IiaJKOH YacTH.

Budypkanuonnas guarpamma NPOEKTHPOBaHUA TakK¥Ke MOXKeT OLITh oll-
PelieleHa KaK MHOXXECTBO TeX 3HadYeHWH HapaMeTPoB A MHHHBEDPCAIbHOH
AeQopManuu, NPH KOTOPHX I#60 MHOroo6pasme V) = {(z, u)|F(z,u, ) =
= 0} ocobo, nu6o OrpaHN4eHHe Ha Hero YHKOUH % He ABJIAETCA MOPCOB-
CKoll pyHKIHeH.

Teopema 9 (cu. [131],[133]). Pocmor donoanenus 6ugypxayuonnoi dua-
2paMMBL  NPOCTMO20 NPOEKTMUPOSAHUR TOAH020 TEPECENEHUR TLOMONCU-
MeAbROU PA3MEPHOCTIY NG NPAMYIO ecmb npocmpancmeo Fiaenbepza—
Maxasina K(m, 1), 2de m ecmb nodzpynna xoneunozo undexca 6 2pynne
xoc u3 n + 1 numet (3deco n = dim{A}).

Teopema 10. Pocmox 6 nyae sexmopnozo noax 8/8u yemotivue no om-
Howenwo ¥ bufyprayuonnot duazpamme Hyaet npocmozo npoexmupoea-
Hui: w1060e 6au3Koe eexmophoe node NPUEOIUMCA K IMOU HOPMALLHOT
Popme 6 nexomopoii 6aussedcaueii mouxe 6uzonomopdnomn duddeomop-
Puamom, corpansowyum bubyprayuonnywo duazpammy nyaeti.

[lo fo6HbIe Pe3yAbTATH CIpaBefAUBLL LIS HeNpoCTHIX NPOEKTHPOBaHHH,
0Py YCIOBHY CYIIECTBOBAHUA IJf HAX KBa3HOAHOPOJHLIX BEPCAJbHHIX Je-
dopManui.

IIpumep. B C™ paccmoTpum runepnosepxmocth ¥, cOCTOAMYI B> MHO-
ro4ieHos z™ +ayjz™ 1+ .. .+ @y, UMEOIIEX KpaTHEIe KOPHA. JTa runeplo-
BEpPXHOCTH JAddeoMopdHa JeKapPTOBY NPOM3BEJEHHIO JACTOYKHHA XBOCTA
B C"! ma npamyio C. Ilpoussezenue BepIIHHEI 3TOro XBocTa Ha C ecThb
caMasd BHIpOXKJAeHHad KpuBad Ha Y. Teopemn JIsmko m TopioHOBa onmKCHI-
BalOT HOpMaibHble GOPMBl THNMYHHIX ['0AOMOPGHEIX BEKTOPHHIX HOJel BO
BCeX TOYKaX 3TOH 0CO00H KPHBOAH.
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[JedcTBHTENLHO, B THNMYHBIX TOYKaX DTOH KDPUBONH BEKTOPHOe mHoJe
TPaHCBEPCAIBHO T'HNEPIIOCKOCTH, Kacapolledca Y. B HekoTopoil okpecT-
HOCTH TaKOH TOYKH BEKTOPHOE NoJe NPHBOAUTCA K BHLY O/da, coxpams-
oIEM X KEddeoMopdu3MoM (Teopema 1). B HekoTOpPHIX H3OAIMPOBAHHBIX
TOYKaX 3TOH caMOM 0CO60H KPHBOH BeKTOpHOe MoJe NPHHAMICKHT Kaca-
TeNbHOH T'ANepHIOCKOCTH, M BEKTOD NOAL THAHYEH B 3TOH THAEPHIOCKO-
ctu (NPH YCJIOBHH, YTO HCXOJHOE BeKTOPHOE Nole THOHYHO). B HekoTo-
POl OKDECTHOCTH ITOH HI0IMPOBaHHOH TOYKH nole NMPHBOXHTCA K BHIY
d/0an_; (Teopema 10).

3amedanme. IlpupegéHHLIC BHIE TEOpeMEl HMEIOT MHOXECTBO 0606IIIe-
Hui. Hanpumep, IopioHoB pacnpocTpannn UX Ha clydail DPOCTHIX MPOEK-
THPOBaHKH NMONHHX NepeceYeHUH ¢ KpaeM Ha NpAMYIo (3TH OPOEKTHPOBa-
HAS CTaOUABHO DKBHBANEHTHEI NPOCTHIM NPOEKTHPOBAHHAM THIEPHOBEpPX-
HOCTeH C KpaeM), I Ha CIyYall IPOCTHIX AMHeHHRX 0COGEHHOCTel, KOTOpHIe
BBéx B [162] A.Cupcma.

HemsoaupoBaHHas KpUTHIecKad TouKa DYHKIHH HA3KIBACTCA 4uneli-
#oti, €C/IM MHOXECTBO KPUTHYECKHX TOYeK o6pa3yeT riaiKyio KpPHBYIO, W
€Clld OCOGEHHOCTh OrPaHAYeHHA QYHKIWH Ha THONYHYIO CHIEPIIOCKOCTD,
TPaHCBePCAIBbHYIO 3TO! KPHBOI, HE BHIPOXKJeHa (MOPCOBCKOI'O THMA).

TopionoB 06HapYXXH, YTO NPOCTHIE MMHEHHEE OCOGEHHOCTH KIacCCH(pH-
ODUPYIOTCA rpynnaMa oTpakenuii. Mepapxus memsorupoBaHHHX oco6eHHO-
CTell OTpaXKaeT HepapXuio cepuil ocobennocTedi. Hampumep, B 0603Hate-
HEax [28],

Ap ~ Jn+1,oo, B, ~ T2n+2,oo,oo;
Cn ~ Z2n—2,oo; F4 ~ Wl,oo-

Ans >TUX ocobennocTelr I'oplonos onpegennn 6udbypKauuoHHEE THArPAM-
MEI B JoKasaa K (m,1)-cBoiictso [80)].

HrTepecro orMeruTs, 4TO gas mpocTHX o6bekToB K (m,1)-cBoiicTBO
HMeeT MecTO TOAbKO B “ecTecTBEeHHHIX” TEOPHAX, I 9TO B DTOM CMEICIE
IpPOeKTHPOBaHHA ABIAIOTCA O60Nee eCTeCTBeHHBIMA 06'LeKTaMH HeXKelH ol
Hble NlepecedeHud (COCTOSHHE TEODHH OTMeYeHHHIX 6a3UCOB, O6CYKISHHOHR
B §6.2, IpEBOJUT K 3TOMy XKe BHIBOJLY).

Ipumep. PaccMoTpaM 6udypkalMoEEYI0 ZAATPAMMY Hyxeid (-mepHOToO
NOJIHOI'O mepeceyYeHus
?+ul=0, zy=0

(o6osHagenHoro yepes I, 2 B cnucke Dxycru [154] mpocTrix ocoGeHROCTEH
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monHbIX Repecedenui). Kuoppep B [129] gokasan, YTo ZomoiHeHHe STOM
AuarpamMbl B C? mmeer HeTpupmaabHYIO Tpynny 73, ClefoBaTelbHO He
aBiagerca K(r, 1) npocTpaHcTROM.

Ognako, 'opionos B [130] 3amerna, 4To gonolHenne 6udpypKanuoHHOK
AHACPaMMBl POCTOIO NPOEKMUPOSAKUA HA OCh % 3TOro NONHOTO Nepece-
Jenus asasemca K (1) npoctpancTaoM.

Budypkannonnas guarpaMma 3TOro NOMHOTO NepeceveHHs AMeeT BHJ

{Ae C4| MHOroo6pasne %2 + A\ju + Ay + A3z + 2 =0, u& = Ag ocobo }.

Budypkannonnas guarpaMMa NPOEKTHPOBARHUS (T,u) > 4 ABIfETCH O6b-
efuHeHHeM GHYPKAaNHOHHOH AUarpaMMbl HOMHOTO NepeceveHUs H THIEp-
HOBepXHOCTH A4 = 0 (HajZ 3Tol MMIEePIOBEPXHOCTHIO YUCIO Pa3IUIHLIX 3HA-
YeRUWH ¥ Ha MOIHOM MepecedeHUH MeHbIIe 9eM HajJ JOMOJHeHHeM MOTHOrO
nepeceyeHus).

TaxuM 06pa3oM, NpOeKTHPOBaHWA Jydlle NONHHX MepecedeHui (He-
CMOTpPS Ha TO, YTO CYIIECTBYIOT NPOCThHIE NPOEKTHPOBAHHA MOJHLIX Ie-
pecedennif, g1s Koropux K (r,l)-runoresa He gokasaHa; a UMeHHO, Xi i,
3< k<l Vg, Vo, T 5).

a

Teopus mpoekTHpoBaHuil (-MepHEIX NOMHEIX NepecedeHdl Ha MIOCKO-
CTH JOCTaBJAAeT TONOJOru4eckyio kiaccudukayguio MHOro1ienos Jlopana u
TPUCOHOMETPHIECKHX MHOI'OYIeHOB. JTa TeOpHA NPUBOLUT K Aepeyncle-
HOIO CBA3HEIX I'PadboB ¢ N BePHIMHAMHE H 1 HyMepoBaHHLIME pEGpaMu [198].

7 J3apgada 06 o6xoje mpenATCTBHA

B eBximZoBoM HmpoOCTpPaHCTBe PacCMOTPHM NpeNsTCTBHE, orpaHAYeHHOE
riafKoil HOBEPXHOCTBHIO O6INero MoioKeHHA. 3ajada o6 obxode mpensT-
CTBHA COCTOHT B TOM, YTOGH HalTH OCO6EHHOCTH (PYHKUHH PACCTOAHHA O
TOYKH B NPOCTPaHCTBE OT HEKOTOPOI'o HaYalbHOI'O MHOXKECTBa (CKaXeM,
TOYKH) BIOABL NyTel, orubaloluX npensTcTBie.

Jlns npeldTcTBHA, OrpaHHYEHHOTO MJAOCKOM KDHBOW, JWHHH YPOBHA
(YHKUMA PacCTOAHMA ABAAIOTCHA 3BoabBeHTaMH KpuBoH (puc. 93). Caego-
BaTeAbHO, 9TH JHHHH YPOBHA HMMeEIOT HNOIYKyOHieckue TOYKH BO3BpaTa B
TOYKAX I'PaHMiBl, eCIM IpaHHIa BelOykila (ApH YCIOBHH, YTO KpHBH3HA
rpafdusl HUT fe He paBHa HYJIIO).

/-
Puc. 93. OBoabBeHTH ¥2
KaK BOJIHOBLIE (PpOHTHI

B Tunuunou TovKe neperu6a ma rpaHAlle >BolbBeHTa HMeeT ocobeH-
nocts EFg nopsgka 5/3 (kak HeTpyhHo mogcyurtaTth). Jlexxamzposo nog-
MHOroo6pasue (B NIPOCTPaHCTBEe KOHTAKTHHIX 31€MEHTOB NIOCKOCTH), COOT-
BETCTBYIOIEe 3TOMY PPOHTY, CAaMO UMeeT OCOGeHHOCTh (MOLYKY6AIecKyo
TOYKY BO3BpaTa).

PpOHTH BapHAaLHOHHKIX 33JaY Ha MHOroo6pa3uix 6e3 Kpaf (Hanpu-
Mep, 3KBA JUCTAHTHl M'ENEePHOBEPXHOCTH B I'IafKOM MHOTOOGDAa3NM) TaKXke
MOTYT HEMeTb ocobenHocTH. OJHaKo, 3TH 0COOEHHOCTH ABIAIOTCA OCOGEH-
HOCTAMH IIpoeKnuli: NpOeKTHpYyeMOoe JexKaHIPOBO MHOr0o6pa3ne ABASETCA
raajkaM. B BapHauuHOHHBIX 3aja9aX Ha MHOrooGpa3uix ¢ kpaeM (H Jis
6onee OGIIKX BapHagUHOHHBIX 3a4aY C OFHOCTOPOHHEMH OrDaHMYeHHAAMH)
caMH J1eXXaHZPOBbl MHOroo6Gpasnsd, o6pa3oBaHHbe KacaloUMuci ¢GpPOHTOB
KOHTAKTHHIMA 3J€MEHTaMH, ABISIOTCA OCOGHIMH.

Oco6rle JarpaHxeBsl MHOroo6Gpa3ns MOABIAIOTCA TaKHM Ke 0O6pa3oM.
IKCTpeMadil, COEJUHSAOIIAEe TOYKY MHOroo6pasus C APYrHMH TOYKaMH,
06pa3yioT JarpaHXeBo NOAMHOroo6pasHe NPOCTPAHCTBa 3JKCTpeMaJed.
OTH JarpaH)XeBol MHOr0O6pa3Mi riajgKH, €Cld KOH(MHI'YyPAIMOHHOE MHO-
roo6pasue He AMeeT Kpaf,  MOr'yT OLITh OCOGLIME B TPOTHBHOM cly4ae.



194 Taasa 6. ITpoexmuposanus noseprnocmeti 4 0co6eHHOCMU 6UIUMBIT KORMYPOS

AONHLIX nepecedeHnii). Kuoppep B [129) gokasan, 4To gomonHeHHe 3ITOH
xuarpamMmbl B C* UMeeT HeTpHBUANLHYIO IDYONY T2, CleZOBATENbHO He
apaserca K(m, 1) npocrpancrBoM.

Oznako, lopionos B [130] 3amerna, 4To gonoiHeHHe 6uYpKamUOHHON
JUarpaMMbl DIPOCTOTO NPOEXMUPO6anuL Ha OCh % 3ITOrC NOJHOIO fNepece-
yenus Agasemcsa K (m, 1) npocrpancTBoM.

BudypkanuonHas guarpamma 3TOro mOIHOro MepecedeHns UMeeT BHJ

{\€ C4| MHOro06pasne u° + A% + Ay + A3z + z° =0, uz = A4 ocobo }.

Brdypkanuonnas guarpaMMa NPOEKTHPOBaHUA (Z,%) + 4 ABIIETCA O6D-
efWHeHHeM GUQYPKAUMOHHOM ZHArpaMMBl NONHOTO MepecedeHus W CHMep-
NoBepXHOCTH A4 = 0 (HaJ 3TOH rUNepnoBepXHOCTHIO YACIO Pa3NMIHHIX 3HA-
9eHAH % Ha NOJHOM MepeceveHHd MeHbLIe YeM Hajg JONOJHEHHEeM [IOIHOrO
nepecedeHu).

TakuM o6pa3oM, DpoeKTHPOBaHHA JAy4lle NOAHBIX NepecedeHud (He-
CMOTPA Ha TO, 9TO CYIIECTBYIOT NPOCTHIE NPOSKTHPOBaHHA NOAHBIX Ie-
pecevennil, gis koTophix K(m,1)-runoTesa He gokasaHa; a uMeHHO, Xi;,
3<k<l, Ve Vi, Toly3)

Teopus npoexkTupoBaHuil (-MepHHIX HOMHLIX IepecevYeHHH Ha MIOCKO-
CTH JZOCTaBIAeT TONOJOTHYeCcKYIO KlacCHPUKanuio MHEOro41eHoB JlopaHa u
TPH[OHOMETPHYECKAX MHOCOYWIEHOB. JTa TEOPHA MPUBOJUT K Mepeducie-
HHIO CBA3HHIX I'PadhoB C n BEPLUIKHAMHE X 7 HyMepOBaHHLIMH pebpamu [198].

7 3apgada 06 o6xoje NpenATCTBAA

B eBkIMI0BOM HNpPOCTPAHCTBE PacCMOTPHM HNpeniTCTBHE, OrpPaHHYEHHOE
rJagKoll MOBepXHOCTBIO o6miero noloxeHus. 3afada o6 ob6xone npensrt-
CTBAA COCTOUT B TOM, YTO6GH HAHTH OCOGEHHOCTH (PYHKIAU PACCTOAHAL AO
TOYKH B NPOCTDAHCTBE OT HEKOTOPOr'o Ha4albHOrO MHOXeCTBa (CKaxkeM,
TOYKH) BJOAb NyTel, ora6alouMx NpensiTcTBAe.

[as mpemaTcTBAsN, OrpaHMYEHHOro NAOCKOA KPHROH, JWHAH YPOBHA
(YHKIUH PAacCCTOSHUA ABJIAOTCA 3BoAbBeHTaMu KpuBoil (puc. 93). Cuaefo-
BaTeJbHO, DTH JHHHH YDOBHA HMeEIOT HONyKyOHdecKHe TOYKH BO3BpaTa B
TOYKaX IpaHHUH, €CAM TI'paHHOa BHOyKiIa (Npu YCIOBHH, YTO KPUBH3HA
CpaHHUbLl HUT Ze He PaBHa HYJTIO).

P
Id

/

/.
Puc. 93. SBoabBeHTHI 32
KaK BOJHOBEIE (PPOHTEHI

B TunuuHOM TOUKe meperubGa Ha rpaHHIe DBOAbBeHTa MMeeT OcoGeH-
Hocts Eg nopagka 5/3 (kak HeTpyaHo mopciuTaTs). JleXaHApoBO mox-
MHOroo6pa3sue (B IPOCTPAHCTBE KOHTAKTHHIX 3IEMEHTOB NIOCKOCTH), COOT-
BeTCTBYIOILEe 3TOMY JPOHTY, CaMO HMeeT 0COOeHHOCTh (MOXYKyGHIeCKyIo
TOYKY BO3BpaTa).

PpoHTH BapHaUHOHHEIX 32424 Ha MHOroo6pal3usx 6e3 kpaf (Hanpm-
Mep, 3KBH JUCTAHTH [MIEPOOBEPXHOCTH B lagKOM MHOI'0OGDa3Hd) TakoxKe
MoryT aMmeTh ocobennocth. OgHako, 3TH 0cOGEHHOCTH ABJIAIOTCH OCOOEH-
HOCTAMHM NPOEKIUU: NpOeKTHpyeMoe JeXaHIPOBO MHOT 006pa3ne ABIgeTCH
r1ajKuM. B BapHanMOHHBIX 3ajadaXx Ha MHOroo6pa3max ¢ KpaeM (W gis
6osee O6IMMX BapHAMHOHHKIX 3af4ai C OJHOCTOPDOHHHMH OrpaHHYeHHAMH)
CcaMH JeXKaHZPOBul MHOroo6pa3ns, o6pa3oBaHHbEIE KacaOIIAMACA $PPOHTOB
KOHTaKTHBIMH 2jJieMeHTaMH, ABIAIOTCA OCOORIMA.

Oco6rle narpaHxkeBbl MHOTOO6pa3ua MOABIAIOTCA TaKAM XKe 06pa3oM.
JKcTpeMall, COeJUHSAOIIAe TOYKY MHOrOOGpa3da C APYTHMH TOYKAaMH,
06pa3yioT JarpaHXeBo NOZMHOroo6pa3me NPOCTPAHCTBA BKCTpeMaleH.
OTH JarpaHKeBel MHOroo6pasud [IajKH, eClId KOHMHUIrypalHOHHOE MHO-
roo6pasue He IMeeT Kpaf, ¥ MOTYT OHITh OCOOEIME B IPOTABHOM Clyyae.
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PaccMoTpuM, Hampumep, KpaTdalline NyTH U3 (PUKCAPOBAHHOH TOY-
KA eBKJAHZOBa 3-NIPOCTPAHCTBA JO NPOU3BOJALHOM TOYKH BHE NPENATCTBHA
(puc. 94). HagaapHas 9acTh Takoro OyTH ABALETCA MPAMOH, coeTUHAIOIICH
HajaJbHYI0O TOYKY C TOYKOH KacaHUS BTOH NPAMOH C rpaHHmedl npensr-
crBua. Cuegymoolas 9acTh — OTPe30K I'ecfe3dvecKoll Ha MpaHUue OpenaT-
crBusi. TakuM o6pa3oM, Ha NOBEPXHOCTH NPENATCTBHA BOIHHKAaeT OgHONA-
paMeTpHUeckoe ceMeHcTBO reogesnveckux. Caeayoman 4acTs NyTH JeXKHAT
Ha npaMoll, “cphiBalolielica” ¢ MOBEPXHOCTH B HallpaBJAeHHH, KacaTelbHOM
HEKOTODPOH I'eoe3n4ecKod CeMeHCTBa B HEKOTOPOH TodYke H T. J.

d Puc. 94. OxcTpemand 3agaqn
06 obxojie IpenaTCTBUA

n
a &

B HekoTOPHIX TOYKaX NOBEPXHOCTH HPeNATCTBASL HampaBieHHe I'eoje-
3UYeCKOH M3 ONHCAHHOI'O BHIIle ceMedCTBa COBMNAJaeT ¢ ACAMIOTOTHYECKAM
HanpaBieHHeM NoBepxHocTH. [las ceMeldcTBa O6IIero MOJOXKEHHA TaKHe
TOYKH 06Pa3yIoT IMajKyio KpuBylo (kpuBad a Ha puc. 95). Jly4n, cpuiBato-
[uecs ¢ NOBEpXHOCTH B 3THX TOYKaX, 06pa3yioT pe6po BO3BpaTa JalpaH-
JKeBa MHOI0O6GPa3usi CPHIBAIOLIAXCA JIy4ed. B HEKOTODHIX H30AMPOBAHHBIX
TOYKaX KPUBOH @ Feoje3uvecKas CeMedACTBa KacaeTcs TOH KpHBOH.

Puc. 95. Hoxe
aCUMNTOTHYECKAX
HampaB/eHAN I Ty9OK
reofieamyecKux

[as cemenicTBa O6IIEro MONOXKEHHA CPRIBAIOIANCI ¢ NOBEPXHOCTH Npe-
OATCTBHS B TaKOH TOYKe Ha @ JIy4 ABII€TCA BEPIIHHON PACKPHITOTO 1aCcTO9-
KAHA XBOCTa, 06Pa30BaHHOO CPHIBAIOLAMACH C TPaHUILl IPenATCTBHS Ly-
yamu (pHc. 10). HMenHO TakAM 06pa3oM PacCKpPHITHIH JaCTOYKHH XBOCT
NOSBHJICA B COBPeMeHHON Teopuu ocobernocTen (cM. [23]).

JlarpamxeBsl W JeXKaHPOBEl MHOI0O6Da3uf, ONHUCHIBAIOIIEE DELICHU
BapHAIHOHHEIX 3aJa4 C OFHOCTOPOHHHMHM Ol paHHYEHHAMH, BCETJa AMEIOT
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0COGEHHOCTH TaKOro THOa. XOTH 3ajava 06 06XoZe NpeniATCTBHA O CHX
[Hop HOJHOCTBHIO HE pelieHa JaxKe Jid eBKIHLoBa 3-NPOCTPAHCTBaA, MLl ONHU-
IeM B 3TOll IIaBe HOPMaJbHbIE (GOPMEI HauGolee BaXHBIX OCOOLIX Jar paH-
JKeBRIX M JIeXKaHIPOBHIX MHOroo6pa3mil, BO3HHKAIOIIKX B 3TOH 3ajade,
BKJII0Yaf HOpMaJbHHeE (POPMBI COOTBETCTBYIOLIAX CEMEHCTR JyYell B nmpoc-
TPAHCTBE 3KCTPEMATIEH.

ITH HOpMaJlbHEE GOPMEI ZOCTABIAIOTCA TEOpHel HHBAPUAHTOBR GHHAp-
HbIX ¢opM. CoBeplleHHO HEOXK U JaHHAA CBA3b TEOPHH GHHAPHBIX POPM U Ba-
pHAlMOHHOI'O HCYHCIeHHA Oblla OTKpPHTa B GOAbLIOH cepdH paboT
([23]_[25]: [72], [11], [12]1 (4], (5], [8], (143], [144]) B pe3yabTaTe HOMBI-
TOK NOHATH I'IyOOKHe NPHIMHH COBNAajJeHMH GHOYDPKanHOHHHIX AHarpaMM
B Pa3JUYHEIX TEOPUAX, YAUBUTEIbHHX COKPAllleHAA MHOT HX WIEHOB B AJAHH-
HHX (opMylaX M CTPAHHOA YHHBEPCAILHOCTH PACKPLITOr'C JACTOYKHHA
XBOCTA.

C Xpyro#t cTopoHh, rpadhnK GyHKHMA BpeMeHA B ILIOCKOH 3ajaie o6
obxoje npendTcTBuL JoKaJbHO JuddeoMopdeH MHOroo6pa3nio Heperyaap-
HHIX OPGHT I'PYNNH CHMMeTpHE HKocaszipa (rpynnu Hi B KiaccudpuKangau
Kokcrepa rpynn orpaxenuil). B npocTpaHcTBeHHOH (TpéxmepHoi) 3aga-
4e 06 06xoj/fe IPenATCTBHA ITa HOBEPXHOCTH MOABIAETCA KaK OCOGEHHOCTh
¢poHTa (B TOYKE KaCaHUA aCHMATOTHIECKOTO JAyda MOBEPXHOCTH MpensT-
CTBHS).

JHCKpHMHEHART, rPYONH CAMMeTDHE Trulepmkocasipa Hy noabasercs
KaK 0COO€HHOCTBh IpPatpiKa (YHKIHH DPAacCTOAHHL B TOYKE AaCHMIOTOTHIe-
CKOI'0 1Iyda, CPHIBAIOIIErOCH B NapafoanvecKod TOYKe MOBEPXHOCTH Mpe-
naTcTBAA. MH HaYHEM Halll aHaAU3 3afa9u 06 o6Xoje NpPenaTCTBHA ¢ 06-
CYKJAeHNA reoMeTpPUA aCHMIOTOTHYECKHX KaCATEIbHHIX K MIOBEPXHOCTAM.

7.1. AcHMOTOTHYeCKHe JYy4YH B CHMILIEKTHYeCKOM
reoMeTpun

Tenuynas n10CKas KPUBaA He HMEeT KacaTelbHbIX, HOPAJOK KACAHUS KOTO-
PHIX mpeBhiaeT 2. TANAYHAA NOBEPXHOCTE B €BKIHUAOBOM 3-NPOCTPAaHCTBE
He IMeeT KacaTelbHHIX IIPAMHIX, TOPAJOK KaCaHHf KOTOPHIX IpeBHImaeT 4.
Kacarenbabie npsMble, MOPIAOK KacaHHA KOTOPHX OpeBHlIaeT 1 (acuM-
OITOTHYeCKAe NpPAMEE), CYIECTBYIOT B Hedodl 061acTH IENepGOIAIHOCTH.
KacaTtensHbie npaMble BHIIE BTOPOro NOPAAKa CYIIECTBYIOT Ha KPHBOH, e-
TBEPTOr'0 NOPAAKa — B H3OTHPOBaHHLIX TOYKaX 3TOH KpUBO# (CM. puc. 77).
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Hepapxud aCHMOTOTHYECKAX KaCAaTelbHEIX MPAMBIX CTAHOBHTCA Gonree
ACHOM, ecld eé cpOpMyIApOBaTh Ha A3bIKE CHMIIEKTHYECKOH (uam koB-
TaKTHOH) reoMeTpuH. JTa NepepopMy.THPOBKa PacIPOCTPaHAET TEOPUIO
ACHMITOTHIECKHX KacaTelbHHX Ha IIMPOKHH KIACC HOBBIX CHTyalni; Ha-
npuMep, Ha ciydadl NOZMHOrooGpa3Wii PUMAaHOBHIX NPOCTPAHCTB HIU Ha
o6uie BapHaiMOHHbLIE 3a a9l C OJHOCTOPOHHUMH Or'PaHHIeHAAMHE.

PaccmoTpuM runeprnoBepxHocTsh M B M — pamaHOBoM MHOroo6pasun
c kpaeM. Touku dasosoro npocrpancTpa T*M GyleM HABHIBATEL 6€KMOPA~
mu. PEMaHOBa MeTpHKa ollpefieffeT IulepHoBepXHOCTh BeKTOPOB JIUAHI 1
B ¢a3oBoM npocrpancrBe. IToBepxHOCTh M ompefenseT B $a3oBOM NIpoO-
CTpPaHCTBE I'MIePHOBEPXHOCTh BEKTOPOB, MPUIOXKEHHBIX B TOYKaX aM.

Béapmag 4acTh BHelnHell reomerpud M B M MoXeT GHITH ONHCaHa
B TepMHUHAX CHMILIEKTHIECKOH reéOMETPHH Map THNEpPHOBEPXHOCTEH CHM-
[IeKTHIeCKOro MHOroo6pasus (9To 6uto 3aMedeno P.Menbposom [18) gas
6urbapga Bupkroda, xorga M ecTh o6aacTh, orpaHHIEHHAA oM). Hm
CTPYKTYpa KOKacaTelIbHOTO PacCloenHs o0beMIolllero CHMIJIEKTH{eCKOro
(a30BOro NPOCTPAHCTBA, HA NPOUCXOXK JeHHe MHIEPNOBEPXHOCTER HE Arpa-
0T HUKaKoH POJA: MBI MOXeM paccMOTpeTh Jaiobyio napy runepooBepXx-
HOCTel B JI0O60M CHMIIEKTHYeckoM MHoroo6pasumu. Takum o6pa3oM, MEI
MOYKeM HCOOAB30BATh reoMeTpHYECKyIo HHTYHNHIO, OCHOBAHHYIO Ha ONLITE
paGoThH ¢ TOBEPXHOCTAMHE B OGBIYTHOM €BKJINJOBOM IPOCTPaHCTBE, B O6IINX
BapHANUMOHHEIX 3aa9aX C OZHOCTOPOHHUMHU OrpaHH1eHHAMHE.

7.1.1. TeomeTpusa nap FUIEePIOBEPXHOCTEH CHMILIEKTHIECKAX
MHOTr006pa3mn

PaccMoTpuM ZBe THOWYHBIE [NMajkHe T'HNEPNOBEPXHOCTH B CHMIIEKTHe-
ckoM MHorooGpasuu. OfHy #3 HHX 6yZeM Ha3bIBaTh “NOBEPXHOCTBIO Op-
TOB”, APYryio — “NOBEPXHOCTbIO KpaeBhiX BEKTOPOB’. [IpegnonoxuM,
9TO OHHW TPAHCBEpCAIbHO MepeceKaloTcd BJOIb MOJAMHOrooGpasui “efu-
HAYHBIX KPaeBRIX BeKTOpoB” (KOPa3MepHOCTH 2 B UCXOZHOM CHMIIEKTH e
ckoM MHOroo6pasuu). Jlro6as rANepnoBepXHOCTb B CHMIJIEKTH 1€CKOM MHO-
roo6pasni IOKaIbHO PacCianBaeTci Ha XapaKTepHCTHKH (MHTErpaibHbIE
KpHUBble TOJS KOCOOPTOrOHAJbHEIX AOMONHEHHH KacaTelbHHIX runepnioc-
KocTell). XapaKTepHCTHKA “IOBEPXHOCTH oprToB” 6ygeM Ha3blBaTh ‘dyva-
Mu” (ecIH 3Ta MOBEPXHOCTb TPAaHCBEPCaIbHO OPHEHTHPOBaHa, TO “ryqu”
HMEIOT eCTeCTBEHHYIO OPHEHTAIHIO).

[pocTpancTBo “rydeil” YETHOMEPHO M HaclefyeT H3 OGBLEMIIOLIETo
ApPOCTPaHCTBa eCTECTBEHHYIO CHMILIEKTAYECKYIO CTPYKTYPY (§1.1). “Mmuo-
roo6Gpa3me opToB” paccioeHO HaJ MPOCTPAHCTBOM “my4yen” H BKJIOYaeT,

T
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KaK rAnepooBepXHOCTDb, “MogMHOroo6pa3ne kpaeBux opToB”. [lapa, o6pa-
30BaHHA# BKIIOYeHHEM H NPOEKHHEd, ONPeJeNdeT KaHORUNECKYIO NPOEKYUIO
nNpocTpalCTBa “KpaeBEIX OPTOB” B HPOCTPaHCTBO “ny4eit”: KaxKgoMy “kpa-
€BOMY OpTY” OTBedaeT “Ayd, BHIXOAAIIUH U3 3TOro opTa”. DTa NpoekHus
— oTo6pakeHHe NPOCTPAHCTB OJHHAKOBOH pa3MepHOCTH.

Oco6eHHOCTH KaHOHMYeCKOH NPOEKNHH, DOCTPOEHHON MO mape THNHY-
HBIX ['ANepNOBEPXHOCTEH, ABIAIOTCA CTaHJAPTHEIMH OCOGEHHOCTAMHA YHT-
HH. JTO 3HAYAT, ITO JOKAIbHO OHH DKBHBaJEHTHHI ocobeHHOCTIM Ak (To
eCTh 0COGEHHOCTAM NPOEKHAN rUOepPNOBEPXHOCTH

{(z,N) | + M2+ 4+ A =0}
B IPOCTpPaHCTBe paccloeHns (z,A) — A Ha 6a3y {A}).

IIpumep. k = 1 cooTBeTcTBYeT ocobeHHOoCTH THNA “cKiajKa”: mapaGona
z? + A1 = 0 npoekTHpyeTCcA Ha A;-OCh.

“ rd
Onpegenenne. “Kpaesoit opt” HasmiBaeTcd “xacameabnviu”, eclin OH AB-
JafeTca oco60d TOYKOW KaHOHHYeckodl mpoekinund. OH Ha3bIBaeTCHd “acum-
nmomuiecKusm’, eclli COOTBETCTBYIOLIad OCO6EHHOCTh NPOEKIUH BHIPOXK-
neHa 6onee, 4eM cknafka (k > 1). Jas k = 2 on madHBaeTcd 6udcumnmo-
muuecxum, 1 T. 1. (puc. 96).

IIpumep. lng moeepxsocTH F(z) = 0 B eBKIUZOBOM 3-NPOCTPaHCTBe H
Ins noBepxHocTh oproB {(z,p) | p* = 1} 3T onpesenenus coBmajgaioT C
OGLITHEIMH onpejeleHNAMH ZAddepeHAaIbHON reOMeTPHH.

BMecTe ¢ BBeJEHHOH Bhillle KAHOHHYECKOH MPOEKHHEeHd MBI MOXKeM onpe-
JelUTh 6MOPYI0 KAHOHUNECKYIO NPOEXYyulo C MOMOLILIO TOH e KOHCTPYK-
IAH, MeHAs MeCcTaMH CHOepNOBEPXHOCTH.

Bo3sBpamiaich k npuBefEHHOMY BEIlIe NPAMEPY, PAaCCMOTPHM HMAYJALC P
KaK BEKTOD B €BKJHAOBOM NPOCTpaHCTBE. XapaKTEPHCTHKA NOBEPXHOCTH
KpaeBbIX BEKTOPOB COCTOUT U3 BEeKTODOB, IPUJIOKEHHHIX B TOYKE Z, KOHIHI
KOTOPLIX NpHHAIEKAT OpAMOMU, OPTOroHANLHON KacaTeAbHOH MAOCKOCTH
K Kpaio B Todke z (puc. 97).

WUmMes B Buiy 3TOT npumep, Ml 6y4eM Ha3hIBATh NPOCTPAHCTBO Xapak-
TepHCTHK “I'UNepnoBepXHOCTH KPaeBhiX BeKTOPoB” “(ko)kacaTelbHEIM pac-
cloeHHeM Kpas”.

Bropas kanonuveckas npoeknus oTo6pakaeT MHOroo6pa3ie “kpaeBbIX
opToB” B MHOroo6pa3ue “(Ko)KacaTelbHIX BeKTOpoB kKpas”. B mpumepe
3Ta NpoeKIAs OTHPABIAET KPaeBoH OPT B ero OPTOrOHAIbHYIO NPOEKIHIO
P Ha kacaTelsHoe npocTpaHcTRO (puc. 97). B aToM npuMepe eIMHCTBEHHOH
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<E N&camq/1h Prc. 96. AcuMOTOTHEIeCKHAE

gg 2T eAMEEYHEIE BEKTODHI

) KaxK ocobule TOYKHA

XL ezbc,fet;l%%?q”b/ KaHOHHIecKoll IpOeKIIHH
‘cﬁouumle 8CKmMaopbl

BCLIMITIONILLYECTLLLIE
Y

Puc. 97. XapaxTepUCcTHKa
MOBEPXHOCTH KPaeBhIX
BEKTOpOB

0coGeHHOCTHI0 BTOPOH KaHOHMYECKOH MPOEKLHH ABIAETCA CKIalKa (A1)
BIoAb MHOI00Gpa3ua opToB, Kacawommuxcd Kpas (pac. 98). Kometro, 3To
BepHO Aas H060r0 pAMaHOBa MHOrooGpasns.

CMBICI BTOPO# KaHOHAYeCKOH NpoeKydA CTaHOBATCA Golee ACHBIM, ecH
Mbl PaCCMOTPHM HMIYJIbC p KaK KOKACAaTelbHHH BEKTOP Ha KOHQHIYypand-
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Puc. 98.
BTopas
KaBOHHYecKaA
npoeKnasa

OHHOM NPOCTPAHCTBE, TO eCTh Kak 1-(opMy Ha KacaTelbHOM OPOCTPaHCTBe
B TOYKE & KOHQHI'YPalMOHHOIO MPOCTPaHCTBa. XapaKTepHCTHKA MHOIO-
06pa3us KpaeBHX BEKTOPOB ABJAfEeTCA OPAMOH, o6pa3zoBanHOl 1-dbopMaMu
P+ R dF. Ora npamas ozHO3HATHHIM 06Pa30oM ONpeselfeTcs orpaHdeH -
eM QopMEI p Ha KacaTelbHOe npocTpaHcTBo dF = 0 xpas. CregoBaTennHo,
67MOPAR KANONUNECKAR NPOEKYUR omnpasaiem 1-Gopmy 6 eé ozpanunenue
Ha xpai.

7.1.2. Hopmaubnsie ¢popmei

Ecau rpanmma npenaTcTBES B €BKAHLOBOM MPOCTPaHCTBE KBAaAPATHIHO
CTpOro BHINyKAa (T. e. € Bropad KBagpaTH4Had (OpMa HEeBLIPOXKAEHa), TO-
rja o6e KaHOHHYeCKHe POEKINA HMEIOT TOJIbKO 0COGEHHOCTD A (ckmaxky)
Ha MHOroo6pasmm “KpaeBhix opToB”. Ilpegnonoxum, 4To mapa rgmepmo-
BepPXHOCTeH B CAMIUIEKTHYECKOM NPOCTPAHCTRBe MOPOXLAeT ABe 0COGEHHO-
CTH A; KaHOHHYecKAX npoeknuid. OrobpaxkeHHe cKIa KK (10KaAbHO) ONpe-
JelseT un604oyule Ha oTOOpAXKaeMOM MHOrooGpa3ud B OKPECTHOCTH eé
'HOePIOBEPXHOCTH KPHTHYECKAX TO4YeK, NepecTaBIfOIIyI0O MecTaMH Opo-
0o6pa3kl ToIek o6pasa 3TOro oTOGPaXKEHHA CKIagKu. B HameM cayvae o6e
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KaHOHWYECKHe MpoeKyun uMeloT ocobennoctn A;. CirefoBaTelbHO, MBI MO-
Ay4aeM dee WHBOMIONHM Ha MHOrooOpasum “KpaeBhIX opToB”; 0be >TH HH-
BOJIOLAH HENOJBHXXHE Ha CHNEPIOBEPXHOCTH “OPTOB, KaCAIOIUXCA Kpasa”.
DTH ABe WHBOMIOLHKH, ONpejeléHHEe NEPBOH H BTOPOH KaHOHM9eCKOU npo-
exudell, 6yieM Ha3LIBATh NEPBOM U BTOPOH UHGEOMIOYUAMU Meavposa.

IIpumep. [as n1ockoil BRINYKJIOH KPHBOK NepBad HHBONIOUMA OTAPaBILeT
OpT, IPHICKEHHHIH B TOYKe KPUBOH, B OPT, HMEIOLIAH TO JKe HalpaBJIeHHUe,
HO NPUJICKEHHHIA B JPyroil TOYKe NepeceveHHs JIy4ia, ONpeleleHHOro HC-
XOZHEIM opToM, M KpuBoi (pHc. 99). Bropas mHBOXIOLUA OTPaXaeT 3TOT
OPT OTHOCHTEIbHO KacaTelbHOH K KPUBOH B TOUKe NPUKpenIeHus.

Puc. 99. BuibsapzHoe
npeo6pazosande Bupkroda
KakK KoMIo3dnds ABYX HHBOMIONMA Meabposa

IIpouapegenne AByx WHBoJAIOHHA Meabpo3a aBiageTcs 6uabapdnbiu npe-
obpasosanuem Bupxzoda.
' B noaxoxsmux koopguuarax Jap6y (w = dpgAdgo+ .. .} mapa rumep-
OBEPXHOCTeH MPHBOZUTCS K JA0kaldbHOH C°-HOPMaTbHOH dopMe

@=0, g =py+p,

pM YCJIOBHH, YTO OCOGEHHOCTH OGEHX NMPOeKIHH ABIAIOTCA CKIaJKaMH
(Meabpos [18]). O6beKTHl, CKOHCTPYHPOBaHHEbE HaMu (HaIpuMep, HHBOIIO-
nun Menbpo3a), clefoBaTeNbHO, TAKXKe MPHBOJATCA K HOPMATLHAIM (OP-
MaM.

‘WiHTepecHo OTMeTHTh, YTO NpHBejeHHe K YKA3aHHLIM BhIllle HOPMaJb-
HEIM (popMaM Bo3MoXkHo B U cuTyanun W Ha ypoBHE QPOPMaJTLHAEIX PiAOB,
HO HEBO3MOXKHO B aHAJTMTHIECKOM H B rojioMopdHoM ciyvae. Ilapu aHBO-
JIONAH, BCTpeYalolAecs Ha MPaKTHKe B aHAIUTHIeCKOH HIH roaoMopgpHoOH
CATyalnd, o6L9HO HMEIOT NPOCTYIo (popMatbHylo Hal O™ KIacCCHPHKALKIO
H NPOCTPaHCTBa GYHKHHOHAJLHEIX MoAyel. B 3ajade kraccupuxkanuu nap
rENepnoBepXHOCTell B CHMIIEKTHYECKOM MHOroo6pasud, HACKOIbKO MHe
H3BECTHO, MPOCTPAHCTBAa (PYHKUHAOHAILHEIX MOAYJNeH JO CHX NOp He H3Y-
4eHbl (3TO OTHOCATCA TakXKe K JOKaIbHOH aHAJIUTHYECKOH KIacCHPUKATHH
COOTBETCTBYIOIHX Nap CAMILIEKTHIECKHX WHBONIONHH I HX npou3BejeHul).
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“Trno6anbHas” 3ajada KIacCHPUKanUU Nap MHBOXIONHUH BZOAb NOJHOL'O
3aMKHYTOI'O IOAMHOr0oGpa3nd HemOABHXKHLIX TO4YeK ABIAeTCA Ge3Hagéx-
HOH 3ajgadel, gaXke Ha TOMOJOrHYeckoM ypoBHe. B camoM geie, B mpo-
cTelllleM clydae, KOrja 3T0 MHOroo6pasne fBIseTcA OKPYKHOCTbIO, Hpo-
u3BejeHNe COOTBETCTRYIOUIAX HHBOJNIOUUA €CTh CAMIIEKTHYeCKoe oTo6pa-
JKeHHe KoJbila, HeNOBHXKHOE Ha OKPYXHOCTH. Tomosorugyeckas Kaaccugpu-
Kanud TaKAX OTOOpaXKeHHHl BKJIIOYaeT B Ce6a GOABILIMHCTBO TPYAHOCTEH,
OPHCYTCTBYIOIIMX B HeMHTErpPHPYeMHX 3ajadaX raMUJILTOHOBOW JUHAMHU-
ku (cM. [93]).

Ecin ocob6ennocTn ogHOH M3 KaHOHHYECKHMX NPOeKHHH CIOXKHee, YeM
CKJajKa, TO He CyLIeCTBYeT NPOCTHIX HOPMaJbHEIX (POPM [ Naphl r'HNEp-
noBepxHocTed (cM. [163]). Ognako, gif crefyomux ABYX ocoGeHHOCTeH,
Ay m Az (HampuMep, Als OGRITHEIX Ay9ell, aCHMITOTHISCKH U 6HACHMOTO-
THYeCKH KaCaoIUXCA NOBEPXHOCTEH B €BKAM JOBOM IPOCTPAHCTBE), MOXHO
NPUBECTH K HOPMaJabHOU ¢opMe (1o KpailHeH Mepe Ha YpOBHE (POPMabHAIX
pA40B) Napy, o6pa3oBaHAYIO epBOl I'MIePNOBEPXHOCTHIO H €€ IepeceveH -
eM CO BTODOH.

Teopema 1. B nexomopoti oxpecmuocmu mouku, 6 Komopot xaHoWUve-
KGR NPoeKyus umeem ocobennocmos Ay, MHOZ006pasue wopasmeprnocmu 1
6 eunepnoeeprrnocmu gg = 0 npusodumes x nopmaasnot gopme gg = F = 0,
20e

F=pt+p Oazk=1,

F=pi+pmpo+q Odwmk=2,

F=pi+mpi+aqpo+p2 Oazk=3.

Jdecs (q,p) — nexomopule xoopdunamvi Japby (w = dpoAdgo+ ...+ dp,A
Adgy).

DTOT pesyabTaT, ZoKasaHHHIH B [23] Ha ypoBHe (hOPMaNbHEIX PiAOB,
NpeANoNoKATENbHO Beper B B C'® cHTyalud; OfHAKO, JOKA3aTelbCTBO, Ha-
CKOJILKO MHe H3BeCTHO, HHKOr'Za He 6hlIo Ony6GIHKOBaHO.

W3 TeopeMbl BEITEKaeT BO3MOXKHOCTD IPUBEJEHAL K NPOCTHM HOPMaJb-
HHIM (popMaM 06beKTOB, TOCTPOEHHKIX MO Nlape, 06pa3oBaHHON epBOd IH-
NepPNOBEPXHOCTHIO U €6 HepeceveHHeM CO BTOPOH; HanpuMep, Qs HepBol
KaHOHH4YecKoH MNpoekynH (KOTopad CTAHOBAUTCA OoToOpakeHHeM “3abhIBa-
HE1” Pp).

Kpurnyeckne 3HageHHs NepBoH KaHOHAYeCKOH NpOeKIHH o6pa3yioT
MHoroo6pasue “KacaTelbHHIX Jy4el”, uMelollee NoAyKyGH4eckoe pe6Gpo
Bo3BpaTa B cayvae Aj, © 0co6eHHOCTH, gu¢deoMopdHYIO NPOU3BeJeHUIO
JacToYKHHa XBOCTa Ha IViafkoe MHoroobGpasme, B caiydae Az. ITo MHOTO-
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o6pa3ne “KacaTeJbHAIX Jyded” SBASETCA [MIEPOOBEPXHOCTHIO B CHMIICK-
THYeCKOM MpPOCTPAHCTBe JIy1ed.

[IpuBeferne K CHMIIEKTHIECKOH HOpMaJbHO#M (popMe Naphl (rumepno-
BEPXHOCTh, MNOATMIEPHOBEPXHOCTD) BAEYET 3a coboil npuBejeHHEe K CHM—
[1eKTHIeCKOH HOpMalbLHOM (opMe MHOrooGpasuid “KacaTelbHAIX ayded”.

TpeARIAyIIze PE3YNLTATH JOCTABIAIOT JOKaIbHbIE HOPMATLHEIE (GOPMEL
CHMIIEKTH9eCKHX CTPYKTYP B IPOCTPAHCTBAX, COJLePXKalMX MHIeproBepX-
HocTH, guddeoMopdHEIe OPOA3IBEAEHHUIO noayKy6udeckoil napaboinl HaH
JacTOYKMHA XBocTa Ha Iiajkoe MEHoroofpasue:

Teopema 2. Tunuunas CuMNIEKMUYECKAs CMpYKmMypa Jopmaabro npu-

eodumca x 6udy
dAANdB+dCAdD+ ...

3 _ 2
6 nexomopoti oxpecmuocmu mouxu ( eunepnoséeprrocmu A3 = B* (adecs,
munuunas = neebipodcdennas na npocmpancmee A = B = 0) uau x sudy

dAANdD+dCAdB+dEANdF +.

6 nexomopoi oxpecmuocmu moyuxu ( 2UNepnOSEPIHOCTU, onpedeaénnol
ycaosuem:
i+ Az? + Bz + C umeem xpemubii Kopensb

(3dech, MUNUNRGS = HESHLIPONCOEHNAR HA NPOCTIPAHCTNEGE B=C=0).

Jloka3aTensCTBO MOXeT GHITh Haiiseno B [23] (yTBepxJeHMS, NO-BHAH-
MOMY, BepHHE # B C°° cUTyanun).

OTH pe3yabTATH MOTYT OHITH MHTEPHPeTHPOBAHH KaK NpHBEJeHHE K
HOpMaJibHOM (pOpMe, HPH NOMOLIM CHMIIEKTOMOP(HU3IMOB, OPOH3BENCHAH
moayKy6uieckod mapaGoibl MAH JAcTOYKMHA XBOCTa Ha JHHEHHOE MpOCT-
PAHCTBO.

MMoxo6Has (popMaibHas KIacCHGHKanui gad k > 3 HeBO3IMOXHA, TakK
KaK OOABJAAIOTCA MOZYJIH.

KoHTaKTHHe BepCMM Npefnfylledl KiacCHpuKamuu Ohlax [OJYIeH:H
E.E.JIanguc [164], [165] (cMoTpu Takxke paboty Meapposa [163]):

a=dZ - BdA- ...
B HEKOTODPOH OKpecTHOCTH pebpa BO3BpaTa LMIAHIDA A3 = B?,
a=dZ -DdA-CdB—-FEdF — ...

B HEKOTOPO# OKPeCTHOCTH pe6pa MMAMHADA HAJ NOBEPXHOCTHIO JACTOTKH-
Ha XBOCTA.

[
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7.1.3. I'eogeaumgeckne

MEoxecTBoO KPpHTHYECKHX 3HaYeHNH KaHOHHYeCKOu OpOeKHIHH ABJageTcd Ir'a-
NeprnoBepXHOCTHIO B CUMOJEKTHIECKOM npocha.Hc'rBe Ee XapaKTepHuCTH-
KH Ha3hIBAlOTCA 2€00€3UNECKUMY.

IIprMmep. PaccMoTpuM mapy rumepnoBepxXHOCTeH B (ha30BOM OpPOCTPAHCT-
Be, COOTBETCTBYIOLIYO NOBEPXHOCTH B €BKIH JOBOM OpocTpaHcTBe. KpuTa-
YecKye 3Ha4YeHUA [epBOH KAHOHHYeCKOM OPOeKHUH CYTh KacaTelbHhe Jy-
4u. B oToM caydae “reojgeamdeckne” SBAAIOTCA KPUBHIMA B IPOCTpPaHCTBE
ayted, o6pa3OBAHHEIME KacaTelbHREIMH JYYaMH K reofZe3dIecKEM Ha HO-
BEPXHOCTH.

Kpuruteckne 3Ha4eHMS BTODOM KaHOHHYECKOH ODOEKHMH CYTh ODTHI,
(ko)KacaTenbHhle K MOBEepPXHOCTH. B 3ToM caydae “reogesuadeckme” cyThb
OpGHTHI OGHITHOI'O I'e0Je3NIeCKOro MOTOKa Ha MOBEPXHOCTH.

Tak ke, Kak B mpuMepe, ONpeNeJUM ABa MHOXECTBa “reofesd4ecKux
IMHAA": OJHO, ONpeJeléHHOe NMepBOM, APyroe -— BTOPOH KaHOHHMIECKOH
npoeKnuen.

TpeThe ceMeACTBO COCTOMT M3 XapaKTepHUCTHK Ha MHOTOOGpa3uM KpH-
THIeCKHX TOYeK (OZMHAKOBOM Iai o6Geux npoeknui). ITo MHOroobpasme
AMeeT KOpa3MepHOCThH 3 B oObeMuioleM CAMOIEKTHIECKOM MHorooGpa-
auu. OnpefennM repaxmepucmuiecKkoe nanpasaenue Kak sJpo OrpaHuie-
HHA CAMILIEKTHIeCKOH CTPYKTYDH (OHO KOCOODPTOrOHAJABHO Ka.ca.'renbuomy
IPOCTPAHCTBY MHOroo0pa3na KpUTHIECKAX TOYeK).

XapaKTepHCTUKM MHOXECTBa KDHTHYECKHX TOYeK 6yjeM Ha3hIBaTh
“sepruumu 2eodesuvecxumy”. KaHouMdeckre npoekiua OTOPABISIOT BepX-
HMe reofeaydeckne B HIXKHHAE (B TOYKaX CKJAaJKH, IJe HIXKHUE reole3nde-
CKHe onpefleleHkl), cM. [166].

Ucnonsays nopmanbHnie GOPMEL IepBOH KAHOHHIECKOH NMPOEKIAH MOXK-
HO MOJYYHTH CAeYIOoUHe HODMaJbHhIe POPMEI HepBOro ceMeHcTBa “Bepx-
HEX” ¥ “HWXHHMX reofesmdeckux” [23]:

Teopema 3. B xoopdunamaz meopemvt 1 ypasnenus
wecxur” maxoebi:

“eepznuz zeode3u-

G =p =0, ‘11=§, aMk:]-,
qo=0,po=§, P1=—3§2, q1=2§3, dar k=2

(ocmaswueca xoopdunamut nocmosuns; £ — nepamemp edosb 2eodednue-
cxot).
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Jas moeo ¥mobul onucams “zeodesutecxue” das k = 3, paccumompum
MHO20UAEH OM Do’

5 3 2
_ pO plpO Q2P0 g]; — g]; /Fd .
®(po) =P+ + 5 tPpt o= Po
“I'eodesuuecrue” 6 Npocmpancmee ayuel, CHAGACENHOM KOOpAUHAM MU
Hdapby (p1,---,qn), ONPEIEARIOMCA YCAOSUAMU:

® umeemn xopens £ xpamuocmu > 3, P1, 03,43, - - -1 Pny fn NOCTOARNDL.

“Bepznue 2eode3uneckue” onpedeariomes mesu Hee YCAOG UMY NAI0C YCao-
sus go =0, po =&

PaccmoTpuM caydait k = 3, n = 2 (Takol BRIGOp COOTBETCTBYeT 6na-
CHMOTOTHYeCKOMY Jydy B eBKJIHJOBOM 3-mpocTpaHcTBe). M3 mpeanrqymux
¢opMya caeryeT
Teopema 4 ([23]). Tunuunoe aazpandceso nodunozoobpase NPAMO20
npouzeedenus M AacmouKuNa T60CTG G NPAMOT 6 CUMNAEKTIUUECKOM MHO-
2o06pasuu R*

M = {(p1,p2, 91, %2) | &' umeem xopens xpamunocmu > 2}
(POpMaALHBIM) CUMNAEKTIOMOPHUIMOM npueodumo x nopmaabnol dopue

{(p1,p2,q1,92) | ® umeem xopen» xpamuocmu 2 3}.

Do ocoboe JarpaHxeBo MHOrooGpasue ABJAACTCA PACKPRITHIM JacTO%-
KAHLIM XBOocToM. M3 mpeinlAyIuX TeopeM BhITEKaeT

CaepcrBme 5 ([23])]. Tunuunoe agzpandiceso nodM#02000pa3ue mpez-
MEPHO2O MHOZ006PA3UR “KACAMEALHBIT aykell” 6 HEKOMOPOU OKPECTNOCMY
“Guacumnmomuuecxo2o ayua” JuPPeomopPro pacKkpuimosy AGCMONKUHY

reocmy.

B oTamiMe OT MpeIhAYUIMX TeopeM, 3TO cieAcTBHe (M ero oGoGUier s
Ha GoJblIe pa3MepHOCTH) 61O Joka3aHo B C°° M aHaIHTHIECKOM (rouo-
MopdHoM) ciydae (cM. Hmxke, §§7.3-7.4).

[TpuMerHEM clescTBEE 5 K CIydalo IOBEPXHOCTH B eBKIMJIOBOM 3-npoc-
TpaHcTBe. PaccMOTpHMM OfHONapaMeTPHIECKOe CeMEACTBO reofe3nieckux
ua mosepxHocTH. IIpAMie, KacaloUecs IeoJe3HiecKnx CeMedcTpa, o6pa-
ayIOT AByMepHOe ocoGoe MHOrooGpasue B 1eTHIDEXMEPHOM NPOCTPaHCTBE
NpAMKBIX B 3-NPOCTPAHCTBE.
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CaeactBue 6 ([23]). B 6uacumnmomuuecxod xacameavnot npamod
M102006PA3UE KACAMEADHBIT NPAMBIZ A0KGALHO JudPeomopdro (aazpan-
HCEBY) PACKDLIMOMY AACMONKUNRY TEOCTY (NPU YCA06UL, MO NOEEPIHOCTIL
U cemelicmeo 2e00e3uUNECKUT — O6UE20 NOKONCENUR).

IJKCTpeMalbHble KpUBhie B 3ajade 06 06Xole NpediTCTBHA O6pa3oBa-
HBl OTPE3KaMH I'eoJle3niecKuX Ha MOBEPXHOCTH NMPENATCTBAA M OTPe3KAMH
OPAMBEIX, KacalolMXcs reogeamdeckux. CucTeMa KpaTdaHIIHX MyTed oT
HaYaJbHOH TOYKHM (MIM MHOXECTBa) O TOYEK NPOCTPAHCTBA COXEPXKHT,
KaK IPaBHJIO, CEMEHCTBO NPAMBIX, KACAIOLIMXCA Me0je3N1eCKuX Ha NOoBepX-
HOCTH. JTO ceMeHCTBO, B 3ajka4e O6IIEro NONOKEHHA, COJEPXKHUT H3OAAPO-
BaHHREIe 6MacHMOTOTHIeCKHe KacaTelbHEle NpAMiule. TakuM o6pa3oM, caef-
CcTBHA 5 ¥ 6 ONMMCHIBAIOT THMHYHYIO OCOGEHHOCTH CHCTEMBl 3KCTpeMalel
3ata1d 06 06xXofe NpPenaATCTBHA: PACKPAITHIM JaCTOYKAH XBOCT.

IlosBrenne PacKpHITOro NaCTOYKHHA XBOCTa KaK THOHYHOH OCOGEHHO--
CTH CHCTEMEI Jydedl B 3a1ade 06 06xoje NpedsaTCTBUA alpHOPH COBEPUICEHHO
He odeBnguo. TpYAHO MOHATDH, NOYeMy 6HACHMITOTHICCKAS apAMas COOT-
BEeTCTBYyeT MHOTO4JIeHy naTou cTenedu. [laxke 3Had, 9TO Takoe COOTBET-
CTBHE CyILIECTBYeT, TPYAHO OTHICKATH 3TOT MHOTOYJEH MM ONHCAThL €ro
reoMeTpHIecKH.

CucreMa 3KcTpeMadell OGKYHON BapHalMOHHOM 3a4a49H o6pa3yeT raaf-
KOe JarpaHXeBo NojgMHOroobpa3ne CUMIIEKTH 9€CKOro MHOT006pa3ua dKc-
TpeMaJeld. MBI BHAMM, 4TO B 33jaYaX C OJHOCTOPOHHMMH OrpPaHUYeHHAMHE
CHCTeMa dKCTpeMaJell 06pa3yeT He rAajKoe, a 0Co6oe JarPaHXeBO MHOTO-
obpaaue.

OcofeHHOCTH JarpaHXXeBLEIX MHOrOO6pa3Mil, onpeJeléHHEIX TaKuM 06-
pa3oM, OYeHb CIenHalbHBL 3TO OCOOEHHOCTH JArpaHXEBHIX MOAMHOIO-
obpa3uil 0co60tl TMOEPNOBEPXHOCTH “KacaTelbHRIX Jdyden” .

Ounpegenedne OcoOHIX JarpaHXXeBhIX MHOrOOGDalWil, BOIHMKAIOLIUX B
3ajgade o6 obxofe MpeNATCTBHA, HajJeKO OT abCTPAKTHOM akKcHoMaTude-
CKOWl KOHCTPYKIHMH, NPOJOJXKaloleld MOHATHE JarpaHxeBa MHOT006Gpa3nd
Ha oco6biil caydail. Hanpumep, MOXHO H3y4YaTh JarpaHKeBhl Hjealnl (3a-
MKHYTHIE 110 OTHOUICHHIO K B3fTHI0O cKo6km IlyaccoHa) mam ocobule MHO-
roo6pasus, ompejferseMble NPOU3BOIAMMME CeMeHCTBaMH, Mif KOTOPHIX
He yJOBJAETBOPAIOTCA YCIOBHA TPAHCBepCAILHOCTH. JTH aKCHOMATHIecKHe
KOHCTDPYKIMH BeIyT K APYTrOH MepapxXuy ocobhIX JarpaHXeBaIX MHOroobpa-
amii. MHe KkaxerTcs, 4To mepBoe onpefenesne (oco6oro narpasxeBa MHO-
roo6pasui Kak NOZMHOroo6pasud oco6oro MHOroo6paluf “KacaTelbHhIX
ny4en”) ABASETCA NPABUALHEIM, B 9TO MNOAYKyOHiecKas napabola Ha IIOC-
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KOCTH ¥ PacKpHITHIH JaCTOYKHH XBOCT B CHMILIEKTHIECKOM 4-gpoCTpaHCTBE
SBIAIOTCA NPOCTEHNIMMH O06beKTaMH 3TOM (6yALywei) TeopHu.
3adukcapyeM 0603HAICHHS
X — cuMIJeKTHYeckoe MHOroo6pasue;
Y, Z — nBe runepnoBepXHOCTH B X;
W — nepecedenne Y N Z;
U,V — npocTpaHCTBa XapaKTepHCTHK Y u Z;
3 — MHOXeCTBO KpUTHYECKHX TOYeK npoexkmuiit W = U, W — V.
EcTecTBeHHhe BKIO9eHMA ¥ KaHOHMYecKue MpoeKnuu oOpa3lyioT Lie-
CTHYTOJNBHYIO KOMMYTATHBHYIO JHArpaMMy, KaK IMOKa3aHO Ha pUC. 100. Mu
ACHoAb3yeM — AJd O603HAYEHHA BIOKEHHH M —- ML pacclIoeHu . 3va
[AATpAMMy [OJe3HO HMeTh B BHAY, H3y4ad OCOGEHHOCTH CHCTeM JydeH H
(GpPOHTOB.

TE

)-I(\Z T;‘g/ 1 \'aT*B

- L V'\BTZ*E'IT i
S

VT & J e

Tk

Puc. 100. imarpaMma, nopoxjeHHas JBYMA I'HIEPIOBEPXHOCTAMH
B CAMILIEKTHYECKOM MPOCTPaHCTBE

Ilpamep. Ha npaBom pucyske 100 ofmas guarpaMma nokasaHa [LI4
9acTHOrO ciaydas, COOTBETCTBYOLIEro ob6nr4HON auddepeHnHadbHOU Ieo-
MeTpHH rinepnoBepxHocTH OF eBK.auZ0Ba MPOCTPAHCTBA E =R"™. 3xecs

X% = T*E = {z,p} — cuMmiekTHieckoe ¢$a30BOe NPOCTPAHCTBO
cBo6o 1HOHM YACTHIAL;
Yyl = TrE={z,pl| p! =1} — runepHOBepXHOCTH, Onpelelfioad
MeTpHKYy Ha E;
z! — JT*E = {z,p| F(z) =0} — kosexTopul Ha E

B Toukax OF;
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U2 = 7T*S$™! — mEOroo6pasue OPMEHTHPOBAHHAIX OPAMAIX B E;

V"=l = T*§F — ¢da3oBoe NPOCTPAHCTBO “CBAIAHHON” 9aCTHIAL

wir-2 OT;E = {z,p| F(z) =0,p’ =1} — (xo)opTuina E B
Togkax OF;

$3 = BT7(9E) = {z,p| F(2)=0, p*=1, p(9F/0z)=0} —

KO )OpThI, Kacalomgecs Kpas.
'

7.2. KoHTaKTHasA reoMeTpusa Nap CUNepHoBEepXHOCTEU

PeayabraTh §7.1 uMeiloT kOHTaKTHRIe aHadoru. [as Toro 4Tobu chopmy-
JMPOBATH MX, MhI HCIIONB3YeM KOHTAKTH3ANMIO, 1peo6pa3yiomyio CHMILICK-
THieckoe ¢a3zoBoe npocTpadcTBo T M B 1pOCTPaHCTBO 1-cTPYH PYyHKHHMA
JY(M,R). PasmepHOCTbL 3TOrO NpOCTpPaHCTBa Ha 1 GoabIle pa3sMepHOCTH
¢a30BOro NpocTpaHCTBa. B KadecTBe HOBOW KOOpAMHATH HoOaBiseTcCH
3HaYeHMe NPOM3BOLALLEH (PYHKHMM. ITa onepamud npeoSpasyeT JarpaH-
XeBHl HOAMHOT006pa3uid B JexXaHAPOBH (10 KpailHell Mepe JOKaJbHO).

B koopgunarax Hap6y (po,.--,qn;2) Ha J' KoHTakTHas dbopMa 3amu-
culBaeTcs B Bufge o = dz — pdyq.

[Ipegnonoxkum, 4To

1) JBe IHOEPHOBEPXHOCTH B KOHTAKTHOM MHOTooGDalMHM NepeceKalorcd
TpaHCBepCalbHO;

2) mepecedenye TpPaHCBEPCaIbHO KOHTAKTHOH I'MOepHIOCKOCTH;
3) BO BceX pacCMAaTPHBAEMHIX TOYKAX XapaKTePHCTHKH KaXXIOH rumepllo-

BEPXHOCTH HMeEIOT MepPBHINl MOPAJOK KacaHMs C nepecevieHueM THIepno-
BePXHOCTeH.

Teopema 1 (cM. [163]). Ilapa eunepnosepruocmeil 40KaabHO MOdCEM
6vimb npusedena x sopmaavnold dopue Meavposa

q0:07 q0=p(2J+p1’

¢ noMowpio 40KaAbH020 C® KOHMAKMOMOPHUIMAE 06BEMMOWE20 TIPOCT-
pancmea.
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3ameqanme. Ecau 1160 nepecedeHne He TPAHCBePCalbHO KOHTAKTHAIM I'H-
NepIIOCKOCTAM, Au60 NOPAJOK KacaHud OpeBhlaeT 1, To B C* xnaccudu-
Kami| NOABAAIOTCA PYHKIMOHAIbHEIE MOZYIH (CM. [163], [165]).

Dra TeopeMa Menbpo3a He MOXeT GHITh NpUMeHeHa B KOHTAKTHOM
3-npocTpaHCTBe, TaK KaK yCIOBHA 1-3 B 9TOM Ciaydae npoTuBopedrBal. Jlu-
HEA mepecedeHns THNWIHON Maphl HOBEPXHOCTEH B KOHTAKTHOM 3-npocT-
paHCTBe KacaeTcd XapaKTepPHCTHK B M3OIMPOBAHHAEIX TOHKaX, H N4 Haphl
061ero NoJoXKeHus NOpSA oK KacaHud paBeH 1, HO 3Ta JMHAA He TPaHCBEp-
caibHa KOHTAaKTHLIM MJOCKOCTAM B DTMX ToYKax. BOamdum Takux TOYeK
napa npuBoguMa (dbopMarbHEM waa C° I beoMopduIMOM) K HOpMallb-
Ho#l dpopMe (B koopxuHaTax [Jap6y):

z=q, P=q
Psajni, npuBojdiige apy aHalHTAIeCKHX IOBEPXHOCTEH K 3TO# HOPMaJb-
Holl popme, B obIeM CIydae pacxofaTci. B caMoM gefe, Ha THHHM Nepece-
qeHnA Oonpeje]eHnl JBe HHBOMIONKH, HO ABe MHBONIONHH C ob1eil HenoBHXK-
HO# TOYKOH EMEIOT (GYHKIHMOHAIBHAIE MOAYIH (CM. [167]).

Teopema 2 (cM. [164], [165]). IJodunozoobpasue xopazmeprocmu 1 06-
€20 NOACHCERUR 6 2UTLEPTIO6EPTHOCTIYU KOHMAKMHO20 MHO2006DPA3UL dop-
HAADHOLM KONMAXMOMOPHUIMOM AOKAALHO NPUEOJUMCS K 00HOT U3 HOp-
Maabubiz Popm meopesmst 1 §7.1 (npu svinoanenut cPHOpMYAUPOE AHHBIT HU-
ace Yca06utl HEGBIPONCIEHHOCTIUY).

O6o3natnm tepe3 X (k) MHOXeCTBO TOUeK NOAMHOroo6pasui, B KOTO-
DHIX NOPAZOK ero KaCaHMA € XapaKTepUCTHKaMH THNepIOBEPXHOCTH 606~
e au6o paseR k (3gech k oGo3HadaeT TO XK€ YHCIO, YTO M B TeOpe-
me 1 §7.1.)

Yecaoeus nesvipodcdennocmu 3aKI09a0TCA B ClelyOIEM:

k=1 noAMHoroo6pa3se TpPaHCBEPCAIbHO KOHTAKTHAIM
CHOEPILIOCKOCTAM;

k=2 dim ker do |{a=0}nng(1)= 1; (%)

k=3 (*) 1 £(2) TpaHCBepCaIbHO KOHTAKTHHIM IANEPHIOCKOCTAM.

Jas nogMeOroo6pa3us O6IIEro MOJOXKEHHA TH YCIOBHA HapyUIAOTCA
TOAbKO Ha MOAMHOr006pasui KOpa3MepHOCTH 1 B Z(1).

Ipumep. PaccMoTpuM TI'HOEpNOBEPXHOCTH B €BKIHJOBOM MpOCTPaHCT-
se E. IMocTpoum oTobpaxkeHne eXp MHOroo6pasufd HeHyJIeBHIX BEKTOPOB,
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OPANOXKEHHKIX B TOYKaX MMNePHOBEDPXHOCTH, B MHOrooGpasme opTOB O6b-
eMaIoufero NpoCTPAaHCTBa. JTO OTo6pakeHHe OTIpaBIieT BeKTOp Ty, Npu-
JOXEeHHBIH B TOYKe z, B OPT, HMEIOLIMA HAaNpaBeHHe BEKTOPa LYy ¥ NPUIO-
JKEHHRIH B TOYKe Y.

OTob6paKenre exp MOXeT PAaCCMATPUBATLCA KaK HepBOe KaHOHHeCKoe
oTobpaxkeHde AaA Naphl MHIEPIOBEPXHOCTEH B KOHTAKTHOM HPOCTPAHCT-
Be J!(M,R). A umenHo, B KateCTBe NepBO I'MIIepPIOBEPXHOCTH BhibepeM
ypaBHenue lamunprona—Iko6H Lai JABHXKYEHCS C efAHAYHON CKOPOCTHIO
qacTuns: (V2)2 = 1. BTOpO#l rHNeplOBepXHOCTHIO KOHTaKTHOTO MPOC-
TpaHCTBa ABAAETCA DUARHAD HAJ JAHHOA I'MIEPHOBEPXHOCTHIO €BKIHIOBA
APOCTPAHCTBA.

Cregyionye amxe GOpMYInl JOCTABIAIOT JOKaIbHEIEe HOpMalbHBIE HOop-
MBI A4 oTo6paXKeHud exp.

Teopema 3 (cM. [164], [165]). Ocobennocmu omobpadxcenus exp 6 ox-
PECMHOCTIAT 6€KMOPO6 GCUMNIMOMUNECKUT HaNpasaenuti munuunold no-
6EPTHOCMY 6 €6KAUA060M 3-NPOCTPARCINGE NEPEUUCIENDL 6 caedyouiet ma-
bauye:

ITs l Iy |H3,2,H3,3 l H42
ocobennocms ‘ Az, A2 l Ag, Az | Ag, Ay I Az, Az ‘ Aqg ‘ Az

mouxa | I3, I Iy

Tunu II; ; onpegenenn B §6.1. OTobpaxkenne Ax SKBUBAJICHTHO HPOEK-
muH BoAb ocd T moBepxHocTH {(z,)) | zFtl + AjzF"t + ...+ X =0} Ha
NPOCTPAHCTBO A.

OpT B €BKIHMJOBOM OPOCTPAHCTBe OyleM HAadhIBATh 0cobbiu (0O OTHO-
IIeHHIO K ZaHHOM THIHYHOH MNOBEPXHOCTH), €CIM COJEpXKalllas 3TOT OpT
npaMad TMHEA KacaeTcd nosepxHocTH. OcoGrle opTH 06pa3yoT 4-MepHYIO
THNEPNOBEPXHOCTEL B H-MepHOM MHOroo6pa3uy OpTOB.

W3 TteopeMnl 3 BaITekaeT

CaegctBue 4. T'unepnoseprnocmu ocobennocmet ocobbiz opmos 6 Ox-
PECTAHOCTNAT OPMOE GCUMNMOMULECKUT KACGMEABHBIT AOKAILHO dugpeo-
MopPubl: yuaundpy nad noayxybuuecxoli napaboaoi (6 opmaz o6LINHLIT
ACUMNMOMUNECKUT KACAMEABHDIT), UUAUNAPY HAO AACTNOUKUNBLL TE6OCTOM
(6 OPMAT GUGCUMNMOMUNECKUT KACAMEALHHIT), YUAUNAIDY Had mpérmep-
HOWM AACTNOUKUNHBIM T60CTNOM (6 OPMAT MPU-GCUMNMOTIUNECKUT KACAME b~
HbIT) .
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IIpumenerne k 3ajade o6 o6xoge NPeNATCTBRA

C 3agadeit 06 o6Xofe NPENATCTBHA CBA3AHH ABa THNA JEXKAHIPOBHIX
MHOroo6pasmii: MHOroo6pa3us 1-cTpyH (MHOrO3HaYHEIX) GYHKIMH BpeMe-
HE ¥ MHOrOO6Da3Hi KOHTAKTHEIX NeMEeHTOB, Kacalomuxcs ¢pponTos. Ilpu-
BeJéHHLIE BHILE Pe3yAbTaThl HeCyT MHpoOpPManuio 06 0COGEHHOCTAX 3THX
MHOT006pa3nil Ha ILIOCKOCTH H B TPEXMEpHOM NPOCTPAHCTBe (O6wmi ciy-
qai o6cyxgaeTcs Huxe, B §7.5).

Jlag Toro 4TOGHI MOAYIHTH OTY HHGOPMANHIO, HePEHECEM Ha KOHTAKT-
HEIA CIy9adi KOHCTDYKIMHM KAHOHMYECKMX NpPOeKnuil (cMOTpH §7.1, pas-
gen C). ByjgeM HCOOIB3OBaTHL TePMUMHOJOTHIO 3aJatH 06 ofxoje npenaT-
CTBEA B pUMaHOBOM CIydae, HO BCH TEODHA HPAKTHYECKH He MEHAETCH B
o6meM clydae THOMYHON Naphl CANEPHIOBEPXHOCTEH B HPOUIBOJIBHOM KOH-
TaKTHOM MHOroO6pa3HH.

Hagném ¢ muoroobpasus J(M,R) l-crpyil dynknui Ha MHOroobpa-
3uu M c rnankaM kpaeM M. Touky, B koTopolt 6epércd cTpyd PyHKuMH,
o6o3naYnM deped £ € M; 3Ha4enHe GYHKIMUH B aToill Touke — depe3 t € R;
3HadYeHHe HepBoro guddepeHnuala B £ — Iepes p.

B KOHTaKTHOM NPOCTPAHCTBe 1-cTpyil GyHKIuE Ha M paccMOTPHM [IBe
runepnosepxuocta SJ(M,R), 8J'(M,R). Tleppas m3 Hux ompejeieHa
ypaBaeHneM I'aMuibToHa—SKOOH p? = 1, BrOpas — YCJOBHeM T € oM.

XapaKTepHCTHKH NePBOH MHOIEpIOBEPXHOCTH ABIAIOTCH OPOMTAMH I'eo-
Je3MIecKOro MOTOKa B IPOCTPAHCTBe Ciepu3oBanHoro paccioerus ST*M,
C ecTecTBeHHHIM MapaMeTpoM ! Ha >TuX op6uTax. MmuoxecTBo XapaKTe-
DHCTHK MOXeT OhITb OTOX[IECTRIEHO C NPOCTPAHCTBOM C(PepH3IOBAHHOTO
KacaTenbHoro paccaoenus M. [elicTBuTenbHO, BHIGepeM MOMEHT BpeMe-
B 7. [IponsBoabHO# TodKe apaMeTpU3OBaHHOM OPOHMTHI reo(e3necKoro
HOTOKa COMOCTaBHM TOYKY TOH JKe OpOMTHI, COOTBETCTBYIOIY IO MOMEHTY
t = 7. DTo coorBercTBHe onpeAenseT paccioenne SJ(M,R) — ST*M,
CIOAMH KOTOPOr'O SBIAIOTCH XxapakTepucTukd. ClaejoBaTelbHO, MBI OTO-
X IECTBHIM NpPOCTPAHCTBO XapaKTEPHCTHK rumepnosepxHocTH SJ Y M,R)
¢ MEoroo6pasuem ST*M. DT0 oTOXAeCTBJEHHE 3ABUCHT OT BRIGOpa 7.

XapaKTepHCTHKa BTOPOHl [MIepHOBEpXHOCTH 06pa3oBaHa l1-cTpysMH B
rouke OM mupojoixenud pyHkuun ¢ M Ha M. Taxum o6pasoM, MHOTO-
ofpasye XapaKTepHCTHK €CTECTBEHHO OTOXAeCTBIAeTCH € J HOM,R).

KoHTakTHEIE CTPYKTYpPhl NPOCTPAHCTB XapaKTEPHCTHK COBNAJAIOT CO
CTaHAAPTHRIMY KOHTAKTHRIMH CTPYKTYPaMH Ha NPOCTpaHCTBax ST*M u
JY(8M,R), onperenéunnmu B §3.1.
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Tlepecedenne HalIMX ABYX MHNEPHOBEPXHOCTEH €CTh JMHEHHOE paccioe-
HHe KOHTaKTHEIX 2JIeMeHTOB Ha [ 1POCTPAHCTBOM-BPeMeHeM, OrpaHHdeHHOe
Ha Kpa:

— 2 _
W=A{(=zpt)|p"=1z € IM}.

[lepBas xaHoHuYeckad npoekuus | : W — ST*M ornpabnser rpanud-
HEI# BEKTOD B MOMEHT BpeMeHM ¢ B OPT, Kacalommica TOH Xe reofe3nde-
CKOH B MOMEHT T.

Bropas xamonmieckas npoekmus Il : W — JY(OM,R) ornpasager
1-cTpyio doysknuu Ha M B TO4ke, npuHagaexxalied M, B 1-cTpyro orpanu-
4eHud 3ToH PpyHkuum Ha M. ITo oTobpaxKeHue MMeeT O0COGEHHOCTH Ay
(ckmagky) B Todkax runeprnoBepxHocTH L C W, ofpasoBanHoil opraMu,
Kacalomumucs oM,

T={(e,p,t) | P’ =p3 =1, z € IM},

rie py ecTh orpaHuderue ¢opMu p Ha T:3M.

MHoOXecTBO KpHTHIECKHX 3HAYEHHA BTOPOM KAHOHMYECKOW MPOeKIAH
sBagercs runepnosepxuocThio SJ'(OM,R), onpenenéunod nag 3M ypan-
HenaneM [amunbrona-Axkobu p% = 1. TaknM o06Gpa3oM MEI HOJYIHIA BIOXKe-
nue SJY(OM,R) W (ecrecrBennnii gucddeomopdusm Ha L) u oTo6pa-
xenue exp : SJ1(OM,R) — ST*M (no cymecTsy, 3To 0OTO6paXeHHe COBNa-
TaeT ¢ 0TOGpaXKeHHeM exp, ONpeJelEHHOM B IpuMepe nepel Teopemon 3).

ITH 06beKTH 06pal3yloT HIECTHYIOAbHYIO YacTh QHArPaMMhEl, H3O6pa-
EHHOM Ha puc. 101.

¥ ——[—> J"MR
\x\\ N i
g
/ \ﬁi(aM,R)

T Sl

Puc. 101. Muarpamma, nopoXeHHas 3ajadel 06 06xoje NpeNATCTBHA

CrcTeMa reofieamdecknX Ha M, opTOrOHalIbHHEIX HEKOTOPOH (PUKCH-
POBAHHON TuIepnoBepXHOCTH B M H NapaMeTPH3OBAHHHIX (OPHEHTHPO-
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BaHHHIM) DAcCTOSHHEM OT JTOH THIEPNOBEDXHOCTH, OmpejelfeT pellleHure
ypabaenus I'amuanrona—fkobu p% =1 ma M u, ciegoBaTelbHO, JeXaH-
ApOBO noAMHOroo6pasue I, koropoe MoxHo BioxuTs B SJ'(OM,R). Tlo
3TOMY JeXaH[pPOBY MOAMHOrooGpasuio MBI HOCTPOHM JBa JeXaHZAPOBHIX
MHOroo6pasusi: l-rpaduk ¢yHKn¥H BpeMEHH U MHOXECTBO KOHTAKTHBIX
3JEMEeHTOB, Kacaloluxcs GpoOHTOB B 3atade 06 06xoje NpensaTCTBHA.

PaccmoTpuMm oﬁpa.a MHoroo6pasus | nox geicTBEEeM OTOGpaKeHHA eXp
¥ o6bequnenne [ xapakTepucTHK mepBoi rumepnosepxaoctu SJ!(M,R),
nepecekaomux 1.

Teopema 5 ([166], [170]). Mmnozo06pasus expl u I’ s6asromes aercandpo-
ebwmu nodunozoobpasusmu 6 ST*M u J*(M,R), coomeemcmeenno. Ilep-
60€ U3 HUT 06PA306aHO KOHMAKMHLIMY 34eMenmaMy fponma, coomeem-
cmey0uez0 MoMERMY epesenu t, a 6mopoe — l-cmpyamu (Mno203nauN0)
Pynxyuu epemenu 6 3adave 06 06Tode NpenAMCMEus, 2de npenamcmeue
ozpanuneno OM, npu ycaoeuu, umo o2paHuvenue GYHKYUU GPeMENU MG
OM onpedeaeno aercandpossim nodunozoobpasuen I C J'(OM,R).

T'padux I' 1-crpyiiroro pacumpeHns ¢hyHKnuH BPEMEHH MOXHO ONM-
CaTh, HCHOAB3YA [afKOe OPOCTPAHCTBO Y PACCHOEHHA Y —-+ | C OfHOMep-
HLIMHE CIOAMH, MHAymMpoOBaHHOTO m3 paccioenns SJ'(M,R) —» ST*M
orobpaxenneM 6a3 exp |;; | = ST*M. A umenno, I' ects o6pa3 MHO-
roo6pa3us vy 00X JeACTBHEM MHIYIMPOBAHHOrO oTOOpaXKeHus TOTaJbHAEIX
npocTpancTs, v — SJY (M, R).

Teopemsl 5 1 2 HacTosflIero pa3fela, a Takxke TeopeMa 1 H CleACT-
Bue 5 3 §7.1, NIpMBOJAT BCIO J€BYIO 1aCTh JMarpaMMhl, HIOGPaKEHHOH Ha
pzc. 101, x HopManbHO#A popMe, ecId IUCAO kK ¥3 TeopeMhl 1 He HpeBHIUIaeT
3 (sanpuMep, B aCHMOTOTHYECKHX M OHAacHMITOTHYECKAX Jy4aX B data-
e 06 06X0je NpenATCTBHEA B 3-IPOCTPAHCTBE). A MMEHHO, Mbl MOJLY4HIH
HOpPMaJbHble (POPMHI A CAeIYIOIHX O6BEeKTOR:

SJY(M,R), W, SJ}(OM,R), ST*M, I, exp I, I, exp, exp |1, 7, T.

3a ncxmovenneM W, SJ1(8M, R) u exp, Bce 3T 06beKTHl NPHBOLATCA
K HopMaubHOH popMe C'™ uiIM aHaIRTHIeCKAM KOHTaKTOMOD(HU3IMOM Iif
Mo6uIx 3Hadennit k (cvorpu §7.5), TO ecTh B MHOI'OMEpHHIX 3ajaiax 06
obxoge npenaATCTBHA.

3xech £ He 6y Iy BRIIMCHIBATH BCe HOpMaJabHhle GOPMEI, YHOMAHY TOJIBLKO
caegyiomee

Caegcreme 6 ([166], [170]). B munuunoi 3adave 06 o6rode npenam-
cMeus 6 3-npocmpancmee, MHO2006pA3UE KOHMEKMHDIT IAEMENTOE HpPon-
ma u Mx02006pa3ue 1-cmpyi muozosnaunot Pynxyuu eépesenu umerom (6
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HEXOMOPOT OKPECTIHOCTU JAEMENMA, COOMEEMCMEYIOUEZO CPBIEAIOUWLEMY-
CA C 2panuybl GUGCUMNMOMUNECKOMY AYUY) ocobennocms, duddeomopd-
HYIO OCOGEHHOCTNU 8 HYAE MHO2000PA3UR MHOZOUAEHOE

P+ Azt .+ A (z7 +a1z® + ... + a7),

UMEIOUWUT KOPERL KpamHocmy Goabwetd uem 2 (coomeememeenno, xopens
Kpamuocmu 6oavuieti vem 4) u HYLEBYI0 CYMMY KopHed:

expl~ {(z — u)3(2® + 3uz + v)}, T ~ {(z — w)®(¢? + vz + w)}.

Ha T' gynxyus epemenu umeem eud t = +ay + const; awboi ayw (ra-
paxmepucmuxa) o6pa3oean cAéUAMU MHOZONAERE 6004b OCY T.

B TunuiHO# nmaockoi 3ajade 06 06xoje HPENATCTBHUA, B HEKOTODOH
OKPECTHOCTH 3JeMeHTa, COOTBETCTBYIOINEro KacaTeIbHOH B TOYKe mepe-
ruba, uMeeM

expl~ {(z—u)?(z+2u)} C {z3+ A1z? + Agz + A3}, T ~ {(z —u)*(z +v)}.

BripaxeHus 111 KOHTaKTHHIX SJeMEHTOB POCTPAHCTB 1-cTPY# ¥ HOp-
MaabHbe hopMul noBepxaocred SJ!(M, R) B koopgunaTax A; M a; NpHBe-
JeHnl B §7.5.

IIpumep. W3 caegcrsus 6 BuITeKaeT, ITO MHOr0o6pa3ye KOHTAKTHRIX 3Je-
MeHTOB ¢ppoHTa IH(pDHeoMOphHO PaCKPEITOMY JaCTOYKHHY XBOCTY (B mpo-
CTPaHCTBeHHO# 3ajate) MAM MOAYKy6udeckod napabose (B NIOCKOM),
l1-rpaduku GyHKuUE BpeMen: AudPeoMOPPHA DUAMHAPAM HAJ IDTHMH
MHoroo6pasuamu.

W3 pucynka 5 AcHO, 4TO B OJIOCKOH 3afade 06 o6xojfe NpenaTCTBHA
npoeknua l-rpaduka GYHKOAM BpeMeHH Ha ILIOCKOCTH MMeeT (B THOK1HOM
TOYKe meperuGa IPaHMIL NPENATCTBHA) OCOGEHHOCTH, guddeoMopdHYIO
npoeknuu GudypkanuoHHOH AuarpaMmul Cj,

{34 az? +bz+c=(z —uw)i(z —v)} > {a,c},

n3o6paxéHHOM Ha pHuc. 92.

Ha pucyske 5 MoxHO Takxke yBuZeTh dopMy 0-rpaduka GyHKnHH Bpe-
Menu. Kaskxad DBoabBeHTa JoaxHa GHITH PacCMOTPeHa KaK ILIOCKas KpH-
Baf, IpMHAJNEXKAIAA PACHONOKEHHON Ha BLICOTe ! FOPM3OHTANLHOM [IOC-
KOCTH (T2 ropHM3OHTANbHAA NJIOCKOCTH ABJIAETCH M3OXPOHOH HPOCTPAHCT-
Ba-BpeMeHH). IIoBepXHOCTH B MpOCTpaHCTBe-BpeMeHH, 3aMeTéHHaAdA 3BOAb-
BeHTaMH, UMeeT [Ba peGpa Bo3BpaTa (nopagkos 3/2 u 5/2) u ausmIO Ca-
Monepecedenns. [lopagok kacanms pé6ep BoaBpaTa paBeH 3. Ira Ho-
BepxHocTh (puc. 102) muddeomopdHa MHOroo6pa3nio HeperyIipHHIX Op-
6ur rpynns orpaxenns Hs (To ecTh Tpynnsl cuMMeTpHHE MKOCA3Jpa).
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Puc. 102. Tpadux MHOro3Ha9HOR bYHKIMH BPEMEHH, PacCMaTPHBaeMbli
KaK JMCKPUMHEHAHT IpyOnbl CHMMeTpHH nkocasipa Ha

HopManbHas ¢hpopMa 3TOrO MHOrOOGDA3MA 3aMMCHIBAETCA B BHAE
{(A, B,C) | z° + Az* + Bz? + C umeeT KpaTHuIE KOpeHb}.

PyHKnHA BpeMeHH Ha NPOCTPAHCTBe-BPeMEHH MOXeT OLITh OPUBEJeHa
K HopMaJibHO#H (hOpMe COXPaHMIOUMM 3Ty NOBePXHOCTh AU peoMOpdHIMOM
[pOCTPaHCTBa-BpeMeHH. OTa HOpMaJbHai (opma Takosa: ¢ = A 4 const

(em- (1], (41, [5])-
7.3. PackpuiTHE JACTOYKHHHE XBOCTH

B >ToM maparpage Mul HcclefyeM HeKOTOpHie CleXHalbHEe anreGpaumde-
CK¥e MHOroO6pa3ui: MHOr006pa3ns MHOTOWIEHOB (GHKCHPOBAHHOH CTeme-
HY, MMEIOLMX KOpeHb (MKCHPOBaHHOM KpaTHocTH. Takme MHOroo6pasus
JOCTABIAIOT HOpMaJbHhle GOPMHEL 11l MEOTHX OCOGEHHOCTEH , MOABAA IOLLAX-
CA B TeOpHH CHCTeM Jyded.

IIpumep 1. MHoroo6pasne MEOIO11eHOB
2® + Az® + Bz2 + Cz + D,
MMeHAX KOpeHb KpaTHOCTH (He MeHbIIeH) 3-X, Ha3nlBaeTCA PGCKPHIMbIM

AACTNOUKUHBIM TEOCMOM.

DTa MOBepXHOCTL JNOKalbHO IH(pdeoMOp(dHA NOBEPXHOCTH B 4-OPOCT-
PaHCTBe NPAMAIX JMHHH B €BKIHAOBOM (POCTDAHCTBe, 06pa3oBaHHOM SKC-
TpeMaJbHAEIMH JTy4aMi THOXIHOH 3a1a1H 06 06X0 e IpenATCTBAL B 3-1POC-
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TPaHCTBe. A MMEHHO, BepIIHHA PACKPHITOI'O JaCTOYKHHA XBOCTA COOTBET-
CTBYeT Ay4y, KacalomeMycs KPUBOil, BXOJb KOTOPOH HalpaBleHdsd CPHIBa-
IOLIMXCA C TPaHENLl Ayded ABAAIOTCH aCUMITOTHIeCKUMH (cM. puc. 95 m

| CONPOBOX[AIOINH €ro TEKCT).

IIpumep 2. PaccMorpuM BonHOBOH ()POHT, THNHIHBIM OGpa3oM pacnpo-
cTpaHdlomuics B 3-mpocTpaHcTBe. PéGpa Bo3BpaTa (PPOHTOB 3aMeTAIOT
kaycTHKy. IlpexllonoxuM, YTO KayCcTHKa uMeeT OcOoGeHHOCTH, Auddeo-
MOP®HYIO JAaCTOYKHHY XBOCTY (dTa OCOGEHHOCTH THNHYHA [ KayCTHK).
JIBuxyiuics (HpOHT ONUCHIBAETCA I'HIEPIOBEPXHOCTHIO (60oabmnM dpon-
TOM) B OpPOCTpaHCTBe-BpeMeHH. B HalleM cilydae 3Ta CHOEPNOBEPXHOCTH
EMeeT 0CO6EeHHOCTD, AupheoMOpdhHYIO TPEXMEPHOMY JACTOIKHHY XBOCTY
(MEOroo6pasuio MHOro4w1enoB ¢° + Az3+ Bz2+Cz+ D, AMelomuX KpaTHhlil
KopeHb). Pé6pa BoaBpaTa MTHOBEHHBIX (PPOHTOB 3aMeTaloT 2-MepHOe MHO-
roo6pasye Ha GOJABIIOM (POHTE. ITO MHOrooGpasme o6pa3oBaHO TAKHMH
totkamu (A, B,C, D), 9T0 COOTBeTCTBYIOIIMA MHOrOYJIeH MMeeT KOpeHb
KpPaTHOCTH (He MeHbllel) 3.

Takum oB6pasom, pébpa 6036pama M2HOGEHNLIZ Fponmos 3amemaom
PACKPLIMbLE  AGCTIONKUR TB0CT 6 YeMbIPETMEPHOM TPOCTMPAHCNEE-EPE~
MEHU.

JNuddepennupoBaine MHOTOWICHOB NOHMXKaeT Ha 1 KaK cTemeHb MHO-
ro4jJesa, Tak # KDaTHOCTH ero KopHeld. PaCKpHITHIA JaCTOYKHH XBOCT B 4-
NPOCTPaHCTBE MHOT'OYICHOB CTENEHH D NpOeKTHPYyeTCAd NpH NOMOLIH 3TOr0
oTo6pakeHn Ha OGRIYHLIN JACTOYKAH XBOCT B 3-0pPOCTpPaHCTBE MHOTO1e-
HoB cTenend 4 (cM. puc. 10). DTa mpoeKnHA EMeeT GUIATIECKYIO HHTEp-
npetanuio. IIpocTpaHCTBO-BpeMsa PaccIOeHO Ha MHPOBbIE JHMHMHM COORITHH
“B maHHOM ToYKe mpocTpaHcTBa’. Baja aroro paccioerus Tpéxmepra. Tn-
NHYHEIA 6ONBIIOH (GPOHT B IPOCTPAHCTBe-BpeMEHH MOXeT OHITh NpHBENEH
K HOpMalbHOH opme

{(A,B,C,D) | z° + Az® + Bz? + Cz + D HMeer kpaTHHIE KopeHb }

AuchPeoMOpPHIMOM OPOCTPAHCTBA-BPEMEHH, NMEPEBOAALIAM MHDPOBHIE JH-
HAM B npAMule, napainensane ocu D. (Boaee Toro, mo Teopeme Jlaiu-
ko [159], cm. Taxxke §6.3, oToT AndPeoMOpdu3M MOXeT GuTh BHOPAH Ta-
KuM 06pa3oM, ITO Ha KaxI0i MHDOBOW JMHMHE BpeMiA oTauyaercs ot D na
AT TATABHYIO KOHCTAHTY.)

TakuM 06pasoM, Jufifiepenyupoeanue MHOZONACHOE COOMBEMCMEYET
NPOEXYUU NPOCMPARCTNGE A-6PEMENY 670b MUPOBHIT AUNUL: GONBIION HPOHT
HaXOJMTCA B OPOCTPaHCTBE MHOTOWICHOB CTeNeHH 5, KayCTHKa — B NPOCT-
PaHCTBe MHOTOLIEHOB CTeNeHH 4 (B MOAXOAAIAX JOKATLHEIX KOODIHHATAX
B HEKOTOPOH OKPECTHOCTH OCOGEHHOCTH).
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Way4enre 3aMeTaHUA KayCTHK OCOGEeHHOCTAMH MI'HOBEHHHIX (PPOHTOB
Teneph pa3jeleHO Ha JBe 3aJa9M: BO-MEPBHIX, Mbl M3yIaeM 3aMeTaHHe pac-
KpPHITOrO JacTOYKHHa XBOCTa Ha 60abIIOM (PpOHTE, a 3aTeM, IPOeKTHPYeM
pe3yabTaT Ha OGHLIYHEIA JACTOYKHH XBOCT.

Jing uayyeHHA 3aMeTaHUA PACKPHITOrO JaCTOYKAHA XBOCTa Ha GOMBIIOM
¢dpoHTe MHl JOJXKHEI NPDUBECTH K HOpMaJbHOU ¢opMe PYyHKIHIO Bpémeun.
Tunusnas GYnKyui 6PeMent Ha 6CEmn 60abwon Fponme npueoduma K HOp-
Maabrol gopue

t =+4+A 4 const

IudpeomopdpuaMoM, coxparsiomEM Gonpwoi ¢porT (cM. [1]). Ognaxo,
s>ToT AuddPeoMopdHE3M He COXpaHieT MHDPOBHIX JMHEMI: OH mpeofpasyeT
CeMelCTBO MpAMAEIX, NapaIedbHuX ocd D, B HEKOTOpOe CeMeHCTBO KpH-
BHIX. Cne,z(oaa.'re.nbuo, MuI He MOXeM UCHOJL30BAaTh Takue guddeoMopdus-
MHL B 3TOH# 3afade. TakuM o6pa3oM, MhI ODHUILIH K 3afade NPHBeXeHHA K
HOpMaJabHO# ¢opMe OYHKIUA BpeMeHH TuddeoMOpdHIMOM, COXPAHAIOUIEM
pacciIoeHde OPOCTPaHCTBa-BpeMeHH Ha MUDOBHIE JUHAH.

HeBoaMoxHo Tpe6oBaTh, YTO6K NPpHBOAALIME XuddeoMopduaM coxpa-
HAJ Bech G0abLION (bpoHT. B camoM gese, Takne muddeoMopdpuaMul o6pa-
3yIOT OYeHb Maloe MHOXeCTBO, He JOCTaTO4YHOe JJA NMpUBelIeHHA K HOp-
MaJbHOH opMe ceMelicTBa pébep BO3BPAaTa MTHOBeHHHIX ¢poHTOB. Takum
o6pa3oM, Mul GyjJeM IPMBOJATH K HODMalbHOH (popMe TOIBKO O2panutye-
nue GYHKIMA BPeMeHH Ha MHOroo6pasme, o6pa3oBanHoe pEOpaMu BO3Bpa-
Ta MIHOBEHHHIX (PPOHTOB B MPOCTPaHCTBe-BDeMeHH. JTO MHOrooGpasue
HMeeT B HyJde OcOOeHHOCTHh, AuddeoMOpPHYI0 PACKPHITOMY JACTOIKHHY
XBOCTY.

C¢dopMynapyeM OKOHYATEIbHbIE PE3yIbTaThI.

Onpegenenne 1. Pyuxyuel épesmenuy HasbiBaeTCA QYHKUHMA NePEMeHHKIX
(A, B,C, D), xoropas paBHa Hy.Ii0 B Hatale KOOPJMHAT, IPHIEM €€ npous-
BOJHad BJOJbL OCH A OTIMYHA OT HyId.

Onpepenerne 2. /IBe GyHKNMHM BpeMeHH Ha3LIBAIOTCHA IK6U6AIEHTIHbIMUY,
ec/u ¥X orpaHMYeHHs Ha PAaCKPHITHIH JacCTOYKHH XBOCT MOTYT OHITH Oepe-
BelleHHl ApYT B Apyra JedcTBHeM Haphl: AudpeoMopdH3Ma OCH BpeMEHH H
muddeomopdusma (A, B,C, D)-1pocTpaHCTBa, COXPAHAIOMEro PACKPHI TR
JACTOYKHH XBOCT M paccloeHHe Ha pfAMble, TapaJieibasie ocu D.

Teopema 1 (cm. [72]). Tunuunas Gynxyus epemenu GopuaibHO 3K6U6a-
aenmua Pynxyuu A + D. ‘
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IpyrumMu croBamu, ceMedCTBa péGep BO3BpaTa MI'HOBEHHRIX (pPPOHTOB
JOKaJbHO NPHBOJMMEI K HOpMaibHOW dopMe A + D = const, mo kpaitHel
Mepe Ha YpoBHe ¢OpMalbHBIX PAIOB.

3ameganme 1. Takas pelyKuua HeBOIMOXHa Ha I'OJOMOP(MHOM yPOBHe: B

ofllleM caydae OpUBOAAUINE PAJLI PACXOAATCH. .
B camoMm jene, pé6pa BO3IBpaTa JBMKYIIMXCA (GPOHTOB ABaXKIHI Mepec

KaloT KaXXAyIo TOYKY Ha JMHHM caMonepecedeHus kaycTukm (puc. 103).

Puc. 103. 3ameTaHne KayCTHKH
JaCTO9KRHa XBOCTa

pé6paMi BoaBpaTa

JABHXYIIUXCA BOJHOBBIX (ppOHTOB

PaccMoTpuM npoo6pa3 JEHHYE caMonepecedeHns JacTOIKuHA XBOCTA Ha
[OBEPXHOCTH PaCKPHITOrO JACTOYKHMHA XBOCTa. JTO — rJajKad KpHBas,
cojepxalliad Bepiimny. Ha Hell onpelefeHnl jBe €CTeCTBEHHhIe MHBOJIO-
M, COXpaHAIOUMEe BEPUIMHY JAaCTOYKHHOIO XBOCTA: OJHA MepecTaslifeT
aBe ToYKHM Goabuioro ¢poHTa, orofpaxaioluecs B OZHY TOHYKYy caMone-
pecedeHHs KayCTHKM, Apyrad lepecTaBAfeT gBe TOYKM, OpHHALIeXalnue
OJHOM M3IOXpOHe.

Ilapa poctkos mapomonnii C B ux o6ulell HENOABMKHOM TOYKE MOXET
GLIThL IpHBeJeHa K NPOCTOH HOPMaJbHOH (OpMe Ha ypOBHE (pOpMabHEIX
pafoB. B roJoMopgpHOM clydae, OfHAKO, 3TH psiJhl, BOOGIIe roBops, pac-
xoxaTcs. Boree Toro, napsl HEBOMONHE MMeOT GYHKIHOHAIBHEIC MOIYAH
(Boponun [167], [168], Dkans [169]).

TakuM 06pa3oM, U3 TEOPMH (AP MHBOMIONMH HPAMOM ClefyeT PacXolu-
MOCTb PA0B, NPUBOIAINUX (PYHKIMIO BpEMEHH Ha PAaCKPLITOM JacTOYKH-
HOM XBOCTe K HOpMaJbHOH ¢dopme A + D.

3ameganme 2. B paborax [72], [170], [144] nokasann ¥ Apyrue TeOpeMbl
0 HOpMAaJbHHIX (pOpMaX PasAUTHAIX [OBepXHOCTEH, 3aMeTaeMBIX pEOpaMu
BO3BpaTa JBIXYIIMXCH BOJIHOBHIX (PDOHTOB.

IIpumep 1. B HeKoTOPOH OKPECTHOCTH NePECTPOHKH “ry6ur” uaM “KIoB-
K-KIIOBY” KaycTHKH (HAE (HPOHTA), JBHXYyIleicd Ha MJIOCKOCTH, deuxcy-
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waAca xpueai Popuaabrbim JudPeomopPusmom NpocMpancmea-6pement,
PACCAOEHHBIM HAO OCHIO 6pPeMENt, MONCEM ObUMb NPUGEJENA K HOPMEALHOU
gopue ([72])

t=u+ud?£0?

(20e u u v — woopdunemui na naocxocmu, t — epems). 3anpellad npe-
06pa30BaHMA BpeMeHH, Mhl MOXXeM [IPHBECTH 3TO CeMEHCTBO K HOPMaJbHOM
gopMe
— 3/2 4 .2 1Y —
t=f(u)+u¥? 0%,  f(0)=0,

OpY OOMOLIM HGCMOAWe2o (He TOIbKO ¢>opma.m,nor‘o) gucddeoMoppraMa.

IIpuBexenne roJOMOP(MHEIX CeMeHCTB KayCTUK MAM BOJHOBHIX (PPOHTOB
K NepBOH HOPMaJLHOH (hopMe MOXeT GBITh TOAbKO POpPMalbLHEIM: B O01eM
ciaydae NpUBOLAILIME PALKLI PACXOAATCH.

IIpumep 2. PaccMoTpum 3aMeraHne 30HTHKa YuTHA-Kaam (o6pasa oTo-
Gpaxcenns (p, q) — (p,pq,9%)) pébpamu BOIBPATa MTHOBEHHAIX KayCTHK HIHA
BOJHOBHIX (ppoHTOB. Hopuaabnas @opua Pynxyuu épemenu maxoea [72]:

t =g+ a(q).

TIpupenenne K >Tol HOPMaALHOR GOpMe MOXKeT OBITh OCYIlleCTBASHO Ha-
croamMM (He TONBKO GOPMalbHLIM) XHddeoMopdHuIMOM, JaXKe NpH yClIo-
BHMH, 4TO 3allpeleHHl 3aMeHH BpeMeHH. Ecid He 3anpelllaTh 3aMeH Bpe-
MeHM, TO HOpMaJbHas# ¢opMa: t = ¢. Hanpumep, munuunoe cemeicmeo
24Q0KUT KPUGHIT, 3AMEMAVUUT 30HMUK, COIPANAIOWUM JOHMUK dudPeo-
MOpPUuMOM ModcEm Gbimb ceedeno x cemetdcmey npsmuir (puc. 104).

Puc. 104. 3aMeTanne 30ATHKa
riaAKEMH KPUBEIMHA

PaccMOTpHEM KaycTHKY, ABHXKYUIYIOCS B ODOCTPAHCTBe (#€ B NPOCTpAaH-
cTBe-BpeMenu). Pé6pa BoaBpaTa ABHXKYyLIEHCH KayCTHKHA 3aMeTAIOT 1OBEPX-
HOCTb, Ha3KIBaeMYl0 6MKayCTHKOH B [72].

Onpeaenenne. Buxaycmuxotd (kKaycTuku, fBIfOlEdcs THIEPOOBEPXHO-
CThIO B MPOCTPAaHCTBE PAcCCIOEHHA C OLHOMEDHHIMH CJOAMH) Ha3bIBAETCH
npoeknusa Ha 6a3y paccaoeHus O6besuHeHMs OCOGEHHOCTeH (OTAMIHBEIX OT
camonepeceienuil) HCXOLHOH KAyCTHKH.
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OnumeM xaaccufuxayuo ocobennocmell MuNuUuNBIr Guxaycmux na
naocxkocmu 4 6 3-npocmpancmee (feTantd MOXHO HaiTH B [72]; pe3ayis-
TaTH BIepBble NOABMINCH B [13]).

TunuiHas GMKaycTHKa Ha NJIOCKOCTH B HeKOTOpOUd OKDEeCTHOCTH Ka-
KoM cBoedl TOYKM AuPeOMOpPHa OFHOM M3 CIEAYIOMX KPHUBHIX B He-
KOTOpOH OKPECTHOCTH HYAd:

u=0, uv=40 WB=02, B =aul?+0® (4a®+27#0).

DTH 0coB6eHHOCTH ycTONYMBH (fedpopManud MOXET TOALKO MEHATh 3Ha4e-
HHe napaMeTpa @ B NOCJejHeld HOPMATLHOH dopwme).

TunuadiHas GHKAyCTHKa B 3-OpPOCTPAHCTBe MOXET MMeTh TONBKO clefy-
jole ocoGeHHOCTH (IOMHEMO CaMonepecedeHn):

1) pébpa BoaBpaTa (oﬁpa.aoaa.uuue A4 TOYKaMH);
2) macToukmH xBocT (A5 TOIKa);

3) sonTuk (A3 TOIKH);

4) auuum Dy c Touxamu Ds;

5) nepeceveHuA muEni Aq 1 D4 ¢ IMHEAME caMonepecedeHuH.

Cayugan Az. [Ipoexyus o6wezo nosOHCENUR U3 4-npocmpancmea 6 3-npo-
CMPAHCME0 NOBEPIHOCTNU ocobennocmeti munuunoll KAYCMUKU 6 HEKOMO-
poti oxpecmuocmu 410601 2aadroli (Az) mouxu Mol NOGEPTHOCMU A6~
emcs aub0 6A0NCERUEH, AUOO IKGUEGIERMNHO CMANIGPTIHOMY omoépadice-
HUI0 NIOCKOCTU HG 30HMUK,

(u,v) — (u, uv,v?)

(6 amot nopaaabrot GOpME PACCMAMPUEGEMAR MOUKE cosnadaem ¢ nada-
404 KOOpAUNAM).

VeToleMBocTh 060X 0To6pakeHuil XOpoLIO HIBECTHA.

Takum ofpa3oM, elMHCTBEHHLIMH oCOoOeHHOCTAME THNUYHRIX OGHUKay-
CTHK B 3-IpPOCTPaHCTBe ABIAIOTCA (IOMEMO TPAaHCBEPCAIbHAEIX CaMonepe-
cedennit) 3ouTHKH YuTHE-K31M M 0COGEHHOCTH HA JMHHAX, 3aMeTCHHRIMH
TOYKAMH OCOBEHHOCTe# MIHOBEHHHX KayCTHK (TO eCTh JHHMHM A4 M Dy).

Caydain A4. Tunuunas 6uxaycmuxa A4 6 3-npocmpancmeée A0KGALHO

2 3
u? =8, u? = viw?, viw = vw
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(A4 mouxa coomeemcemeyem nyaro, mouxu As u Dy ne noseasromes). Imu
0COBERHOCTIU YCOUNUGHL.

TakuM 06pa3oM, NpoeKUua JUHME A4 €CTh NOAYKyGHudeckoe pe6po Boa-
BpaTa GMKAayCTHKH, 3a HCKIOICeHAEeM (M30JMPOBAHHKEIX) TOYEK, B KOTODHIX
ofe JacTu GMKaycTUKH, padfeléHHnle peGpOM BO3BpaTa, IepeceKaloT JpYr
Apyra. OcoGenHOCTH GUKAYCTUKH B TaKHX TOYKaX €CTh CHOXKEHHRIH 30HTHK
(pmc. 105).

Puc. 105. CuoxeHublll 30HTHK; 0co6eHRHOCTE A4 6HKayCTHKH

JlokasaTenbCTBO OCHOBaHO Ha ofmell TeopeMe: 06pa3 munuunoi no-
sepriocmu, uMenweld noayxybuuecxoe pebpo 6o3épama, nod delicmeucs
omobpadcenus craadwu 3-npocmpancmea ((u, v, w) — (u2, v, w)) 1oxassno
Judeonopder “caomcennomy 3onmuxy” u? = v3w?.

Caywan Dy. Tunuunas Dgy-6uxaycmuxa e 3-npocmpancmee dugdgeo-
#opdna aubo naockocmu (cayuai Df, “coweaéx”™), aubo noseprmocmu
w(w—v?)(w— Av?) =0, 2de A = a +1u,a # 0 6 munuunot mouxe xpueot
DiuA=uuiu A=atu? a#0,1 6 HeKOMOPHIT CREYUGILHUE MONKAT
(cayuati Dy, “nupamuda”, puc. 106).

OTH 0COGEHHOCTH TakXKe YCTOMYMBH (3HadYeHMe OapaMeTpa a IDH fe-
dopManuu MOXKeT MeHATHCH).

Cayuanm As. Tunuunas 6uxaycmuxa 6 3-npocmpancmee duddeomopdua
AGCMOYKUROMY T60CTMY 6 MouKar As.

Cayuan Ds. Hopmanbras dopma 6GHKaycTHKH B 3-npocTpaHcTBe B €é Ds
TOYKax HemaBecTHa (puc. 107).

Koneyno, TunudHas GMKAayCTMKa COJEpXHUT TakXe TOYKH TpaHCBep-
CalbHOT'O [epecedYeHMs pa3AdIHEIX BeTBed OCOGEHHOCTeH, ONMHMCaHHRIX
BHillle.

[
'
i
)
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As

Puc. 107. Ocobennocts Ds 6ukaycTuKn

Bepuémca K packpHITOMY AacToYkuHy XBocTy. TeopeMa 1 omuchBaer
THOMIHOE 3aMeTaHNe GHKayCTHKH péGpaMm BO3BPATa MIHOBEHHHIX (POH-
TOB B 0CO6eHHOCTH Aj.

lloxazaTeabcTBo TeopeMul 1 mCHOAB3yeT CBOHCTBAa BEKTODHHIX HOJeEH,
KacCaloIUXCH PaCKPHITOrO JacTOYKAHA XBOCTA.

Teopema 2. Bexmopnoe noae na 3-npocmpancmee, KGCaOWEECH aac-
MOYKUKG TEOCTNA U 2040MOPPHHOE 6 €20 6€puiune, A6asemcs npoexyuet
6EKMOPHOZ0 NOAR HG 4-NPOCMPAHCNEE, KACGIOUE20CA PACKPHIMO20 AGC-
MOUKUNA T60CMA U 2040MOPpPHO20 6 €20 6epuiune.

JTa TeopeMa [OKalaHa B [72] OpAMHIMA U OYeHb CAOXKHKIMH BRITHCIE-
HUSAMH: pe3yJIbTaT HOMY4eH 3a CIET HEeBepPOATHOrO COKpallleHds GOJbIIOTo
4Mcia 4IeHOB. AHaJHM3 NPHYAH d>Toro cokpamenus npubén A.B.I'uBenrans
K caenyiomel obiel Teopuy MEOMOMEPHRIX PACKPRITHIX JaCTOYKMHARIX XBO-
CTOB B NPOCTPAHCTBAaX MHOIOYICHOB POHU3BOJILHOM CTeNeHH.
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Paccmotpum Gawnio I'ueenmans, o06pa3oBaHHyIo IPOCTPAHCTBaMK MHO-
ro4leHoB C KOMIIeKCHBIME Kod(duIiHeHTaMU pOH3BONBHOR CTENeHH, UMe-
[OIMX e JUHUIHBIA CTapUIKH Ko3(PUUHEHT. (ogo6Has TeOpHA CYWeCTBYeT
A L4 BellecTBEeHHBIX MHOTOJIEHOB. )

[IpocTpaHCcTBO

C*={z"+ arz” M+ ...+ an}
o6paayeT n-# 3TaX 9TO! GallHH. KoMno3uuus feJeHus Ha cTelleHb U JHG-
(epeHHHPOBaHUA NPOEKTHPYeT Ka)K Bl 2TaX Ha npeziecTBylomumi (1po-
eKliA ABIAETCA PAcCIOeHHeM C OJHOMEPHEIM cioeMm).

Onpegeneame. Koxpamuocmsio KOPHA MHOTO4/leHa HalbiBaeTcd pPad-
HOCTH MeX/y CTeNeHbio MHOTOYIeHa H KPaTHOCTHIO KODHA.

JuddepernupoBanne He MeHAET KOKPaTHOCTH KOpHA. MHOTOYIeHH C
Kak MAHAMYM OJHHM KOpHeM KOKDaTHOCTH, He npesniaiome# k, oGpa-
ayior (adduHHOe) aireGpanieckoe noamHOroo6pa3ue n-ro 3Taxa. Puk-
cupyd k, DOIyIuM [elb anreGpanIecKuX no;muorooﬁpa.anﬁ OpOCTPaHCTB
MHOTOY/IeHOB Pa3TMYHOM CTeNeHH, COCTOAMX M3 MHOTO9IEHOB C KaK MH-
HEMYM OJHHMM KOpHeM KOKDaTHOCTH, HE npessmaomei k. Ilpoeknus Kax-
[oro 3TaXa Hallled GaluHu Ha npeAIIecTBYIOIHA 3TaX OTHPaBIAeT BepXHee
MHOTo06pasne elu Ha HIDKHee MHOrooGpasue.

Teopema 3 (cu. [11]). Oma yens cmabusuaupyemca xa (2k+1)-m amadice
(nepsom smadkce, Ha KOMOPOM KOPEHD KOKPATIHOCTIL, HE npeeviwaouet k,

eduncmeen).

Bolee TOTHO, Kadcd0e MHO2000Pa3ue HA BEPTHEM ITRANCE (10 ecTh MHO-
roo6pa3de MHOTOYJEHOB CTeNneHd n > 2k + 1, MMeOIHUX KOpeHb KOKPaTHO-
CTH He npeBHILalowed k) npunadiexcum 2aadxot aazebpauvecxod 2unep-
noeepznocmy, duddeomopdno npoexmupyloueticA #a NPOCTAPAHCIREO NPE-

dvidywezo amadca.
CaegoBaTelbHO, 6C€ MHO2006PAIUR MHOZOUAEHOE CTRENENY Tt, UMENUUT

KOpeRb KOKPATMHOCMUY, HeE npesviwarowed k, JdudPeomopdusi dpye dpyey,
npu YcAo06uY, WMo N 2 2k + 1 (ouu IucdpeoMOpPHEL KaK ocofrie U KakK
anre6pauieckue MHOr0OGPasu).

3ameuanme. Ilogo6Had TeopeMa CipaBelldBa i [1f MHOTOYIEHOB C Hy-
feBEIM clleoM (ClefoM MHOT'O%JIeHa HA3LIBaeTCH CyMMa €ro KopHei). IDTo
IerKo ciefyeT H3 TeopeMsl 3, Tak Kak Ju¢pepeHIUpOBaHAE KOMMYTHUpPYeT

cO CABHIaMH T.

IIpmMep. PaccMoTpHM NpOeKHMIO JacTOYKMHa XBOCTa, 06pa30BaHHOrO
MMeIOIIMME KPATHBIH XKopeHs MHOTOYIeHaMH z*+ Az? + Bz +C, Ha (A, B)-

i
b
¢
i
i
i
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ni1ockocThb BJoab ock C (puc. 108). Pé6pa BosspaTa 1aCTOYKHHaA XBOCTa
Ancpcpe?Mop(pHo NPOEKTHPYIOTCA Ha noaykybudieckyio nmapaboiay. B camom
Aele, pé6pa Bo3BpaTa NpHHaLlexaT noBepxHoctu C = —A4%/4. 3pech k = 1
1 Ilenb CTabUIM3UPYeTCH Ha YPOBHe KyGHYeCKMX MHOTO4YAeHOB.

Puc. 108. Crabmuamzanusa 1-MepHoro
PacKpHTOro JacTOUYKHHA XBOCTa

I'nagkad runepnoBepXHOCTb, YOOMAHYTad B TeopeMe 3, MoXeT GHTH
BREINMCAHA ABHHIM 06pPa30OM: OHa ABAAeTcHA rPabHUKOM KBaIPaTHYHOTO MHO-
rowilena. [as mepBoro HaJ cTaGUIbLHHM TaXa (n = 2k 4 2) 5ta ranepno-

BﬁpXHOCTb 6ui1a HalJeHa I'uasGeprom [10]. A uMmenHo, EM 6blia JoKazaHa
J€rkad

Teopema 4. FEcau

n n—-1
'+ bz 4 by = (2 — @) (e a2 L ),

201y = Y (-1)"Hil (n— )lbibuy, 1<4< n.

o Ypa?uenux YOOMAHYTHIX 11apabo/lonIoB B NPOCTPAHCTBAX MHOTOY/EHOB
OJibIlled CcTelleHH TakKXKe MOI'YT GhITh BHINHCAHBL ABHHIM 06pa3oM. BBegéwm,
Aas yao6cTBa, JuddepeHunalbHLe ONepaToOpH G
d°F
GOp = —d=°
(s=r)V’
rje r — HeKoTOpoe YUCHOo B “akTopUaibl’ OTPHHATEILHEIX YHCEN ONpe-
JelleHbl KaK IPOU3BeJeHHe NpeJb IyIIMX OTPHHATENLHBIX JUCE], YCe9eéHHOe

Ha JOCTATOYHO YJaJEHHO :
« , YA HOM MecCTe; HalpuMep, MBI MOXeM MCIOIb30BaTh
GaKTOpPHAILL

(s—r)l=(6-r)...(1-r), guas<r.
Teopema 5. FEcau

F=(z-a)*(z™1+..), 20er >m,
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mo
Y - )GOFIGVIF] =0
(cymmuposanue eedémca no i+j=r4+m,0<i<m).

Teopema 5 naéT fBHOe ypaBHeHHe MapaGoJoMja Ha JTaXe MHOrOWIE-
HOB CTelleHH r + m, cojJepXalllero MHOT006pa3ue MHOI'CY/IEHOB C KOpHeM
KOKPaTHOCTH, He OpeBhlllajomel k = m — L.

Teopema 3 clegyeT u3 TeopeM 4 u 5. W3 HuX BHITeKaeT TaKXe cle-
ngyioiee

Cnegcrsue. Bce n xosdduyuenmos mnozouiena
(z-a) (F+mz* +. . ta)=2"+ bz 4 ... 4 b,

MOZYM GbiMmb 6bIPANHCENBE KAK MHOSOUIENDL C PAYUORAADNBIMY xooPPuyuen-
mamu om nepemennviz (b, .. .,bak41)-

Teopemut 4 1 5 MoOryT OHITH JOKa3aHH NPAMEIMH BEIYMCIEHHAMHE {OHH
ONHCHIBAIOT JOCTATOYHO CAOKHBIe KOMOMHATODHEIE TOX/ECTBa MeX Iy 6u-
HOMMAILHEME Ko3dduuuentamu). I'wBeHTalb 3aMeTm], 9TO TeOpeMEl 3
1 4 MOryT OHIThH BhIBeJeHH M3 CJIeXYIOIHMX OBYX TOXAECTB (8 xoTOpHIX
FU) = & F/dz'):

Teopema 6 (cu. [11], [171]). [Jas m06020 mnozowaena F uémnod cmenenu
n MHOZ0UAEH

n

Ro[F) = 3_(-1) FOFC)

1=0
AGAREMCA KOHCMAHMOU. IMa KOHCTMAHME PAGHA HYLo, €cAu F umeem
KOpeHdb KOKPAMHOCTU, Menbuied n/2.

Jl4s npoussoasnozo mnozousena F Heuémmuoll Cmenenu n, MHOZOUAEH

(n—1)/2 o )
Ri[F)= Y (n-20)FOFC)
=0

R6AAEMNCA AUHEUNDIM, U
d dF
& pin=rRo ||

Juneinvii mnozowaen Ri[F] modxcdecmeenno pasen nyao, ecau F umeem
Kxopenb Koxpamuocmu, menvwed (n — 1)/2.
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JoxasareancTso (cM. [11]). PaccmoTprM “o6o6menHoe ypaBHeHEe Hpio-
TOHa DOpAJKa 2m 1 cBOGOJHOH JacTHHH”,

d?my
dgzm =

Dynkuus

1 2m—

H=§
i=1

1
(—1)* 1 uly @m=) (: / u,(2'")1’1,dt)

ABJIAETCH €ro NepBHIM uHTerpaioM. Hcnoabsys koopaunaru [ap6y, BBesem
CHMILIEKTHYECKYI0 CTPYKTYPY
. (-1 _ i+1 —i .
q,—u( )v }91"'("1)1+ u(Z'm 1)1 t=1,...,m

(ZpyraMu clOBaMH, PACCMOTPHM CHMIIEKTHIECKYIO CTPYKTYPY, COOTBET-
CTBYOILIYIo BapuanuonHoMy npuuuuny 6 [ Ldt = 0, rae L = (u(™)?2/2).

YpaBHenue HrloToHa mpuHHUMaeT BHJ I'aMUJILTOHOBOH CHCTEMHI C Ta-
MuibTOoHHaHoM H. E& pellleHus SBIAIOTCA MHOTOYIEHAMM CTENEHE MeHb-
mwe, deM 2m. Teopema 4 u nepsas 4acTh TeopeMul 6 BHIPaJ)KAlOT 3aKOH
coxpaHeHus H s ypaBHeHUs CBOGOJHOM YacCTHILI.

PaccMoTpuM oaHOopogHOEe H KBAa3MOJIHOPOJAHOE IUIEPOBH BEKTODHHIE
noJ,

n 0 N
Es = ) A = iu)
0 E ul)’ E, Z“‘ u®”
COOTBeTC:l‘ByIOH.IHe paCTsXKeHUsd NepeBoiAT B ce6GA (pa3oBuie TPAEKTOPHH
ypaBHeHU# I'aMMabTOHa cBOGOJHON yacTuIH. Iloxe

IaMHJIbTOHOBO (TaK KakK OJHOPOJHaf CTelleHb CHMIJIEeKTHYeCKOH CTPYKTY-
PH paBHa 2 M eé KBa3MOHOPOJHAsA CTeneHb paBHa 2m — 1).
Dyuknusa 'amuasrona nons Vi rtakoba:

Hi =33 (-)7'em+ 1-20ut0ulr=d (1 <i<m),

Ucnoab3ys ogHOPOAHOCTHL M KBa3HOXHOPOAHOCTH H, Jerko BHIYHCIHTH
cko6ky I[Iyaccona ¢pyukunit H u Hy. [loayyaem

{H,H}=H.

ODTO IOKa3HIBaeT BTOPYIO YaCTh TeopeMul 6 (a TakXKe u TeopeMy 3).
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Hpumep. PaccMoTpuM MHOroo6pa3ne MHOTOYIeHOB T™ + az™ 4+ ...+
+8,—2, MMEIOIIMX KOpeHb KOKpaTHOCTH, He NpeBhmaome# 2. Takoe MHO-
roo6pasue B NPOCTPAHCTBe MHOI'OYJIEHOB CTeneHH 4 NpeicTaBafeT cobou
O6GLIYHBIH JaCTOYKHH XBoCT. B mpocTpaHcTBe MHOTOYIEHOB CTeleHH 5 3TO
MHOTOOGpa3ue — PaCKPHITHH JaCTOIKHH XBOCT.

Tlpoeknus pacKpHITOrO JacCTOYKHHA XBOCTa Ha OGHIYHBIH He ABIAAET-
ca guddeomopduamMom (TOYKH Ha JMHHH CaMollepecedeHHsA MMeoT Mo JBa
npoobpasa). CoraacHo TeopeMe 3, PACKDPHTHI# JACTOYKHH XBOCT B MPOCT-
paHCTBe MHOrO4YJeHoB cTeneHA 2k + 1 = 5 crafulled: BCe MHOr0OGpasud B
Hallled [eN¥ Ha BepXHHX 2TaXaX AU(PHeoMOPPHL eMy.

Kak ¥ B 2TOM OpHMepe, CTaOUIMDALKA BCET S HMeeT MECTO Ha HaUMeHb-
IeM 3Taxe, [1e HCIe3aloT Bce camonepecedennd. IloaTomy mu 6yjleM Ha-
3BIBaTh llepBoe CTabUIbHOE MHOTOOGPa3HEe MHOZOMEPHLIM DACKPLITIbIM AG-
cmouxunbim Teocmos. OJHOMEPHH M PACKPHITH JACTOYKHH XBOCT ABIAALT-
cf NONyKy6udecKoi Napaboiol. [ByMepHbI PaCKPEITHIN JaCTOYKHH XBOCT
ABAfeTcA NOBEPXHOCTHIO B IPOCTPAHCTBE MHOTOYICHOB CTeleHd 5 u T. [J.

Teopema 7 (cum. [11]). Pocmox 4106020 2040Mm0pPro2o 6exMOPHOZO NOAR,
XGCAIOUJEZOCA MHOZOMEPHOZO AGCTROUKUNG TEOCTA (MHO2000PA3UR MHOZO-
YAEHO6 C KPATIHBIMU KOPHAMU), MONCem Obimb nodHam do pocmxa 2o4o-
MOPPHO20 BEXMOPHO20 TOAA, KACAIOWE20CK CMAGUABHO20 MHO2006PA3UR
Had FMUM AGCTROUKUHDIM TEOCTIOM.

JpyrEMH cIOBaMHM, Ha IPOCTPAaHCTBe MHOIOYIEHOB IPOM3BOJLHOM CTe-
neun N > (2n — 3, n) cymecTByeT rofoMOpdHLEI POCTOK BEKTOPHOTO MO,
KacalonMica MEOI006pa3us MHOTOYIEHOB C KOPHEM KOKPaTHOCTH, He Tpe-
BHILaOMWeR n — 2, © NpoekTHpywoluica (nocpefcTsoM N — n auddepes-
IMpOBaHUi) B Halepé[ 3aJaHHOe BeKTOPHOE NoJe Ha POCTPAHCTBe MHOTO-
9/eHOB CTeNleHH n, Kacalollleecd MHOr00Gpa3ns MHOTOWIE€HOB ¢ KPATHEIMH
KOpHAMH.

3ameqanne 1. [logo6HHe TeopeMbl BepHH JJid NPOCTPAHCTB MHOrodJle-
HOB, Ha KOTOpHIe He HANOXKeHH OUPaHUYeHHA Ha CTapluMi KOd(pPPULHEHT A
clef, a TakKe [Jd NOJMHOMHAANLHHEIX BEeKTOPHHIX NoJel Ha BCeM OPOCTPaH-

CcTBe.

3ameuanzme 2. Ioas, kacaoirecs MHOIOMEPHEIX JACTOYKHHEIX XBOCTOB,
xopolo uaydenbl (cmorpu $4.1). HokasarenrbcTBo Teopemsl 7, OMyOIHKO-
BanHoe B [11], coepxuT ABHbIE GOPMYIL JNA NOJHATEIX NOJNEH.

3ameuanzme 3. Orpanudenue N > 2n—3 TeopeMbl 7 cylleCTBeHHO: yTBep-
JKJeHue HepepHo npu N =6, n = 5.
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3amedanuze 4. Jlio6oe noinHOMUANIbHOE BEKTOPHOE [0J€ Ha NPOCTPAHCT-
Be MHOTOYIEHOB CTeNeHN 7 MOXeT GHITh Pa3JoXeHO B CYMMY HMOJMHOMH-
aJbHOT'0 BEKTOPHOI'O NOMA, NOJHATOrO C NPOCTPAHCTBA MHOTOYJICHOB CTe-
neHu n — 1, ¥ NOJA, Kacalomerocd MHOI'006pa3ni MHOTOYIEHOB C KPATHHIM
kopHeM. To ectb BepHO ciefyiomee obpalieHHe TeopeMsl 7: Jdi060e Ho-
JMHOMHAJIbHOE BEeKTOPHOE Mofe, Kacaloleeci MHOro0o6pa3ua MHOTOYIEHOB
CTeNeHH 7 ¢ KOPHeM KOKPAaTHOCTH He NpeBHINaomed k, MOXKeT 6LIThL pasiio-
2KeHO B CYMMY NOJHATHH Nojei, KacaloWUXCd OPeALIYUIMX JaCTOYKMHBIX
XBOCTOB (TO €CTh MHOr0O6pa3ui MHOT'O4IEHOB cTelleHer n,n—1,...,k—2,
MMEIOUIHX KPaTHHE KOPHH).

B nocregyiomem HaM noTpebyercs emé OJHH Pe3yAbTAT, KACAIOMMUCH
PacKpPHITHX JACTOYKHHBIX XBOCTOB. :

Teopema 8 (cm. [11]). Pacxpoimeiti sacmouxun zéocm pa3mepnocmu k
{z" +a0z™ 2 +... 4 apg = (z — )" (zF +.. )}

Aeanemca (0CO6bLM) AGZDAHICECLLM MROZ00OPAIUEH 6 NPOCTAPAHCTIEE MHO-
20uaenoe cmenent n = 2k + 1 ¢ edunuunvim cmapwum xoddPuyuenmon u
HYIEEbIM CAETOM, CHAGHCENNOM ecTecEennot cuMmexmudeckoll cmpyx-
mypot (cm. §1.1, npumep 10).

JdoxazaTenncTBo. Hallle npocTpaHCTBO ABAAETCH RPOCTPAHCTBOM Xapak-
TepHCTHK THIepnoBepxHocTd h = ( B CUMIJIEKTHYECKOM MPOCTPaHCTBE
MHOI'O4JIeHOB cTenmeHH n + 1, rge h ecTh FaMHALTOHHMAH CABMrOB BJOIAb
ocH z.

PackpHTHI# 1aCTOIKHH XBOCT Pa3MepHOCTH k ecTh 06pa3 B IpoCTpaHc-
TBe XapPaKTepUCTHK NPOEKUHUH MHOro06Gpa3uid MHOTOYIEHOB CTeleHH N + 1,
UMeEIOLIUX HY/leBO# KOpeHb KpaTHOCTH k+2. CuMIeKTHYecKas GpopMa 065
eMmmontero (2k +2)-MepHOro cMMIIeKTHIECKOT0 IPOCTPAHCTBA PaBHA HYJIIO
Ha 9TOM riajKoM k-MHOroo6pasuu (TakK KaK 3TO MHOT00Gpa3ue eCTh KOOp-
JWHaTHa# ¢-IIOCKOCTh B KoopaumHaTax [JapOy, BBeféHHux B §1.1). Caego-
BaTeIbHO, er'0 NIPoeKuui B 2k-MepHOoe NIPOCTPAHCTBO XapaKTepHCTHK ABJLA-
eTcd JarpaHXKeBHIM NoAMHOroo6pa3neM (B o6ieM clydae 0COGHIM).

SlBHOe BHIpaXKeHue CHMILIEKTHYIECKOH CTPYKTYPH TeopeMHl 8§ Jerko Mo-
XKeT OLITH NOJAY4eHO ¢ NOMOIIbBIO alTropuTMa Naparpada 1.1.

IIpumep. PaccMoTpuM o6BIYHEIM PACKPHITHE JaCcTOIKHH XBocT {(k = 2)
{z® 4+ Az* + Bz? + Cz + D = (z — t)*(z? + 3tz + 5)}.

Mut sagunaeM ¢ OGHIYHOM CHMIIEKTHYECKOM CTPYKTYDH HA MPOCTPAHCTBe
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MHOTO4JIeHOoB cTeleHd 2k +3 =7,

{qoer + q1€6 + g2€5 + g3€4 — P3€3 + paez — P1€1 + Poco}

rie ej = 27/, u (p,q) — koopaunaTsl [apGy pasjera 1.1. T'unepnaoc-
KOCTb gp = 1 pacclioeHa Ha XapaKTePUCTHKH, apajlelbHble OCH Po- [Ipoct-
PaHCTBO XapaKTePHUCTHK eCTeCTBeHHO OTOXJeCTBIASTCH C NPOCTPAHCTBOM
NPOM3BOJHEIX, TO €CTh C IPOCTPAHCTBOM MHOT'O1EHOB CTeNeHH 2k+2 = 6,

eg + q1€5 + g2€4 + g3e3 — P3e2 + p2€1 — pieo}

(cHa6XKEHHOM CHMILIEKTHYECKOM cTpyKTypoit 3 dp; A dg;). TamunbToHMaH
CABUIrOB eCTh QYHKOUA

p)
H=p+p21 +p302 + %3

BribepeM KOOpAMHATH (gy, g2, 43, P3, P2) Ha THOSPIOBEPXHOCTH H=0. Xa-
PaKTEPUCTHKON ITOM I'HIePNOBEPXHOCTH ABIACTCA MHOLOWIEH, 1A KOTO-
poro H = 0, BmecTe ¢ ero caBHraMi BJoab ocd z. Takum o6pasoM, npoc-
TPaHCTBO XaPAKTEPUCTHK MOXeT GHITh OTOXECTBIEHO C npoCcTpaHCTBOM
MHOFOYIEHOB cTemenn 2k + 2 = 6 ¢ Hy€eBuM crexoM (g1 = 0) u H = 0.
BhiGepeM KOOPAMHATH (P2, g2, P3, ¢3) Ha DTOM NPOCTPAHCTBE.

ATo npocTPaHCTBO MHOI'O9lIeHOB Au(pepeHIHPOBaHUEM auddeoMopd-
HO OpOEeKTUDyeTcAd Ha NPOCTPAHCTBO MHOTOYIEHOB CTeNeHH 2k +1 = 5.
CieJ0BaTeIbHO, MEL OTOXIECTBHIN NPOCTPAHCTBO XapaKTEPUCTHK C NPOC-
TpaHCTBOM MHOro4JeHoB cremenu 2k + 1 = 5 ¢ PUKCHPOBaHHHIM CTApLIKM
K03(pPUIHEHTOM M HYJEBHIM CIEIOM. CumMmniekTuYecKa#s CTPYKTypa mpoc-
TPAHCTBa XaPaKTePUCTHK MOXKeT GhITh BEHIIKCaHA B TePMHUHAX OCTANbHBIX
(e crapmmx) Kod(pUNHEHTOB 3THX MHOTOYJIEHOB. B TepmuHax BrIGpaH-
HbIX KoopauHaT [ap6y BupaXkeHHA LI k03 ¢pUUHEeHTOB HMeIoT BHJA:

A=20¢;, B=60g35, C=-120p3, D= 120p,.

ClleoBaTelbHO, PACKPLIMbt 4GCTOYKUN TEOCTR ABAAEMCA LA2PAHICEGLIM
MHO02006pa3uem 04s cumnaexmuiecxoti cmpyxmypel 3dA A dD - dB A dC.

B o6meM ciiydae CUMIJIEKTHYIeCKad CTPYKTYpa TakoBa.
S (-1)ilj'da; Aday, i+j=n-2.

PackpHITHIR JAaCTOYKHH XBOCT ONHUCHIBAET TaKXKe THOUIHEIE ocoGeHHO-
CTH B TEOPHH JBOHCTBEHHOCTH KPHBHIX B IPOGKTHBHOM NPOCTpaHCTBE.
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HOycts f : R =& R3 — raajkoe oTo6paxenue. ByjgeM HasmnBaTh ero
xpueotl nopaoxa {a,b, ¢} 6 ny.te, ecitu NepBad HeHyeBad 1POU3BOLHAA B HY.Ie
HMeeT NOPAJOK @, NepBas MOCIefyIOIa# NPOU3BOLHASA, HEKOJIUHeapHad B
HyJe a-oif, UMeeT NOPAJOK b, nepBas Mocleyiomas, HeKOMIIaHAPHAA B HY.Ie
HepBHIM JBYM, HMeeT NOPAJOK C.

Kpusrie nopagka (ai, ..., 6,) B npocrpancrsax R*, RP® C*, CP" on-
pelleldloTcs aHalorwYHo. KpuBasd KOHEYHOTO NOpAJKa B KaXKXOH TouKe
HMeeT CONPHKACAIOULYIOCA THIEPIIOCKOCTD.

Onpegenenne. Kpusaa f* : R —+ RP™, asolicrBennad kpusoii f : R —
— RP™, 06pa3oBaHa CONPUKACAIOMAMHACS THIEPIIOCKOCTAMHA KPUBOH f.

Crenyomasn Teopema Jerka ¥ Xopolo ¥3BeCTHa (CM., Halpumep, [148]
u [143], [14], [172]-[174]):

Teopema 9. f** = f; nopadox, deoticmeennsiti (a,b,c), pasen (c — b,
¢ —a,c). B n-meprom cayuae deoticmeennviti nopadox daémca Popmyaod:

(a1,.--,85)" = (@n — Gu1,-..,8n — 81, Cp).

Peryaspaele TO4YKH KPHBOH BhIgeleHhl ycnoBuem a; = 1. Haganbuad
YacThb UepapTuu 2aadxuz xpuemix B R3 Takosa:

(1,2,3) — (1,2,4) - (1,2,5) —
o6nIYHble TOYKH TOYKH
TOYKH YILIOLIeHUA 6y IOIIEHUA
N
(1,3,4) —
TOYKH
neperu6a

KopasamepHocTh nopsjgka paBHa

c= E(ai - 1)

(nops 10K KOPa3MepHOCTH ¢ HeyCTPaHMM B CeMeiCTBaX KPUBHIX, 3aBHCAIIHUX
ot ¢ — 1 mapaMerpa).

Onpejgenennme. Muoroo6pasue KacaTelbHHX THIEPIIOCKOCTEH (TO ecTh
IHIepILIOCKOCTe}, CoepXKAMUX KacaTelbHyio NPAMYIo) KpuBoi f B JBOM-
CTBeHHOM NPOEKTHBHOM NPOCTPAHCTBE HA3HIBAETCA PpPonmom JexaHIpo-
BOM oco6enHOCTH f (411 KpaTKOCTH, fponmon xpusot f). DpouT aBigeT-
Ci pa3BépTHBalOlieics N0BEPXHOCTHIO, Pe6pO BO3BPaTa KOTOPOH — JBOM-
CTBeHHas KpdBad f*.
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Hpumep. IlpexnonoxuM, ¥To f HiMeeT NPOCTERIIYIO 0COGEHHOCTH KOPa3-
MepHoctu 1 (nopsgka (1,2,4)). Torga f* EMeeT 0CO6eHHOCTH NOPAJKa
(2,3,4), nosobuyio ocobennoctu kpusoit (z = t2,y = t3, 2 = t1). Ka-
caTeldbHHle NpPAMEIE 3TOH KPHBOH 3aMeTaloT JacTOYKAH XBOCT — (PPOHT
KpHBoH f.

Tunudnasa kpuBas B 3-IPOCTPAHCTBe MOXeT HMeTh H30JMPOBAHHBIE
TOYKH YNJIOUIEHUS, HO He MOXeT MMeTh HeOOHYHHIX TOYeK APYyroro mo-
pagka. CilegoBaTelbHO PPOHT THNMIHOM KPUBOH €CTh NOBEPXHOCTH, OCO-
GeHHOCTAMM KOTOPOM (KpOMe camollepecedeHH#) MOryT OHTh TOJBLKO MO-
IyKyGnieckne péGpa BO3BpaTa M M3OJMPOBaHHBIE TaCTOYKHHHL XBOCTHI.

PaccMoTpuM THOHYHOE OJHONapaMeTPHYECKOe CeMeHCTBO KPHBHIX B 3-
npoctpaHcTBe. KpuBrle, COOTBETCTBYIOIHe H3OAMPOBaHHAIM 3HAYEHHAM
HapaMeTpa, MOTYT HMeTb TOYKH OMyIJolleHusA. PaccMOTpHM ceMeHCTBO
JBOHACTBEHHHIX KPUBHX. [loMecTHM KaX1yi0 ABOHCTBEHHYIO KPHBYIO B OT-
JenbHOe 3-IPOCTPAHCTBO, 3aBHUCAIECE OT TapaMeTpa CeMedcTBa. IDTH IBOM-
CTBeHHHe KPUBHIE 3aMeTaIOT NOBepXHOCTh B 4-mpocTpanctde R3 x R (rxe
R o6o3navaer ock napamerpa).

Teopema 10 (cMm. [23], [143]). [Tosepznocms, 3ameménnas deoticmeen-
HBLMU KPUBLIMY, 10KGAbHO JuPPeomopPna packpuimomy AGCMOUKUNY T60-
cmy. Pas6uenue smoti nosepznocmu na deoticmeennvle xpuéevie duddeo-
MOpPHO pa3buenuo Ha aunuu A = const KHOZ006PA3UR MHOZOULEHOS
z° + Az3 + Bz? + Cz + D, uMeowus xopenb KPamHOCTIU He MeHbULE
uem 3.

a8 HeKOTODHIX W3OJAMPOBAHHLIX 3HaYEHHH NapaMeTDPa KPUBHIE HCXOM-
HOPO CceMelCTBa MOI'YyT HMeTh Touki meperunba. Corvacao O.I1.1lep6Gaky
([143], [172]), HopMatbHasd opMa NOBEPXHOCTH, 3aMeTEHHOM JBOHCT BeHHEI-
MH KPMBHIMH TaKOBa:

{z4 + Az3 + Bz? + Cz + D nmeer KPaTHHM KODeHb}.

Pasnoxenue Ha gBOHCTBeHHBlE KPHBHIE SKBHBaJeHTHO B = const.
Cpenu npodero, crarbi llep6aka [143] cogepxuT cregyiommue peayab-
TATHL:

1) ®poum xpueoti, deoticmeennott munuunot xpusot (T.e. pa3BépTHBaIO-
IadAci NOBEPXHOCTh, pe6po BO3BpaTa KOTOPOM ecTh HCXOJHad TaajKasd
kpusad B R3 wau RP3), umueem ocobennocms “caoscennsvit sonmux” 6
mouxaz nepezuba (1,2,4) uczodnod xpusot. CrerosaTelbHO OH JOKalb-
HO fudpeomopder nosepxaoctu y2 = z223 (puc. 105).
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2) Eduncmeennvimu ocobennocrnamu @Ppowma munuunot xpusod 6 RP™
ACARIOTNCA MHOZOMEPHBIE AGCTOUKUHDL T60CMbL (MOKaAbHO IHdbdeo-
MOpohHH IHCKpUMHEHaHTaM Ak, k-< n). Obvedunenue dponma xpusot ¢
2uUnepniocKocmeio, deoticmeennoti coomeéememeyowjet Mouxe ynaouje-
HUR uczodnot xpueot, oxaabro duddeomopPro Jucxpumunanmy By.

3) Paccmompusm munuunoe 00HONAPAMEMPUHECKOE CEMETUCTEO KPUBHIT 6
RP". [Jaz nexomopoiz u304upo6anuniz 3navenuti napamempa 6cmpea-
10MCcA ocobennocmu nopadxos

$,...,0n=1,n+2)u(1,...,n~2,m,n+1).

Hopmaavuvie Popubi coomeememeyiowuzr nepecmpoex @Gponmos ma-
K08bl:

{z™*2 4 wjz™ + ...+ Uupy uMeem xpamubid xopens},
dponmsi: u; = const;
{z™ 4wz 4 .. 4 unyg uMeem xpamubid xopens},

dpornmui: us = const.

Teopus GpoHTOB KPHBHIX MOXET PacCMaTPHBATBCA KaK JacCTh TEOPHH
JeXXaH IPOBHIX 0CcOGeHHOCTe!.

Bosee obmas KOHCTPYKLMA (PPOHTOB NOAMHOr006PA3uil NpPOU3BOALHOR
Pa3MepHOCTH B NPOEKTHBHOM IPOCTPAaHCTBe NpABejeHa HUxe.

IlogmHOTrOOGpa3ue B IPOEKTHBHOM NPOCTPAaHCTBe onpejelieT JeXaH-
JApoBo NogMHOrooGpalue B NPOCTPaHCTBe KOHTAKTHHIX 3JeMeHTOB o6beM-
JIOIIEro HPOeKTABHOrO IPOCTPAHCTBa: OHO 06Pa30BaHO KOHTAKTHEIMH BJe-
MeHTaMH, COJepPXKallAMHA KacaTelhHOe NPOCTPAHCTBO HCXOIHOTO NOAMHO-
roobpa3us. [lpocTpaHCTBO KOHTAKTHHIX JeMEHTOB NPOEKTHBHOTO NPO-
CTPAHCTBa DPACCIOEHO HAJ NBOHCTBEHHHIM NPOEKTHBHHIM [POCTPaHCTBOM
(KOHTAaKTHOMY 3JeMeHTY CONOCTaBAfeM COJEPXKAIY ero IuieplIoc-
KOCTb). JTO paccioeHye fBlfgeTcHd JeXKaHAPoBhIM (cM. §3.1, puc. 35). Jle-
XaHJIpoBo NOAMHOroo6pasue, o6pas’oBaHHOe KOHTAKTHHIMH 3JleMeHTaMH,
KacalomUMHUCA HCXOJHOI'O NOIMHOr006pa3u, onpejelseT JeXaHIpoBO 0TOo-
6paxeHue B [BOMCTBeHHOE NPOEeKTUBHOe npocTpancTBo. O6pa3 aT0T0 OTO-
6paxeHHd (TO eCThb MHOXeCTBO KaCalOUXCA UCXOZHOTO MO JMHOT006pa3us
CHOEPIIOCKOCTel) ABAAETCA (PPOHTOM 3TOrO JeXKaHAPOBa OTOGpaXKeHHH.
Jns kpaTkocTH 6yJeM Ha3bIBaTh er'o PPORMOM UCTOOHO20 NOOMHO2006pa-
3us. JlexangpoBo oTo6Gpakenne Ha3LIBaeTCH PPOHMAAbHOIM OMOBPAICENU-
em (ACCONMMPOBaHHLIM C OAMHOr006pas3ueM).
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DpoHT noJMHOr006pa3na NPOU3BOILHON Pa3MEPHOCTH B NIPOEKTUBHOM
NpOCTPaHCTBe ABIAETCA MHOePNOBePXHOCTHIO B JYaldbHOM IIPOCTPaHCTBe.

Xopolio u3BecTHO, YTO (MHOTOMEDHEIE) JaCTOIKKHLI XBOCTH ABAAIOTCA
pa3BépTHIBalOUIEMHUCS noBepxHocTaMH. Clenyiomad TeopeMa ecTb 06061e-
HUe 3Toro ¢aKTa Ha JPyrue QpPOHTHL. ‘

Teopema 11 (cMm. [172]). Jhobod ycmotuusvid pocmox aedxcandposa
0MOGPAICEHUR KOPAHZA T AEHCAHOPO60,_ IKEUBALERTMEN POCTKY PpOoHmans-
1020 OTNOBPAINCEHUR, GCCOUYUUPOEAHNRO20 C HEKOTOPLLM TN -MEPHBIM NOOMHO-
zoo6pa3uem npoexmuenozo npocmparcmea. Dponmaavuvie omobpasice-
HUR, GCCOYUUPOSANNDBIE C MUNUUNDIMY KPUCLLUU, UMEIOT MOALKO 0CObERNO-
cmu Ay. Ilepecmpotixu aexcandposvix omobpaxcenutt xopanza m, ecmpe-
YAOUWUECA 6 TUNUUHBIT CeMeliceal C KOHEUHbIM WUCAOM NAPAMETMPOS,
AEACAHOPOBO IKEUBAALEHTNDL NLEPECTPOLKAM PPOHRMAILHHT omobpadcenut,
QCCOYUUPOBAHNBIT C TN-MEPHBIMY NOGMHOZ000PAIUAMY NPOEXTMUSHBIT NPO-
cmpancme.

7.4. CHMILIeKTHYeCKHe TpHaIhl

3agada 06 06xojle NpeNATCTBUA NpHBela K PaCKPHTOMY JaCTOYKHHY XBO-
cTy — 0CO6eHHOCTH JarpaHxKeBa MHOM0OGPa3usA JMydeH, CPHIBAIOMIAXCA C
NOBEPXHOCTH NPeNATCTBHA, B CUMIVIEKTHI€CKOM NPOCTPAHCTBE BCEX JyJelt.
PacKprITHIE TaCTOYKHH XBOCT ONKCHIBaeT TaKXe 0COGEHHOCTH IBYX THIOB
JesKaH IPOBEIX MHOT006pa3uii: NepBoe M3 HHX 0Gpa30BaHO KOHTaKTHHIMH
pjleMedTaMHM (PPOHTa, BTopoe — 1-CTPyAMH MHOTO3Ha4YHOH (GYHKHHMM Bpe-
menu (§7.2).

B §7.3 MBI U3y YHIH MHOTOMEpHHIE PaCKPHITHE JaCTOYKHHEL XBOCTHI, HC-
IOAB3yA TeOMETPHIO IPOCTPAHCTB MHOrOYIeHOB # GHHapHEIX popm. Ceii-
4ac Mbl 6yfeM HCIOAb30BaTh Pe3yJbTaThHl NPEeIEIYIMMX ABYX naparpagos
Anf o6bACHEHHA TOTO, 09eMy MHOr006pa3ud MHOTO11eHOB ¢ KopHeM 6oJb-
IO KPaTHOCTH ONHUCHBAIOT OCOGEHHOCTH JdarpaHXKeBhIX M JeXaHIPOBBIX
MHOT006pa3Mii B MHOIOMEPHLIX BapHaHMOHHHIX 33aJa4aX ¢ OJHOCTOPDOHHH-
MH OTpaHMYEHHAMH.

Teopus CHMIJIEKTHYECKAX TpHaJ, H3laraeMad HHxKe, Oblaa pazpabora-
#a A.B.'usenTtasem [8], noiyuuBieM ux onucaHHe, OT6POCHB HM3JHMLIHION
4acTh onucaHHoM B §7.1 koucTpykuun Menbposa.

Onpegenennme 1. Cumnaexmunecxas mpuada (H, L,1) cocTront u3 runep-
noBepxHoCTH H B CHMIIEKTH9€CKOM MHOT00Gpa3ny # JarpaHxena NOJMHO-
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roo6pasusa L, uMelomiero nepBulil NOpALOK KacaHui ¢ H BIoab nogMHoro-
ob6pasus | C L, xopazmepHocTh koToporo B L pasHa 1.

IIpamep 1. PaccmoTpum o6aacts D Ha rulleploBepXHOCTH B pUMaHOBOM
MHor'ooGpasuu M.

IIyuox zeodesuuecxuzr ua D onpenenén @dynxyueti spemenu s : D -+ R
(paBHOl PacCTOSHMIO OT HEKOTOPOTr'o HadalbHOro ¢pponTa B D). Dynknus
BpeMeHH yOBIeTBOpseT ypabHenuio NamuabTona~Sko6u (vs)? = 1 (ecan
s raagka Ha D).

C 5Tol cuTyanndell Mh CBAXKEM CHMIIEKTHYECKYI0 TpHaxy B da3oBoM
npocrpalcTee T*M. B kadecrse H B03bMéM rHNepNOBEPXHOCTL, 06pa30-
BaHHyI0 BceMu opTamu (p? = 1). B kavecTBe L BO3bMEM BCe MPOJONKeHHA
anre6panieckEx 1-¢opM p = ds |; ¢ KacaTelbHHX OPOCTPAHCTB THNepPNo-
pepxHocTH D Ha KacaTelbHple NPOCTPaHCTBa OGBbEMIIONEr0 MHOT0OGpa-
aus M. '

Tunepnosepxnocts H nepecekaer L Bpoab mogmuoroo6pasus | C L
KOPa3MepHOCTH OJMH: | COCTOMT M3 NPOJONKEHHUH, HyJeBHIX Ha HOpPMalix
k D.

[Eciu MHI, ACTOABIYS PHMAHOBY MeTPHKY, OTOXJIeCTBHM l-GopMu Ha
M c xacaTelbHEIME BEKTOpaMH, TO | MOXHO ONHCAaTh KakK rpaduK rpaju-
eHTa 5. L COCTOAT M3 BeKTOPOB, OPTOrOHAJNbHAA NPOEKIH# KOTODHIX Ha
KacaTelbHEle TpocTpancTBa D npuHagtexut [.]

Teopema 1. Tpotixa (H,L,l), nocmpoennas no nyuxy zeode3uuecxuc,
ABARETCA cuMnaexmudecxot mpuadot.

JoxasaTenbcTso. llopagok kacaunas H ¢ L Bpoan | pasen 1, Tak Kak
PHMaHOBa MeTPHKa KBaJPaTHIHO BHIOYKIA (NOPAXOK KaCaHHA MOXKeT GHITh
BHIIle B MeHee peryJJApHHIX BapHalUOHHLIX 3alavax UJAH B KOMHJIeKCHOﬁ
o6aacTH).

IloaMmuoroo6pasue L aarpaHxkeBo, Tak Kak

t*pdg = dr*s

(rmei: L < T*M — Bnoxenue, 7 : L —+ D — ecrecTBeHHas NpoeKUud,
pdq — xaHoHmyeckad 1-¢popma na T*M).
Craegosarensno (H, L, 1) aB1seTca CHMIIEKTHIECKOH TPUALOM.

PaccMoTpuM NpOM3BONBHYIO CHMILIEKTUIECKY IO TPHALY.

Onpegenenne 2. Jlazpanicesvih #uo2006pasuem, NOPOHCOERNLIM MpUua-
doti (H,L,l) HasmBaeTca 06pa3 mojmHoroo6pasus | B NpOCTpaHCTBe Xa-
PaKTepHCTHK runepnosepxHoctd H.
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ﬂCHO, 9TO 270 MHor‘ooﬁpa.aue JarpaHxxeBo BO BCeX CBOMX HeoCcOoOhIX TOY-
KaX.

Teopema 2. Jlazpaniceso mnozoobpasue, nopoxcdénnoe mpuadoi meope-
Mbt 1, cocmoum u3 ayued {2e00e3unecKus 06beMMOUES0 NPOCTPAHCTEA),
KGCAIOUWUTCA 2€00€3UUECKUT UCTOOH020 NYUKA 2€00e3UUECKUT NG 2UNEPNO-
8ePTHOCTNU.

PasyMeeTcs, DpOCTPaHCTBO XapaKTepHCTHK IHleproBepxHocTH p? = 1
ABAAeTCA NPOCTPAHCTBOM (OPHEHTHPOBAaHHHIX) Teofle3WueCKUX oObemiio-
mwero MHoroo6pa3ui. HatanbHule To4KH, NpUHaLIeXKamue [, ABAAIOTCA Op-
TaMH, KaCAIOIUMUCHA Teofe3addeCKuX HCXOMHOrO NYy4Ka.

Jlarpan>KeBsl MHOT006pa3us, NOPOXK JEHHbIE 3KBUBAJCHTHEIME CUMIIEK-
THYeCKAMHU TPHagaMH, cuMIjekToMopdHul. U3 Teopem 1 u 2 creayet, 4To
JAd TOrO 4TO6H HAaUTH HOPMajibHhle GOPMH MHOT006pa3di Jydeldl, CphI-
BAIOIIMXCHA C Teoje3udecKHX NydKa, JOCTATOYHO CHMIJIEKTOMOPGHU3IMAMHU
NPUBECTH K HOPMaJbHHIM ¢opMaM cooTBeTCTBYyOmMe TpHagkl. Hopmans-
Hble QOPMBI TPHA ] AAIOTCA CleAYIOUMM IPEMEPOM.

IIpamMep 2. PaccMmoTpuM CHMILIEKTHYecKOe NPOCTPaHCTBO V MHOrodie-
HOB OT T cTeleHH d = 2k + 2 ¢ PMKCHPOBAHHLIM CTApIINM KO3(pdUIHEH-
TOM, CHabXKEHHOEe eCTeCTBeHHON CHMIIEKTHYeCKOH cTPyKTypol (cM. §1.1).
Msuorouaen, xoopanHarsl Jap6y koroporo — (p, q), 3alucwiBaeTcd B BHIe

ed+ qied—1+ ..+ qr+1€k41 — Pryrek + .-+ (=1)*  pieg,
rie e; = zj/j!.

O6o3navuM vepes h dpyuknuo 'aMuaLTOHA CABUTOB,

2
q
h=P1+P2qx+..-+qkpk+1+%-

Ilycts H Gyger runepnoBepxHocThIo it = 0, L — JarpanxkeBo# IOCKOCTHIO
p = 0. I'mnepmosepxnocts H uMeeT nepBuld NOPAJOK KacaHHs (KBajpa-
THYHO KacaeTcd) ¢ AaTPaHXKeBOW MIOCKOCThIO L BIOML rHOEproBepXHOCTH
I C L, 3agaBaeMoll ypaBHeHUAMH

I: p=0,qk41=0.

Herpyauo npoBepserca crenyonias

Teopema 3. Jazpanoceso snozoobpasue, noporcdénnoe mpuadoi npume-
Pa 2, CUMNAEKTOMODPHO k-MEPHOMY DPACKPHIMOMY AACTRONKUNY TE0CMY,

S
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MO €CTb MHO2006PA3UI0 MHO20UAEHO6, UMEIOWUT KOPEHD KPAMHOCTRU Npe-
eviwaoueti k, 6 CUMNAEXKMUUECKOM NPOCTIPAHCINEE MHO20UAEHOE CTRENENU
2k +1 (c Puxcuposannbism cmapuium KoIPPHUYUEHTIOM U HYLEEbIM CAEdOM).

TaaBHHIM pe3yabTaTOM, KacalomUMc JarpaH)KeBHIX TPHaJ, ABIAETCH
clelyioniad

Teopema 4. Pocmox & nyte mpuade: npumepa 2 ycmotivue. Pocmox
mpuadsl 06U4€20 NOAOHCEHUL 6 TOUKE KE6AIPATNUUHO20 KACAHUR 2UNEPRo-
6EPTHOCTIU U AGZPANICESA NOOMNO2000pa3us CuMTiexmomopPen mpuade
npumepa 2 uvau e€ nadempotxe.

Hadcmpoiixoi mpuads (H,L,1) B R*® c xoopaunaramu Hap6y (p,q)
HaablBaeTca Tpuaga B R2e+2’ ¢ xoopamnaTamu Jap6y (p,p’;q,q’) B xoTo-
poit Hyppoe = H + R2?®’ Luopoe = L+ L', rie L’ — narpanesa MIOCKOCTh
p’ =08 R,

Caegcrene 5. Jazpansceso muozoobpadue, nopodcdénnoe mpuadoti 06-
WE20 NOAOHCENUR, 6 KaxcIOT mouxe aoxaabso dufdeomopdro dexapmosy
npouseedenuio (MHOZOMEPHO20) PACKPLIMOZO AICTNOUKUNG T60CTRG HA 24G0-
Koe mnozoobpasue.

Cneactsue 6. Mnozoobpasue ayueil, CPHI6AIOUUTCA C NOBEPTHOCTIY NPE-
nAMCMeUR, 40Ka1bHo JuPPeomopdro dexapmosy npoudeedenuo (MHozo-
MEPHOZ0) PACKPHIMOZO AGCTIONKUNG T60CTMG Ha 2iadxoe mnozoobpa3ue
(npu ycaosuu, 4MO NOBEPIHOCTIL NPENAMCMEUS U NYUOK 2€00€3UNECKUT
na Hell — 06Uie20 NOAONHCEHUSR). '

3ameuanme 1. YcioBus OOGIIHOCTH NOMOXKeHHHA TeopeMsl 4 MOT'YT OHITH
cOpMyIMpPOBaHL B TepMHHAX NOJA XapaKTepPACTHYeCKAX HalpaBieHAH
runepnosepxHoctd H. B Toukax [ xapakTepHcTHIecKOe HalpaBileHHe Ka-
caerca L. Takum obpasom, Mu AoAy4duid Ha | nole HampaBleHHH (Kacaio-
muxcd L). Yciosus o6UIHOCTH NOJOXKEHHS TPHaJLl B Teopeme 4 Tpebyer
o6UIHOCTH PTOro NOAA: OHO JOMKHO NPABOIMTCH K JOKaJIbHOM HOPMaJb-
Hoit dopme 3/dz guddeomopduamMoM MHOToOGpasus L, ornpaBigiomuM [
B THNePHOBEPXHOCTD ,

2%+ uz® 4.+ Ug_g = 0.
Wau, 9T0 9KBUBaJEHTHO, I: ¢, = 0, noJe: 8/0q1+q18/8g2+. ..+ qa—10/0¢..

3ameuanme 2. TeopeMa 4 n eé cleJCTBHA BepHH B NIaJKOM # B [OJ0-
MOp(}HOM (aHATUTHYECKOM) CIydae.
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JoxazaTreancTBo Teopemnu 4. (Cum. [170], [8].)

1)

2)

3)

6)

Brinpamam H, BuiGupad Takue koopauHaTsl [Jap6y, 9ro ypaBHenne H
B HEKOTOPOH OKPECTHOCTH PacCMaTPHBAEMON TOYKH (Hyld) NPUHEMaeT
Bug q1 = 0.

BriGepeM narpaHkeBo NPOCTPaHCTBO, JHHEHHOE B 3THX KOODAHHATaX M
TpaHcBepcaldbHOe B Hyle Kak H, tak u L. [lapanrensHsle npocTpaHCTBa,
06pasyioT JarpaHxkeBo pacclioeHne (B HEKOTOPOH OKPECTHOCTH HyJi).
JlarpanxeBo MHOT006pasue L ABAAeTCA CeYeHUEM 3TOrO PacClOeHud,

Briepem HoBrle KoopguHaTh JapGy (AnHelHble MO OTHOILEHHIO K Npe-
OEIAYIIEM) TaKHe, 9TO CIOM HMelOT BHJ g = const. YpaBHendst aas L
NPHHUMAIOT Buj p = 0s/0¢; H Bce ellé runepniockocTs.

Bsexém capunyThie koopaunate Japby P = p—9s5/0¢, Q = q. Buux L
CTaHOBHTCA HYJeBHM cedeHneM pacciroenus (P, Q) — Q. OroxgecrBuM
9TO JarpaHXkKeBo paccloeHHe (IOKAJIbHO) C KOKACATelIbHHM PacClOeHH-
em T*L (touka (P,Q) coorBercrByer 1-popme P dQ Ha KacaTeibHOM
npocTpaHcTBe K L B Touke Q).

Iepecevenne H co cnoem T* L apasercd adpPUHHOK MUOEPIIOCKOCTHIO B
3TOM cJioe.

AdduHHaA IHIEPNIOCKOCTh B NPOCTPaHCTBe, ABOMCTBEHHOM JHHEHHO-
MY, 3aJaércd cofepxKaile#l HyJAb OPAMOM B MCXOJAHOM OPOCTPAHCTBE M
AnHelHo# 1-dbopMoik Ha 2T0M NpAMol. [JeficTBUTENbHO, THIEPIIOCKOCTD
Y = {y : y [s= c} onpegenser npamyio {z : y |,= 2z |; A11 MObHX ¥,z €
€ Y} u 1-dopmy y |, Ha Toit mpaMoii. DTa napa (mpamad, l-popma)
onpejelsieT THIEPNJIOCKOCTh, I AI06ad Takad Napa olpefeiseT HEKOTO-
pyio abdHHHYIO THIEePILIOCKOCTD.

Takum oGpasoM, ranepnoBepxHocTh H MoxXeT GHTbL ONHCaHa BHYTpPeH-
Hell, reoMeTpHen L c noMombio napsl, 06pa3oBaHHOR NOJdeM HanpaBleHHH
Ha L u nmonem 1-¢popm Ha >TEHx HanpaBienuax. [pyrumu crosamu, H
MOXeT OLITH OMMCAHO Napo, 06Pa3oBaHHOM NoJMeM HalnpaBleHuk Ha L u
ceMeRCTBOM JudpepeHnHatbHEIX 1-OPM BI0AL HHTErPaJbHEIX KPUBLIX
9TOro nois.

T'unepnoBepxHocTs [ 06pasoBana ToukaMu L, B KOTOPHIX (POPMBI M3 DTO-
ro ceMefiCTBa paBHH HyJi0. B Totukax ! HanpaBieHHd OOAA ABAAOTCA
XapakTepHcTU9ecKuMu Ias H.
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8)

9)

10)

11)

12)

Biroxenue | B L n paccioenue L Ha mHTerpalibHEE KPHBhIE ONpeeiseT
IPOeKLHIO M'NepuoBepXHOCTH BXOAb OJHOMEpPHHIX croés. OcobeHHOCTH
3TOM MPOEKIUH — CTaHJaPTHLHE OCOGEHHOCTH YHTHH, NpH YCIOBHH, 4TO
TpHala — obmero nonoxenus (cM. §7.2 u 3amedanue 1).

CaefoBaTensHo, MEl MOXeM BEIGPaTh KOOPAMHATHI (z,u) Ha L raxaum
06pa3oM, YTO MHTerpalbHble KPUBLe IPUHEMAIOT BUJI U = const, a r'u-
nepnoBepxXHOCTh [ 3a0aéTca ypaBHEeHHeM

F=0,rpe F=z"+u1z® 24 ... + us_;.

CemeitcTBo gudrpepenuatbHuX 1-popM BIOAb HHTerpalbHbIX KPUBHIX,
3aMUCaHHOE B 3THX KOODpAHMHATaX, UMeeT Buj f(z,u) dr. Pyukuus f Ha
! pasHa HyJl0, 3TOT HYJIb — BTOPOrO NOPAJKa, Tak Kak H kBagpaTuiHO
kacaerca L Bioas [. Takum o6pasou,

f(z,u) = g(z,u) F*(z, u), rae g(0,0) # 0.

Jlemma. Cemeticmeo duddepenyuaavuniz 1-gopau
gF%dz = g(z,u)(z* + u12* 2 +.. . + 1) dz,
2de g(0,0) # 0, aoxasvno npusodumo x eudy
(X*4+UhX* 24 . 4 U,_1)%dX
PACCAOENNOT AOKAADHOT IAMENOT NEPEMENHBIT

z =z(X,U), u=u(l).

JoxasaTreancrBo. Ilo cylmecTsy, 3ToT pesyabTaT ABASETCA TEOPEMON
0 BepcalbHOM JedopMalnuu Als GopM cTenend 1/2,

2% | dz V2.

[[lozo6utte TeopeMut BepHH Aa AuddepeHuratbHLX dopm f(z)(dziA
A...Adz,)P OT n NepeMeHHHX, OPOU3BONLHOM KOMIEKCHOM CTeNeHH p.
Ux usydeHue, HHUOUUPOBaHHOE 06CYXIaeMOH 31ech NPOGIeMOll, BegeT
K MHTepecHO! TeOpHH, UMEIoiell U Ipyrde IpPMMeHEeHHWd; HaopuUMep, B
TeOopHH MyacCOHOBHIX CTPYKTYP Ha miockoctu. CmoTpu [175]-{180].]
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13)

14)

B cayuae n = 1, p = 1/k (sanpumep, B HaleM ciydae, Tae p = 1/2), Te-
opeMa 0 BepCalbHOH gedopManul (B aHAIUTHIECKOM CAydae) CBOXUTCA
K OGLIYHOM TeopeMe o BepCalbHOH JepopMalHM IIi GYHKIHA

/z“k dz

(Tak Kak ycnosue “mHpoM3BOJHAaA QYHKUMM ABIAETCA k-ii CTENEHBIO pe-
ryaAApHOH QYHKUMHM” MHBADHAHTHO OTHOCATENbHO JudbeoMopPU3MOB).

HepennmeM KOHCTPYKIAM 0OO. 6 M 7 B ABHOH KOOpAMHATHOH (opme.
Ilycth ¢; — KoopAuHaTH Ha L, p; — COOTBETCTBYIOIME UMIYIbCHL.

B no. 6 u 7 MB cOmOCTaBMAM rHNepnoBepxHoctu H C T*L, onpe-
Jel€HHO¥ YpaBHeHHEeM

v0+v1p1+...+vapa=0, v;:v,-(q),

noJe HanpaBleHHE BEKTOPHOrO NoJAA Ha L ¢ KOMIOHeHTaMH

qlzvly*",qa= Va, (L'IO(’I:>G),

1 ceMelcTBo muddepeHnAaIbHHX 1-G0OPM BJONbL HHTErPANbHHIX KDH-
BHIX, 3allUChIBaEeMOe B BHJe

Vo
——dg =...= —— dg,.
1 Va
HanpuMep, ecir v; = 1, To cemeiicTBO popM ecTb —vp dg; .

U o6paTHo, 3Had KOMIOHEHTH NoJA 1 1-pOpM, MEI MOXKeM BOCCTaHOBHTE
ypaBHeHue runepnosepxsoctu H.

BriGepem xoopaunaTel X,U na L B cooTBeTcTBHH C JeMmok 0. 11. B

3THX KOOPAMHATaX mOJe HampabieHuii — >T0 note J/9X, nore 1-dpopum
— o0 F?(X,U) dX.

O603HaYMM MMIYJALCH, COOTBETCTBYIOME PTHM KOOpJIHHATaM, Hepe3
Px U py.

U3 n. 13 caegyer, 4To ypaBHenue H umeeT BUA:

FY(X,U)+px =0.

Ota (opmy.a onpefeiieT HEKOTOPYIO HOPMalbHyio GOPMY TPHaIHL U,
clleoBaTeIbHO, JOKa3HBaeT MepBYio 4acTb TeopeMul 4. [lna Dokasa-
TelbCTBa OCTaBlllerocd, peobpasyeM NOIYIUBIUYIoCS TPHaXy K BUAY,
YKa3aHHOMY B TeopeMme.
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15) Jemma. Tpuada
(H:px+F}X,U)=0, L:p=0, I=HNL)

CUMNAEXTUUECKYU 3K6UBALEHMNA mpuade

2
(H:p1+q1p2+...+qa_1pa+g2‘l=0, L:p=0, l:p=¢g,=0).

16) [Aas jgokasaTerbcTBa 3TOH JeMMbl, BbIOpAMEM ! (MCKPHBIASL noJe}.
Yao6HO cHadYajla NPHBECTH CTapuIMil KodpdHUMEHT MHorodieHa F x
1/a!, a 3aTem npusecTn cemeiicTBo dopM k F?(X,U)dX/2 (pacraxe-
Huavu). [locie sToro npoussoxnsle F' BHIGHPaeM B KadeCTBE HOBBIX
KoopauHaT Ha L:

aF 9°1F
©=Fa=35.. 0= Fxa1=X)
(MBI coXpaHseM OCTalbHble KOODJMHATH g;, OT KOTOPHX HX Hoie, HH
1-dopMH He 3aBHCAT).

17) B HOBHIX KOOpPAMHATAX Jerko BHIYHCAMTH BHIDaXKeHHA JIA NOAA HAIpPa-

BieHMH M 1-¢opM. [leficTBHTEIbHO, NPOM3BOAHLIE HOBEIX KOODIHHAT
no X:

Gi=1,%=q,...,9= qa-1.

B,I[OJIB HHTerpaJbHEIX KPHBHIX 3TOrO NOAA Haupameﬂnﬁ

1 2
SFdx = 92- dgy.

CaegmoBaTennHo, No ¢opmyne n. 13, ypaBHeHHe runepnoBepxHocTd H

HMeeT BHUJ:
2

% +pi4+ P+ ..+ PaQa-i-

OTO JOKa3blBaeT DKBHBAJIEHTHOCTb Halllel TDHAXL H TpPAAIH Teope-
MH 4. Teopema jJokasana.

3amesanne. [losprenne F? B HopmaabHoO# GopMe I. 14 FOBOPHT, NO-BH IH-
MOMY, O CYUIeCTBOBAHUU CBA3M MeX ]y MHOroo6pasmeM MHOIO4JeHOB, AMe-
IOUIUX KOPeHb BEICOKOH KPATHOCTH, 1 MHOT006pas3ueM MHOTOUIEHOB, HMEIO-
IIMX MHOTO KOPHEH KPaTHOCTH 2. ITH JBa MHOTOO6Da3Hs AeHCTBHTENLHO
xuddeomopd sl (cm. [8], [104]).
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Kaxxgulil MHOrOWIeH YETHOW CTeleHH eJHHCTBEHHHIM 06pa3oM MoxeT
6bLITh 3aNMCaH B BHJe CYMMH KBaJpaTa M MHOrO4JeHa, CTeleHb KOTOpPOro
He IpeBHILAET MOJOBMHHL CTeNeHH MCXOJHOIO MHOTOYIeHa; MHade, TaKOM
MHOT'O4JIeH eIMHCTBEeHHHM oGpa3oM MoXeT GuITh 3alMCaH B BHJe CYMMBI
MHOTOYIEHa ¢ HyJeBHM KOpHeM, KPaTHOCTh KOTOPOr'O paBHa NOJOBHHE CTe-
[eHHd, ¥ MHOTOYIeHa, CTelleHb KOTOPOTO He NPeBHIlaeT NOJOBHHEI CTeNeH:
HCXOJZHOrO MHOTO4YJeHa.

HopManbhaa ¢opma 0. 17 cBA3aHa CO BTOPHIM pa3fiokeHHeM, HO B APY-
X 3ajJaYaxX GuIBaeT MOJe3Ha CHMILIEKTHiecKad CTPYKTypa, CBA3aHHad C
mepBHIM pa3ioKeHHeM. SIBHble QopMyasl Jia auddeoMopdusMa MexIy
STHMH [ABYM#A JarpaHXKeBHIMH MHOroo6pa3usaMa (MHOTOYIEHOB, HMEIOLIMX
KOpeHb BHICOKOH KDATHOCTH, W MHOT'OYIEHOB, MMEIOUIHX MHOTrO JBOHHEIX
KopHeit) npusefensl B [8]. K coxanenuio, oHM He JaioT HE ABHYIO popMy
CUMILIEKTHIeCKOH CTPYKTYPHI, AJi KOTOPOH MHOI'000pa3ne MHOTOWIEHOB C
GONBIIMM TUCIOM IBOMHBIX KOpHE# ABJAeTCA JarPaHKeBHM, Hi 0GbACHeHUH
npuyuH uddeoMOopPHOCTH JACTOYKHHA XBOCTa M MHOr00Gpa3us MHOTO-
qnenos z° + Az3 + Bz? + Cz, nMeioniero KpaTHEe KPUTHIECKHE 3HATCHHS.

HegaBsHee 2KCIepHMeHTaJIbHOE OTKPHITHE JU(pPeoMOPPHOCTH KayCTHK
n MHOXecTB MakcBenna ocobedHoctu Cy (cM. puc. 91) TaK)ke 'OBOPAT O
IOCTaTOYHO HeyJOBIeTBOPUTEALEOM COCTOAHHM COOTBETCTBYIOLIEH TeopHH
(Hanpumep, 06006IeHEA YIOMAHYTOTO pe3yIbTaTa Ha Gollee BHICOKHE OCO-
6ennoctn C emré XAYT CBOero OTKPHITHA).

7.5. KoHTakTHBIe TpHaAB

TlpeXsI fyliad TeOPHs UMeeT KOHTaKTHEIH aHator [166]. Ero nenn — usyde-
HHE JeXaHJpoBhIX MHOrooGpa3nii, BO3SHUKAIOKX B 3ajave 06 o6Xoje npe-
naTcTBuA (T.e. ocoGeHHOCTel MHOXeCTB KOHTAaKTHHIX 31eMeHTOB, Kacalo-
muxcs GPPOHTOB, H OCOGEHHOCTEH MHOXECTB 1-cTpyH ¢yuxumi, cM. §7.2).

Onpegenenne. Konmaxmuas mpuada (H,L,l) cocrout n3

1) ranepnoBepxHocTH H B KOHTaKTHOM MHOTOOGpa3nH, TpaHCBepCalbHOM
KOHTAKTHHIM THHEPIIOCKOCTAM;

2) JexaH poBa NOJMHOr006pasus L B 9TOM KOHTaKTHOM MHOT006paduy;

3) raaakoi runepnopepxHoctu ! B L, BAoab koTopoii H uMeeT KacaHne
nepBoro nopsaika c L.
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Mpur 6yem n3ydaTh pocToK Tpuaiul B Touke O € [.

Onpepencuane. Jescandposvism #no2006pasuem, noporcoénnvim mpuadot
(H,L,l) 6 O, HasuBaeTcsa 06pa3 pocTka I B Toyke O Nojx ZeHCTBHEM IpPO-
€KUM BJ0JbL XapaKTEepHCTHK runepnoBepxHocTd H.

Ipamep 1. PaccMoTpum KoHTakTHoe MHorooGpasue J!(M,R) l-crpyit
(YHKIHUH Ha PUMaHOBOM MHOrooGpasum (Ges xpad) M, cHaGXEHHOM IJaj-
KOH TAnepnoBepXHOCTBI0 OM (MBI MOoXKeM CiIHTaTh M eBKAAZOBHIM NpOC-
TPAaHCTBOM; NOAXOJAT Jax<e CIydail eBKIHAOBOM ILIOCKOCTH),

Ypasuenne Mamuabrona—~fAko6u (Vu)? = 1, onucrBaiomee pacnpocTpa-
HeHue B M BO3MYIlLIeHHMil C e[HHMIHON CKOPOCTHIO, onpeaeaser B J! (M, R)
runepnosepxnocts H. PaccMoTpuM Ny4ok reofesudeckux Ha M, oproro-
HANbHBIX HEKOTOPOM M'HNePNOBEPXHOCTH B dM; KaXad reoJe3nieckad Na-
paMeTpH3oBaHa PacCTOAHHEM S [0 >TOM rullepnoBepxHocTH. PaccMoTpum
BCe BO3MOXHHIE Npojo/keHus dynkaun s ¢ OM na M. Muoroo6pasue
l-cTpy#l Bcex npoJoJKeHuid Bo Bcex TodKax OM sBigeTcs JeaHIPOBHIM
noamHoroo6pasuem B J1 (M, R).

ITo noAMHoroo6pa3ne nepecekaer H BIoJAL MHOr006pasus 1-cTpy#l Ta-
KMX NpOCIKeHHH, NPOH3BOJHAA KOTOPHIX BAOIb HOpDMand K OM paBHa
wymo. O6o3HavuM TO Nepeceyenue depes I.

Teopema 1. Tpotixa (H, L,l), nocmpoennas no zunepnosepruocmu M
PUMAHO6G MHO2006pa3us M U No NYuxy napamempulosanuuzr zeode3uye-
cxuz Ha OM, ssaremca xowmaxmuot mpuadod.

JeiicrBuTennHo, nopagok kacaHus H c¢ L Bgoab | paBeH 1, Tak Kxak
METDHKA HEeBBIPOXKJEHHO BHIIYKJIa.

3ameuanue. B ofosHavennax puc. 101, nocrpoenne L no ! cuMMeTpHIHO
noctpoeHuio y no ! (cummeTpus nepecrtaBiser oTobpaxenud I u II; na
puc. 101 | m306pakeHo He Ha BepTHKAJIBHOU OCH TOJBKO PaiH IKOHOMHUH
MecTa).

Teopema 2. Jeacarndposo mnozo06pasue, nopodcoénnoe mpuadot meo-
pembi 1, COCTROUM U3 KOWMAKIMMLIT IAEMENIIO8, KACAIOWUICA Pponma 6
3adaue 06 06Tode npenamcmeus (MO MHO2000PA3UE BAONCEHO 6 MHOZO-
06pasue OPUENTIUPOSARNBIT KORMAKMNBIZ daemenmos na M).

HoxazarenncTBo. CmoTpr §7.2, TeopeMa 5.

Jlas onnCaHUS HOPMalbHHIX OPM KOHTAKTHHIX TPHaJ Mhl HCOOAB3Y-
€M ecTecTBeHHhEe KOHTaKTHHE CTPYKTYPH Ha HeJéTHOMepPHHX NPOCTPaH-
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CTBaX MHOTOYJIECHOB C eJHHUIHLIM CTAPLIMM Koo ¢pungerToM. Ml BaduHa-
eM ¢ MpocTpaHCcTBa GuHaPHBIX HOPM HEYETHOH CTelleRH, CHabXKEnHOoro ecTe-
creensol (S [y-MEBaDHAHTHON) CHMIIEKTHIeCKOH CTPYKTypoH (cM. §1.1).

[IpoekTHBH3ANHA 3TOro YETHOMEPHOrO NPOCTPAHCTBA JaéT HEe1éTHO-
MepHOe IpOeKTHBHOe NpPOCTPAHCTBO I'HIeploBepxXHOCTeH (T. e. (-MepHBIX
nogMuEOoroo6pasnil) GHKCHpOBaHHOW HedETHOH CTeleHH Ha IPOEKTHBHOH
NpAMOH. ’

KocopToronaibasie JONONHEHHS K pajHyc-BeKTopaM oGpasyioT G L;-
AHBaPHAHTHOe MoJie FEIePIIOCKOCTel B IPOCTPAaHCTBe HeHYIEBLIX GHHap-
HHX (opM. ITO Hole onpefelseT Hojde THNEPIIOCKOCTeH B IPOEKTHBHOM
npocTpascTBe (-MepHEIX MoAMHEOrooGpa3uil pUKCHPOBAHHOH CTeneHH Ha
NPOEKTHBHOH NpAMOH. ITo Hole THNEPINOCKOCTeH H eCThb KOHTaKTHAs
CTPYKTypa. OTa KOHTaKTHaA CTPYKTYpa eCTeCTBeHHa (MHBapHaHTHA NOJK
IeHCTBHEM I'PYINNH NPOEKTHBHEIX Npeolbpa3oBaHHH NpAMOH Ha HpOCTPaH-
cTBe (-MepHEIX NOAMHOroo6pa3nil GUKCHPOBAHHOW CTeNEHH).

Jlns sBHOT'O ONHCAHHA TOH KOHTAaKTHOH CTPYKTYPH HCHOJb3yeM KOOp-
AuHATH (P, q) Ha ad@HEHEOH JacTH HAUIEro IPOEKTHBHOIO NPOCTPAHCTBA
paamepHOCTH d = 2a — 1, cocTosme# #> (-MepHHIX NoAMHOr0OGpas3Hil, He
cofepkamux “GeckoHedHo yaaundHHY” TodKy Zz = oo. Takde mogmHoro-
o6paansa MOryT GHIThL 2ajalsl ypasHenueM f(z) = 0, rge

f=ea+qeea-1+ ...+ gata — Patac1 + ...+ (=1)'m (*)

(rme e; = 7 /j!, a 3Haxn nepex p; Yepenyiorcs). Jlerko gokasniBaeTcH

Teopema 3. Ecmecmeennas KORMAKMHAR CMPYKMYPA NPOECKMUEHO20
npocmpancmea 0-nodmnozoobpasui onpedesena 1-gopmoti

a=pd¢ - ¢ dp' —dp,
2de p' = (p2,---1Pa), ¢ = (G2, -+, Ga)-

Onpegenenne. Heimpaabnotd z2unepnoseprnocmbio ofHONapaMeTpUIec-
KOH Ipyninsl KOHTAKTHHX Xu(¢peoMOopdU3IMOB Ha3bIBaeTCA THIEPHOBepX-
HOCTB, B ToYKaX KOTOPOH BeKTOp CKOPOCTH IDHHAJNEXKHT KOHTAKTHOH T'H-
nepnaockoctd (a(v) = 0, rie v — BeKTOp CKopocTH, & = () — ypaBHeHHe
KOHTaKTHOH I'HIepIIOCKOCTH).

[Ipeanmonoxum, 9To HeHTpaibHai FHNepHOBePXHOCTh TPaHCBEPCANbHA
KOHTAKTHHM runepiaockocTaM. OpOuTH IpyNNb Ha HeHTPalbHOH rHOEp-
[OBEPXHOCTH ABAAIOTCH €€ XapaKTepHCTHKAMH.

CABEIH MHOTOWIEHOB BIOJL OCH T [eHCTBYIOT Ha NPOCTPaHCTBE MHO-
ro4neHos (*) ¥ COXPaHAIOT KOHTAKTHYIO CTPYKTYPY.

I |
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Teopema 4. Heilmpaabnas eunepnoseprrocme 3adaémca ypasnenuen

k=20, ade
2

k=pz+p3qz+.--+paqa21+%-

JedcTBaTENbHO, KOMICHERTH NOAA CKOPOCTEH I'PYNNBI CABHCOB BIOML
OCH T TaKOBBHL:

‘?i= qi-1, Pi= —Pit+1, TAE Pat1 =Go, 1 = 1.

Tenept MBI rOTOBRL IPUBeCTH HOpMalbHble GOPMbI KOHTAKTHLIX TPHAX.
OH¥ onpelelfloTcs ¢ IOMOLIBIO HelTpaibHOH rHnepnoBepxXHoctd k = 0 B
KOHTAKTHOM MHOI0o00pa3Hd MHOIOWIEHOB (*) I JeXKaH [PoBa MHOroo6pa3us
MHOTO4JIeHOB, UMEIIAX B HyJle KOpeHb KPaTHOCTH He MeHbUICH a.

Teopema 5. Tpoixa
(H:k=0, L:p=0, l:p=g,=0)

Aeagemca Konmaxmuol mpuadot 6 npocmpancmee R2*Y cuabacénnom
xoumaxmunotd cmpyxmypoi

AR 1 3.0
a=pdq —qdp —dp.
[loKa3aTeabCTBO ABIAETCA NPOCTOH NPOBEPKOH, OCHOBaHHOH Ha BHIpa-
XeHWH Aid k (npHBeféHHOM B TeopeMe 4).

Onpegenenne. KonrakTHad Tpuala TeopeMbl 5 # ocoBoe JexaHaApoBo
MHOroo6pasne, onpefeiseMoe €10, Ha3LIBAIOTCA Cmandapmuoti KoHmaxm-
noti mpuadoti B R2%~! u cmandapmubisu ocobviu aescandposvim mnoz2o06pa-
Juen.

Pa3aMepHOCTb 3TOro CTaEJapTHOro MHoroo6pa3us paBHa m = a — 2.
O603Ha98M CcTaRAapTHOE 0coboe JeXKaH ApoBo MHoroobpasue gepes L™,

N3 Teopemsl 5 BhiTeKaeT

Craegcreue 6. Cmandapmmuoe ocoboe aexcandposo muozoobpasue L2
COCTROU U3 TRAKUT MHOZOUAEH08 (¥), DAk KOTNOPYIT
q2
— J— a
92=0, p2=-Pags— ...~ Pada-1~ 3"

% KOTnopble UMEIM KOPEHb Kpamuocmu ne mewbwed a. Kowmaxmmuas
CTPYKMYPA KA IMOM NPOCTRPANCIIEE ONpedeasemca ¢ TLomowpio 1-gopubl

o = pll dq” . qll dp” _ dp];
20e tI" = (q37 .. "qa)’,pu = (p3a .. -,Pa)-
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KoM6urupys 3TOT pesyAbTaT ¢ pesyilbTaTaMu §7.3, KacalomuMacs MEoO-
FOWIEHOB C KOPHAMM BBICOKOH KPAaTHOCTH, NoJAy4aeM

Caegcrsue 7. Cmandapmuoe ocoboe aedcandposo muozo00pazue L™
Jufdeomopdro packpelmomy AGCTRONKUNY TE60CTRY PAIMEPHOCTMU T, N0
ecmb MH02006DA3UI0 MHOZOULEHOE 6UJA

2™ L b b ug, = (z— t)m+1 =™ +...)

IIpumep. Ilpu ¢ = 3, npumenss ciejcTsue 6, nosysaeM MHEOrO4YJeHBl

2

a = p3dqz — g3 dp3 — dp.

MHoro4iessl Takoro Baja, UMelolde KOPeHb KPATHOCTH He MeHblieH
3-X, o6pa3yIoT JexXaH IPOBY KPHBYIO

1 4
= = —(z -1 4t) o,
B = {f = gyle-0*a+10)}
TO eCTb
t2 3 t3
Q3=——2', p3—-—‘37, p1——ﬁ.

Jra kpuBasa auddeoMopdua nonykybudeckoid mapabone. E€ ocobennocts
OTBeTCTBeHHA 32 5/2-0C06eHEOCTH 2BOJbBEHT NJOCKAX KPUBHIX B THIHIHOH
To4Ke lleperuba.

3ameganne. Muoroo6pasue $°2 kpasnogmopoano. IlpacBomMm koopja-

HAaTaM CleAyiollde Beca:
deggi=1-1, deg pi = 2a — 1.

Torga degk = 2a — 2, dega = 2a — 1. Muoroo6pasue %% gBisercd

obpa3oM, NoJ ZeHCTBHEM KBa3HOAHOPOAHOr'C oToOpaXkeHus, KOOpPJHHATHO-

ro NpoCTpaHCTBa C Becamd (1,...,a — 2).

Hpumep. [IpE ¢ = 4 xoopaunaTH (g3, 44, P4, P3, P1) EMEIOT COOTBETCTBEH-
Ho Beca (2,3,4,5,7). JlexangpoBo muEoroo6pasue Y2 sBiseTcs oGpasoM
{t, s)-n10CcKOCTH, rAe

degt =1, degs =2,
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NOCKOJBKY
2= {f = -71—'(:0 —t)5(1:2+5t1:+s)}.

9To MHoroobpasue X2 muddeomoppno MHOr000pa3uio MHOIOYJIEeHOB CTe-
nend 6, c PUKCHPOBAHHBIM CTAPIIEM KOIPPHNUEHTOM, HYJIEBRIM CIACLOM H
KOpHeM KPaTHOCTH He MeHbllUeH 4eTpéx.

Onpepenenne. Hadcmpotixod crargapTHoi Tpuain B R2%~! maznpaercs
Tpuaja B npocTpancTBe R2-1, cHabwénnoM KoHTaKTHOM CTPYKTypoH

a=pdd—qdp’—dp, p'=(py....m), ¢ =1(q2- . .,%),
onpefielseMasn creJyiomuaM obpa3om:

2
H:pz+p3q2+...+paqa_1+%“:0, L:ip=0,l:p=g,=0(b> a)

Teopema 8. Pocmxu 6 nyae cmandapmuviz mpuad (u pocmxu uz xad-
cmpoex) ycmotivuest (xax pocmru KoWMAKMHLT Mpuad, paccmampueae-
MBIT C TROWKOCTIDI0 00 KONMAKMHOU IKEUGAAEHTIHOCTRY).

Tpuada obuje20 NOAOHCEHUR AOKAADHO, 6 OKPECTIHOCINU KAHCDOU Ceoet
mouxy, Konmaxmomopdra cmandapmuoti mpuade vau e€ nadcmpoiixe.

Cnegcreue 9. Jledwcandposs mnoz006pasui, 06pa3osannbie KOHMAKMNbI-
MU IAEMENTIAMY, KACAOWUMUCL Pponma 6 munuunoli 3adave 06 o06zo-
de npenamcmeus, ycmotivuevi. B nexomopot oxpecmuocmu w060t ceo-
ell MOUKY ITU MHO2000PA3UA KORTRAKTLOMOPPHLL cCTRANIAPMHbIM 0COBBLM
AENCAROPOSHIM MHO2006PA3UAM (UAU UT HAOCTRPOUKAM); MO €CTb OHU A0-
Kaavno Juddeomopdnol PackpoIMbiM AACTRONKUNBIM TEOCTIAM.

18 fokazaTeabCTBa TeopeMHl 8 JOCTATOYHO KOHTAKTH(PUIHPOBATD Te-
opemy 4 §7.4. A mmenno, BeiGepeM 1-gopMy «, olpegensiomylo KOHTAKT-
HYI0 CTPYKTYPY, AMf KOTOPO# AJpo GopMH do B TOYKaX FRIEPIOBEPXHO-
CT (IepBOM djeHe TPHAJBI) KacaeTCA STOM IHIePIOBEPXHOCTH.

[Ipoexnua KOHTaKTHOrO MHOr000pa3ua (BAOIb HHTErpalbHLIX KPHBHIX
3TOTro NoJd A4ep) olpefeliseT CAMIIEKTAYECKYIO CTPYKTYPY Ha 96THOMep-
HOM NIPOCTPAaHCTBe HHTerpalbHBIX KPHBHIX (06pa3 dopmmul da).

IIpoekTHpys KOHTaKTHYIO TpHajy, HOAyiaeM CHMILIEKTHYECKYIO TPH-
afgy. Hcxoasad KoHTaKTHad TpHala MOXET OBITh BOCCTAHOBICHA IO €&
CHMIUIEKTHIeCKOH IPOEKNHME C NOMOIIbIO ONEPAlNM KOHTaKTH3an#d (KO-
GaBieHneM 3HAYeHUs NPOH3BOJAINEH (YHKUHA JarpamieBa MEOrooBpasus
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B KadecTBe HOBOH koopiuHaTH). I[IpEMenss 5Ty ofumyl0 KOHCTPYKUHIO K
CTaHAApTHOH CHMIUIeKTHdYecKod Tpuajge (3 TeopeMmul 4 §7.4), momysmm
CTaHJapTHYIO KOHTaKTHYI0 Tpualy TeopeMul 8. Teneps Mul MOXeM npuBe-
CTH K BOpPMaJbHbIM GpopMaM 0CoOeHHOCTH l-rpacpHkoB QYHKIHH BpeMeHH
(eToT 1-rpaduk sBiIfeTca nogMuoroobpasneM B J 1(M,R), cocToamum u3
1-cTpy#t MEOro3HadHOH (DYHKIHH BPEMeHH).

I'padux l-cTpyit ¢yskume Bpemen: (B §7.2, puc. 101, o6ovHavenHblk
qepes I') o6pasoBan XapakTepHCTHKamH runeplobepxaocTd H (B §7.2 060-
snadaemon qepes SJ!(M,R)), nepecekaomuMa MHEOrooGpasme ! TpHALBI
(H,L,!) u3 Teopemnl 1 (cM. Teopemy 10 B §7.2).

PaccMOTPHEM 3aj4ady o6 o6Xofie NpeNATCTBHA, B KOTOPOH NpenATCTBHe
orpaHHieHo THNAYHOH rEleploBepXHocTbio M B pEMaHOBOM MHOr00Gpa-
sug M. Ha OM paccMOTpEM THHHYHEIH NY90K Ieoje3HYeCKHX, Hapame-
TPH30BaHHLIX PAaCCTOSAHEHAEM § OT JaHHOHW rumepnobepxsocTs B M. ITor
1y9oK onpejelseT dbyHKNHIo Bpemenn Ha M (coBmajgaiomyio ¢ s Ha IM).

Teopema 10. Muozoobpazue I' l-cmpyi Pynxtyuu epemenu 10KaAbHO
KONMAKMOMOPPHHO MHO2006PA3UI0 MHO20UAEHOE (*), UMEIOWUT KOPEHD
Kpamuocmu, npesviutawwel a.

Yinomany i Bhile ZuddeoMopdHsM oTnpasifeT l-cTpyd ¢pyHKIHH
BpeMeHH B To4YKaX Jio6oro ¢puKCHpPOBaHHOrO Jy4a {T. e. B TO9KaxX HKCH-
POBaHHOH reojesmdeckoil Ha M) B MHOrowleHH (*), Doaydalommecs APYr
43 Apyra CABHIOM BJOJIb OCH T.

JokasareabcTso. Ilo Teopeme 1, Tpoiika (H, L,l), mocrpoessas mo s,
ABAAeTCA KOHTaKTHOH TpHajgoi. ODTa TpHaja — obilero nojoXXeHus, IpH
YCIOBHH, 9TO NPENATCTBHEE M MYyYOK Ieofe3MiecKHX Ha HEM HAXOAATCH B
obieM nonoxersnu. CregoBaTedbHo, 3Ta TPHAJA JOKAaJIbHO SKBHBaJIeHTHA
TpHajle TeopeMul 5 (10 TeopeMe 8; HaM ‘He Hy)KHBI HaJICTPOHKH, TaK KaK
MBI MOXeM PacCMaTpHBATh B KadeCTBe HOPMaJibHOH (POPMHI POCTOK CTaH-
KapTHOH TPHAJHl B IPOH3BOABHOH TOUKE).

Jlas TpHaxH A3 TeopeMbl 5 MHOTO0Gpa3me | COCTOMT H3 MHOTOYIEHOB C
HyJeBHIM KOpHeM KpaTHOCTH, IpeBhllaiomed ¢. XapakTepHCTHKHE THIep-
nosepxsocTd H #3 TeopeMbl 5 aBAAIOTCA Op6HTAMH CIBHIOB BAOIL OCH T
(mo Teopeme 4). OpGHTH Todek u3 | 3aMeTalOT MHOroobpasde MHOro9ie-
HOB (*), HMEIOIIAX KOpeHb KPaTHOCTH, NIpeBIalomeid a, 1To H TpeGopa-
JIOCh JOKa3aTh.

Hakonen, MuI IpEBeIéM ABHEE POPMYIBI 11 ocoGeHHOCTeH MHOT006pa-
3UH KOHTAKTHBHIX 2JeMeHTOB, KacaloluXcid (PpOHTOB, H 1-rpacdHKoB PyHK-
LEH BpeMeHH, a TaKXe Jid 0COOEHHOCTEd COOTBETCTBYIOIIMX HOXMHOLO-

S
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0oGpa3uil B IPOCTPAaHCTBAX MHOIOYICHOB HeI8THOH CTeleRH,

z"-}-a]z"_l-}-...-}-an, n=2k+1.

EcrecTpennan (SLy-HEBapHaHTHAA) KOHTAKTHAA CTPYKTYpa Ha 3TOM NpPO-
CTpPaHCTBe oNlpejeieHa ypaBHEHHEeM

Ei!j! (-1)'a;da; =0, raei+j=mn, ag = 1.
W3 Teopem 10 u 8 BriTekaerT

Creacreue 11. Munozoobpasue 1-cmpyi @dynxyuu epemenu obujezo no-
aodcenus 6 3adane 06 06Tode NPENAMCINEUR 6 M-NPOCMPAKCINGE AOKAALHO
Konmaxmomopgden 0cobomy AeNaAndposy MHO2006PAIUI0 MHOZOUAEROE

(z - t)m"'2 (zm_l +...)

6 NPOCTPARCTNEE MHO20UAEH06 cTmenent N = 2m + 1, cnabrcennom ecme-
cmeennod xonmaxmuoti cmpyxmypot. Ozpanuvenue Gynxyuy épement Ha
amo nodmnozoobpasue umeem eud ta; + const; mouxu Puxcuposannozo
AYUa COOMEEMCMEYIOM cO6U2aM 6J0ab OCU T HEKOMOPOZO PUKCUPOEANHO-
20 MHO2ONAEHA.

CueacrBue 12. Mn02000pa3ue KONMAKMHDIT OJAEMENMOE TMUNUNKHOZ0
Pponma 6 mununnot m-meprot 3adave 06 06T0de NPENATNCTNEUA AOKGABHO
KONMAKMOMOPPHO 0CO60MY 4eHanIPOBY MHO2000DAUI0 MHOZOUAEHOE

"+ 2"t a, 02" 4. 4 ag= (¢ — )™t (z™ 1 4 .. J

6 NPOCTMPANCTIEE MHO20UAEHOE CMENEHU 2M C Ap-] = 1, cHabrHcEnHOM
ecmecmeennot KONMmaAKmuol cmpyxmypoi
Do (~1) 1+ j)aida; =0 (2de0<i<n,i+j=n—1)

3ameganne. B [166] u [170] cooTBeTcTBYyIOIHEEe GOPMYALI BHIIHCAHKEL He-
NPaBHIBHO.

CTpyKTypsl caMHX THIHYHLIX (PPOHTOB H I'padpukoB GyHKIHH BpeMe-
HHE B MHOT'OMEpPHHIX 3ajadaXx o6 o0Xoje NPenATCTBHA HE HIBECTHEI, faxe
TONOJOIHYEeCKH.

Hanpumep HemspecTHO, ABAfeTCA I (GYHKNAS MHHHMAILHOIO BPeMeHH
B THOHYHOM 3akade o6 ofxole NpelaTCTBHA TONOJOTHIECKH 3KBHBaJeHT-
Holt ¢pyakuuE Mopca. DTo cnpaBeJIHBO A COOTBETCTBYIOIMEH KOHeqIHO-
MepHOH 3aJaYH: TONOJOIHYeCKH (GYHKNUH MAKCHMyMa B MHHEMAaKCa

fly) = max F(z,y), f(z) = minmax F(z,y,2)
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ABIAIOTCA pyaknuaMu Mopca, npu yciosuu, 4To cemelicTa F ABIAIOTCH
cemelicTBaMu GYHKIMH 06IEro NONOXKeHHA Ha KOMOAKTHHX MHEOroo6pa3n-
ax (Maros [181]).

HemsBecTHo Take, cipaBeiius J¥ B 3ajade of obxoae NpensTCTBHUA
OOWIMH NPUHENHN “XPYNKOCTH Xopollero”, COMMAacHO KOTOPOMY B OCOGHIX
TOYKaX 'PaHANLl MHOXKeCTBa “XopownX” 00beKTOB HanpaBleRHA “maoxux”
Kedopmanui o6pa3yioT Goliee HONOBHHBI NIPOCTPARCTBA BCeX HAPaBICHHI.
fcho, TeM He MeHee, 4To B 3ajade 06 o6XoAe MpemATCTBHAA “XopowHe”
00beKTH ~— 3TO HeJOCTHXKHMBIE.

7.6. I'mnepukocasjpaibHas 0Co6eHHOCTH

PeayapraTs sTOro pasgena 6bam noaygenn O.I1.1ep6akom [6], uba mo-
CMepTHaA CTaTha [144] cofepXHUT Bce AokasaTenbCTBa. Iinepukocasdpos
Ha3bIBaeTCH NPaBUIbELI 600-rpanaukK B eBkiInJoBoM 4-npocTpancTe. Jis
Toro 4To6H onucaTs ero 120 BepuiMH, MBHl Ha4HEM C TPYNNBl BpallleHHH
o6uITHOr'0 HKOCAdApa. JTa I'pylIa, cocTofinad a3 60 3J]eMeHTOB, ABAAETCH
noarpymnod B SO(3). [eyancraoe makpniTue SU(2) — SO(3) comocra-
BIfeT IpylNe BpalleHul HKocadapa nogrpyunny B SU(2), HasniBaemylo Gu-
HapHotl zpynnot uxocasdpa. E€ 120 snementor maxogaTes B SU(2) ~ S3.
Ux Brimyknas 06oJo9Ka ¥ €CTh HIEPHKOCA3JP.

I'pynna cuMmeTpu#i runepuxocasipa nopoXkAeHa 4 OTPaKeHHAMH eB-
KIHJI0Ba NPOCTPaHCTBa. JTa IPylNa oTpakeHUHd o6osnavaeTcd depes Hy.
CooTBercrByoman auarpaMma [bHKAHA:

5
*— 0 — 0 — .,
rje 5 obosnavaer yroa 7—n /5. Ipynna H, cogepxxut 1202 snementos. Oxa
AeHCTBYeT Ha BepUIMHAX THIEPHKOCAZAPA KAaK JeBoe H IPaBoe YMHOXKEHHe
Ha DJleMeHThl GHHADHOH Ipynnsl (ClefoBaTelbHO, 3Ta [PyNNa H30MOpPGHA
IpAMOMY NIpod3BeJenAIo GnHapHOE MPyNNH HKOCa3Apa Ha cebs).

I'pynna Koxcrepa Hy He fBAfeTcs KPACTaMLIOrpagpHIecKod: oHa He Co-
XpaHfeT HEKAKY1O PellETKY B eBKJINJOBOM 4-pocTpatcTee. TeM He MeHee,
OHa CBA3aHA C peméTkodl Eg, #3 KOTOPOH MOXeT GHITH CKOHCTPYHPOBAaHA
clexyomuM obpa3oM.

PaccmoTrpum mmarpammy [sinkuna Eg, croxenHyio Kak Ha pHC. 109.
Kaxfas Touka npejcTaBiieT 3epPKalo, TO €CTh OTpaKeHHe B eBKIHJOBOM
8-mpoctpancTee. [fIBa oTpaxkeHHs «, § KOMMYTHpyloT. MXx mpomapege-
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o ¢ e
Puc. 109. MlocTpoenne rpynnsr Hy Eg
no pewérke Eg P 5 2 &
5
OmmaQ—O——0 H4

HHe af — OpToroHaNbHOE NPeoGpa3oBaie 8-IPOCTPaHCTBa (COXpaHsioee
pemérky Eg). Yerripe nponssegenns af, ¥4, ¢, 76 nopoxaoT noarpyn-
Iy rPyNIsl OPTOroHaNbHBIX NPeo6pa3oBaiil, COXpaHAOmMHUX PelséTKy Fg.
Herpyano BugeTs, 4T0 9Ta moArpynna maoMopdpra Hy.

Taxum o6pazom, ckraaniBanme, #d06paxkénnoe Ha puc. 109, ompesge-
AfeT mpeicraBlehde rpynnel Hy B eBKIHZOBOM 8-mpocTpaHcTBe (Coxpa-
Hilowee pewérky Eg). OTo mpeicTaBlende NPHBOJEMO. A HMeHHO, 8-
IPOCTPAHCTBO ABIAETCA OPTOrOHANBHOH CYMMOH ABYX 4-X MePHBIX IpPO-
CTPaHCTB HENPUBOAUMLIX IpexcTaBienmit rpynnnl Hy. Takum oGpasom,
rpyuna oTpaxennd Hy ABlIdeTcd Ipynnod, NopeXKASHHOR 4 NPON3BeAeHHA-
MH, NpABe ¢ HHHIMH BhIllle, IeHCTBYIOIeH Ha 4-X MepHOM (Hppal#oHalbHOM)
IPOCTPAHCTBe HEeNPHBOAHMOrO IpeJCTaBlcHH.

OTa cBa3b MeXAy Hy u Eg CTaHOBHTCA peljaiolleil IpH H3y9eHHH JHC-
KpuMHHaETa H4 (aBasfiowerocs airebpaudeckodl rHNEpIOBEPXHOCTbHIO B
OPOCTPalCTBe op6UT rpynnu Hy).

3ameganne. [[pyrue mekpucraliorpagudeckne rpynns Kokcrepa MoryT
GHTH onpefelednl NOJOOHOH KOHCTPYKNHEH CBOpavYHBaHHS JPYTHX AHa-
rpamm [IbiEKHEa, NoKa3aHHOH Ha puc. 110: Ay — Hy, Dg — Hs,
Ap—1 — Ir(p).

Tobe L ZAM;

& Hz ;)——OH.’: _5 Iz(F) CL

Puc. 110. CxnagpiBanusa ggarpamm JuHKnna,
Nopoxjalomye rpynnbl Ha, Ha, I2(p)

OnuuieM IUCKPAMHEHAHT rpynnsl Hy.
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Teopema 1 (cM. [144]). Jucxpumunanm epynnoi ompaxcenut Hy donyc-
Kaem napamMempu3ayui0

ta = z,
tig = zz+4+ y2/2,
to = zy’+2%/2,

tso = zylz4y%/5+2%/3,

2de ty — 6baaucnvie uneapuanmui (k — cmenens) u (z,y, z) — napamempot
¢ eecamu 2, 6, 10.

Ha puc. 111 auckpumumnanT Hy m306paxén B BHAe NmepecTpOHKH ero
ABYMEPHBIX ceYeHHH (M306pakeHbl THIHIHEE CEYeHHS TpeMs NapaJlelb-
HBIME TPEXMEPHEIMH NPOCTPAaHCTBaMH).

Teopema 2 ([144]). Bugypxayuonnas duacpamma wnysei cemeticmea
Pynryui

5
T
f(z,y) = Tt az®(s2y + 512) + 2 (529 + 512)* + v° + 5209 + 530,

3asuciujezo om “empéz napamempos (s3, 512, 520, 530) (a # 0), umeem dse
KOMNOHENMB, KaKcdai u3 xKomopuiz Juddeomopdna Juckpumunanmy Hy.

Ecau a =1 uau 2/3, mo smu dee zunepnosepznocmu cosnadarom.

Omobpancenue (C*,0) — (C8,0), undyyupyrowee smo cemeticmso us
sepcabroti deopmayuu ocobennocmu Eg, seasemcs (#oxasvnbin) 640-
dcenuem.

Ecau a = 2/3, mo smo omobpascenue omnpasasem Sudyprayuonnpo
duazpammy cemeticmea na cmpam 4A; Juckpumunanma Eg (vempoie ne-
MopCcoscKue mouxy), xomopuil, caedosameavno, dufdeomopfen Juckpu-
Munanwmy Hy.

Ecau a = 1, mo amo omobpadcenue omnpasssemn budyprayuonnyro
Jduazpammy cemeticmea Ha cmpam (A141)(A141)(A141)(A141) ducxpumu-
nanma Eg (vembipe napvi odunaxoewiz xpumueckus nanenuil), xomopuit,
caedoéameanbno, maxace Jufdeomopden ducxpumunanmy epynne Hy.

3amevanne. IlogoGubie pesyapTaThl Bepnl u ais Hy; u H;. CooTser-
CTBYIOL{HE CeMeACTBa

L 4 asad+sBe+y?+s0, a0,
5
T tazdy+ay’ oy’ sy +s0, @’ # 4

§7.6. I'unepuxocasdpaavras ocobexrocms
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Puc. 111. JuckpumunadT H4 Kak nepecrpoilka NOBEpXHOCTH
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EHAYUHPOBAHHBl M3 BepCalbHLIX ledopmanuii Ay u Dg. Caytai a = 2/3
COOTBETCTBYeT CTpaTy 2Az AHCKPHMHHAHTa A4 M cTpaTy 343 AMCKpHAME-
HanTa Dg. Caydait a = 1 coorsercrayer crpaTy (A1A:1)(4141) muckpu-
MuHaHTa A4 B cTpaTy (A1A1)(A141)(A1A4,) aackpumusanTa Dg.

JucKpAMAEAHTH HelIPHBOAUMBEIX KPHCTAMIOrpadhHIECKEX rpynn Kokec-
Tepa ABIAIOTCA (PPOHTAMH COOTBETCTBYIOMIUX JeXKaR APOBHIX 0CoGeHROCT el
(cM. §3.2). Ora cBasb 6rLIa pacliHpeHa Ha HeKpHCTallorpadudecKue Ipyn-
nul [uBerTaneMm [8]. Haumém co crefyioiiero o6o6mennsa Teopuu Jlgmko—
Jlosenru.

PaccMoTpaM rooMopdroe BeKTOPHOE N0JE HA npocTpaHcTBe opbut Ck
HenpuBogumol rpynnsl Kokcrepa. [ducKpAMHEHAHT sBifeTcs ocoGoil ru-
[IepIOBEePXHOCTHIO B 3TOM NpOCTpaHCTBe. Ero KacaTelbHad IJIOCKOCTDH B
Hyle ollpenenena ypapHeHHneM dip = 0, rjlie ¢;, — GasHCHHIH HHBADHAHT HaH-
BhICLIeH cTeleHH h. DTa cTenenb h Ha3HBaeTCA “uCAOM Koxemepa.

Teopema 3 (O.B.Jlauiko [159], A.B.Tuentans [8]). Bee zouomopdusie
6EKTIOPHBIE TOAR, 6 HYAE TMPAHCEEPCAAbHBIE OUCKPUMURANMY, AOKAALHO
2oaomoOpPro Ixeusadenmnbl (m. e. mozym 6vimb npeobpasosarvi dpyz e
dpyea 4oxaibnbim JuBPeomopPusmon, cozpansoujuM Jucxpumunanmuyo
2UTLEPTLO6 EPTHOCTND).

Pacemorpuu Teneps noxanbroe paccioerue (C*,0) —+ (C*~1,0) npo-
CTPaHCTBA OPGHT Ha TPAEKTOPHH THIHHOIO [ONOMOPQHOrO BeKTOPHOIO
nona (TPaHCBEPCalbHOrO THCKPHMHHEAHTY). TpaeKTODHH, mepeceKaiomHe
AUCKPUMHHAHT HeTPaHCBepCalbHO (IlepecedeHHe COCTOHT H3 MeHee, IeM k
TodeK), 06pa3yioT rHNepPIOBEPXHOCT B IPOCTpPaHCTBe TpaekTopmi CF-1.
ITa I'ENepIOBEpPXHOCTh HA3KIBAETCA budyprayuonnot duaepasmmoti Pynsx-
yud (TepMHH 06bACHEH B §5.3).

,

Teopema 4 (O.B.Jlawko [159], A.B.I'usesTans [8]). Boicuwue 2pynnst 2o-
somnonut donoanenus Gudyprayuonnot Juazpassnt dynxyut nenpueodu-
#ot epynnwi Koxcmepa W mpueuaabubi, mozda xax @Pyndamenmaivran
2pynna searemcs nodzpynnoti xoneunozo undexca & zpynne xoc u3 k Hu-
med. Hndexc amot nodzpynnu pasen

k! ¥
4
(2de |W| o6o3nanaem wucao saemenmos epynnvi w).

Kaycruka ocobensoctr Hy (SBASIONIAfACH 4acThio 6u}pypKanHOHHOH
AHATPaMMbl pYHKIHH, COOTBeTCTBYOWEH pe6py Bo3BpaTa IHCKPEMHHAKT-
HOH T'HIepNOBepXHOCTH) H306paxcena Ha puc. 112. B C3 ara NOBEPXHOCTH
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COCTOHT H3 OGhIYHOro 30HTHKAa Hj M CIOXXEHHOT'O 30HTHKA Ao; 30HTHKH
HMeloT B3aHMHOe Kacasue nopsagka 3 Biaoas auann Hs.

Puc. 112. KaycTuka Hy

Byxrem paccMaTpuBaTh OUCKPHMHHAHT KakK IPadHK “MHOrO3HAYHOH
¢dyaxnun” ma CF-l. MpoxecTBo NoKarbHEIX “ruddepeHnuarop” >Toi
“pyrkuun” o6pasyeT Jarpamxepo MEoroo6pasue B T*C*~1. CooTsercTny-
olee JeXaHApoBo MHoroo6pa3ne 06pa3oBaio KOHTAKTHLIMH dJIeMEeHTaMH
C*, xacalomuMuaca THCKPAMHAHAHTA.

Teopema 5 (A.B.I'msenTtann). Jazpanicesa npoexyus 4a2paHICe6a MHO-
2o06pa3us, coomeemcmseywujezo z2pynne Koxemepa, npocma. Coom-
6EMCMEYIOUWEE AAZPANIHCEEO MHO2006pasue JuPdeomopdno npouseedenuo
xpueoti p2 = ¢’ na zaadxoe mnozoo6pasue, r onpedeasemca u3 caedyrouei

mabauybi:

epynna | Ag, Dy, Ex | B, Cy, Fy ] Hy l I(m)
r | 1 | 2 | 3 |m—2

H obpammno, 410668 NPOCTIAR AAZPARICEBL NPOEKYURA AGZPAHNCEEL MHO-
2006pazus, JufPeomopfnozo npoussedenu’v NAOCKUT KPUBHIT, AOKGABHO
IK6uUBAIEHMNA TipoexYyul, NOPOdcOénnot epynnot Koxemepa (uau e€ mpu-
suaabrol nadcmpotixe).

3amedanue. 3jech cIoBo “mpocToe” 3HAYAT, 4TO JarpaH:keBo oTobpa-
wenne L < T*B — B, rge L — Puxcuposannoe MuorooGpasue (GHTb
MoXeT ocoboe), He HMeeT Moayded (T. e. Bce JarpamKeBhl IPOEKIHHE ITOrO
MHOroo6pa3us, ZocTaTodHo GAA3KHE pacCMaTpPHBaeMOMY OTo6paKeHHIO,
JIOKaJlbHO (B HEKOTOPOH OKPECTHOCTH IPOH3BOJNBHOR TOYKH) DKBHBaJEH THbI
IIPOEKIHA W3 HEKOTOPOI'o KOHEYHOro cnucka)l).

Y Onpepenenne Tepuuta “mpocToil” B [8] HEMHOTO OTAMYaeTCA OT JAHHOTO 34€Ch, HO
pe3yJbTaT BepeH B OGOHX CIydasx.
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IIpumep. JlarpamxeBo MHOoroo6pasue, cooTBeTcTBylomee Hy, HMeeT cBo-
el e[MHCTBEHHOH OCOGEHHOCTHIO 06HTHOE pebpo Bo3spaTa (r = 3). Cre-
fOBaTelbHO, eHHCTBEHHO BO3MOXHOH 0COGEHHOCTDHIO JieXKaH APOBa MHOIO-
o6pa3ns, o6pa3oBaHHOro KacCaloEMHECA THCKPEMHEAETA Hy KOHTAaKTHBIME
dfleMeRTaMH, fABIAETCA NoNyKyOudeckoe peGpo BoampaTa. CloXHad oco-
GeHHOCTD, H306paxénnan Ha puc. 111, oTpaxaeT TOT akKT, 4TO NpoeKnHsA
3Toro JeXaHApoBa 3-MHEOroo6pasus 3 7-MepHOr'o IPOCTPAHCTBA KOHTAKT-
HBIX 2IeMeHTOB B 4-MePHOoe NPOCTPaKCTBO, CofepXKalllee THCKPHMHHAHT, He
ABJIAeTCA THOHYHOM.

Taxum o6pa3zoM MBI NPHULIH K 3ajade KIaCCHPUKANHH JeXKaHAPOBHIX
IpOoeKIHH JeXaH IPOBEIX MHOr006pa3uil ¢ monyky6uieckuM peGpoM Bo3-
Bpara. HavméM c npocreiimero ciydas, B KOTOPOM JeXaHIpOBa KpHuBas
C noxyKyGudeckodl TOUKoH BOIBpaTa NPOEKTHPYETCA Ha IIOCKOCTH BXOAb
CIOEB JeXKaHJPoBa paccloeHu.

Teopema 6. Jlewcandposa xpusas ¢ noayxybuvecxod mouxot eo3epama
TIPOEKMUPYETNCA KA KPUBYIO ¢ ocobennocmbio Hy (umerowet mouxy 603epa-
ma nopadxa 5/2), npu ycaoeuu, ¥mo xacameabnas x 4edncandposoti xpueoi
6 TMOuKe 6036PAMA HE BEPTIUKAILHE (M. €. He co6NAJAEMm ¢ HANPGEACHUEM
ca0s). Taxan npoexyus 4eicandpo6o IK6USAIERMHE NPOEKYUY MHONCECTL-
6a KACAIOWUTCA KPUsol T° = y? xKowmaxmuwz daemenmos Ha camy amy
KPUsYIo.

3ameganme. TakuM o6pa3oM, eXHHCTBeHHOH oCoGeHHOCTBIO JeXKaHApo-
BOH IPOEKIMH THIHYHOH JeXaHAPOBoH KPHBOH C NONYKyGHIecKol ToIKOH
BO3BpaTa ABIAIOTCA TOYKH BO3BPaTa nopAAsKa 5/2 (B o6pase Todek Bo3Bpa-
Ta NPOEKTHPYeMOH JeXaHJPOBO# KpHBOi) M nopaika 3/2 (B o6pase Todek,
B KOTODAIX KPHBad MajKas, HO HalpaBleHa BePTHKAIbHO).

U3 aT0r0 3aMevaHNA BHTEKALT, 4TO KPHBad, IPOSKTHBHO LBOACTBEHHAL
THOHIHOH IIOCKOH KPHBOH C TOYKOH BO3BpPATa MOPAAKa 5/2, AMeeT ocoben-
HOCTH 3TOrO XKe THNA (aBTOABOHCTBeHHAA 0OCOGEHHOCTE). DTO HEeBepHO A
HEKOTOPHIX HeTHIHYHHIX KPUBHIX; HanmpuMep, aud “HopmaibHoH dhopMul”,
onpenenénnoil ypasaenueM y = z5/? B adpunEEX KoopiuHaTax. [eflcTBH-
TeAbHO, COOTBETCTBYIONIAA JNeXKAHAPOBa KPHBAA KACAeTCH CIOSB BTOpOro
KaHOHHYEeCKOIo JeXaH poBa paccioerud PT*P? —ys P2+,

KpuBas y = 22 4 25/2 gaxogurca B 06meM nonoXkeEnn no OTHOUICHHIO
K 060MM KaHOHMYeCKHM paccioenuam PT*P? — P? y PT*P? s P2+,
H JBOHCTBeHHAd e KpuBas HMeeT ocoGemHocTh Hy nopx,m(a 5/2, nudpdeo-
MOp(HYI0 0COGeHHOCTH HCXOAHOH KPHBOH B HYyJe.
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PaccMoTpaM JlexXaHAPOBH NIPOEKIHH JeXaH JPOBLIX IOBEPXHOCTEH ¢ no-
nyKy6udeckuMu pébpamu Bo3BpaTa. Camo pebGpo ABAfeTCH IajKoH mHTe-
rpallbEOH KPHBOH paclpelefieHus KOHTaKTHHIX IockocTed. Tunadnas mu-
TerpafibHad KpHBad KOHTAKTHOH CTPYKTYpPHl HHrAe He BepTHKajibHA. Cle-
JOBaTeJbHO, e NPOoeKIds ABILeTCA [NafKod KpABOH, KoTopas JoKalbHO MO-
XKeT OwITh Opeobpa3oBaHa B npaMyn IudgeoMopdusaMoM 6GazoBoro
3-npocTpancTBa. Of6beMiiomee KOHTaKTHOe MHOroo6pa3He H ero JexXaH-
JPOBO NPOEKTHPOBaHHE MOI'YT GHITH OTOXIECTRIEHK C PACCIOCHHEM KOH-
TaKTHBIX 3JeMeHTOB 6a3bl. JlIeMeHTH, COOTBEeTCTRYIOLINe peGpy Bo3BpaTa,
MoryT GITH cAelaHb NapasilelbHBHIMH IPH IOMOIUHM HOBoro JAHd¢deomop-
$hH3Ma, COXpaHAIoIIero ONUCaHHYIO BHIUIE IPAMYIO.

B o6mei Touke peGpa Bo3BpaTa KacaTelbHble IIOCKOCTH JeXKaHAPOBa
MHOr00Gpa3Hs He BepTHKAJIbHEL (He IepeceKaloT KacaTelbHble MIOCKOCTH
cnoés). Oxnako, B HEKOTOPHIX To4KaX peGpa Bo3BpaTa OHH MOLYT CTaTh
BePTHKAaJIbHEIME (11 THIHYHOH JieXKaH JPOBOHl NOBEPXHOCTH € peGpoM Bo3-
BpaTa TakKHe TOYKH H30JHPOBAHHEL H COOTBeTCTRYIOLee oTobpaxenue peGpa
B JarpaHXeB I'PaCCMaHHaH KOHTAKTHOH TMHNEpILIOCKOCTH TPaHCBepCaibHO
meiidy?) narpamkeBoll IIOCKOCTH, Kacalomedca cios). ITa cATyanus Io-
poXjaeT ocobennocTs Hs.

PaccMoTpuM THnudHOe pacclioeHue Ha IJoCKocTd GasoBoro 3-mpoct-
pancTBa. PPOHT Haliero JexaHJpoBa MEOroo6pa3ns nepecekaeT dTH CIOH
BJOJIb INIOCKHX KPHUBHIX. KOHTaKTHEIE 2MeMeHTHI Cllod, CofepiKalllge Kaca-
TelbHble HaNpaBJeHHAA K JNi060H W3 TakuX KPHBHIX, o6pa3yioT JeXXaHApo-
BO MHOroo6pa3ue B TPEXMEPHOM KOHTAKTHOM IPOCTPAHCTBe KOHTAKTHEIX
9JeMeHTOB IJIOCKOCTH. JTO JeXaHAPOoBO MHEOroofpasHe ABIASETCA JeXKaH-
OPOBBIM KpaeM HCXOXHOH JeXaHApoBoH noBepxsocTH. OHO HMeeT noiy-
KyOH1ecKyio TO4Ky BO3BpaTa B TOYKe, COOTBETCTBYyIoIel peGpy Bo3BpaTa
HCXOAHOH NOBEPXHOCTH.

TakuMm 06pa3oM MH IOCTPOHWIH OJHONAapaMeTpHYECKoe CeMeHCTBo Je-
YKaH JPOBBEIX KPHBAIX B IPOCTPAHCTBaX JeXaHXPOBLIX PACCIOeHUH KOHTAKT-
HBEIX 3I1€MeHTOB INocKocTH. B Todke BosBpaTa M0G0l KpHBoH KacaTelbHasd
npaMad DPHHAJJICKAT KOHETAKTHOH IJIOCKOCTH B 5To#l Todke. [Jas Tunua-
HOr'O 3Ha4eHHA NapaMeTpa KacaTelbHad NpAMad He BePTHKalAbHa (He coBIa-
JaeT ¢ HanmpaBienneM clos). OfHako, 111 HEKOTOPHIX 3HAYCHHHA NTapaMeTpa
9Ta KacaTelbHad CTAHOBHTCA BepTHKaJabHOH. B cooTBeTcTByolleHd TouKe
nosBifeTca ocobeHHocTh Hs.

2 [l setifom NarpamxeBa BEKTOPHOTO NPOCTPAHCTBA HA3HBAaeTCA MHOrooGpasme He
TpaHCBEPCANLHKEX €My JarPaHXKEeBHX BEKTOPHHX HPOCTPaHCTB (T. e. IPOCTPAHCTB, ne-
peceveHre MCXOZHOrO JarpamXeBa HPOCTPAHCTBA ¢ KOTODHMH COJEpXHT HeHydeBOH
BEKTOp).
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JloKabHO OTOXJECTBHM Hallle 3-IPOCTPAHCTBO JeXKaHAPoBa paccloe-
HHS ¢ IPOCTPAHCTBOM 1-cTpyH pyHKIHH OXHOH NepeMeHHOH,

JYR,R) - J°(R,R), (z,4,p) (z,9).

Tak kax BJOXb NeXKaHPOBHIX KPHBHIX dY = p dz, ME MOXKEM BOCCTaHOBHTH
5TH KPHBBIE IO HX JaIPaHXeBhHIM NPOeKNHAM (Ha IOCKOCThb (z,p)). DTh

- JarpaHXKeBHl KPHBBIE HMEIOT NONYKyGHdecKde TOYKH Bo3BpaTa B HyJe. /s
JleXkaBIpOBOA KPHBOH 06IIero NoJoKeHHs KacaTelbHaf B 9THX TOYKAX He
BepTHKaJIbHA, HO OHAa CTAHOBHTCHA BePTHKaIbHOH (dz = 0) npH 3nadveHmax
napaMeTpa, cooTBeTCcTBYloumux ocobensoctun Hi. IlepecTpoiika cooTBerT-
CTByIOILeH JlarpaHKeBoll KpuBo#l u3oBpakena Ha puc. 113.

P P P

45>0 4=0 4<0

Pac. 113. TlepecTpolika H3 narpanxeBuiXx KPUBEIX ¢ TOYKAMHE BO3BPATa

Ipuamep. p = t2, z = t3 4+ st2, rge s — napaMeTp. CooTBeTcTBylOman
JleXXaHApoBa KpHBaf:

p=t%,  z=1¢+st? y:/pdz:-g-t5+§ét3.

DPpoHT sB/IfETCA KPHBOH B (Z, Y)-INIOCKOCTH, apaMeTpHYecKH 3aTaHHOH
dopMynaMu
z =t 4 st?, y:§t5+2st3.
5 3

Ang s = 0 ¢ponT B Hyle uMeer ocobennocth Hy nopagaka 5/2, rie nexan-
JApoBa KpHBasjg HMeeT NoJAYyKYyOHiecKylo TOIKy Bo3BpaTa, # ocobennocTp Ag
B TOUKaX, Ille leXXan[poBa KpUBasd IMajKad i BepTHKalIbHAs (3t +25=10).
IlepecTpoiika ¢porTa H306paxkena Ha puC. 5. 3aMeTénHas GPOHTAMH IO-
BEepXHOCTb B TpéxmepHoM “mpocTpancTBe-BpeMment” {(z,y,s)} Auddeo-
MopdHa TucKpEMEHAHTY Hj (cM. puc. 102). OTa noBepXHocTh ABISeTCS
TakKXe ()POHTOM COOTBeTCTBYIOLIEH JeXKaHAPOBOH IOBEPXHOCTH ¢ pebpoM
BO3BpaTa.
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DToT IpuMep AoCTaBIfeT HOPMajbHble (POPMbI THNHYHBIX JeKaHApoO-
BEIX DpoeKIuH MoBepXHoCcTH ¢ peGpoM BO3BpaTa, ocobenHocTel e pponTa,
ero pasloXeHHs Ha JHHHHM YPOBHA THOHIHOH PYHKUMH H THNHYHHIX Nepe-
CTPOEK JleXXKaHJPOBLIX IPOEKIAH JeXKaHAPOBRIX KPUBHIX C HONYKyOHdecKu-
MH TodYKaMH BO3BpaTa.

Hpeaynpexaeame. IDTOT INpHMep He AaéT HOPMajibHOH (POPMEI' Nepe-
CTpOeK IpOeKIHH 4a2Pandiceebit KPHBEIX, 9TO TolbKo NpEMep. B camom
Ielie, PACCMOTPHM JBa, CIOA T = Const, He TpaHCBepCATbHLIX JalpaHKeBOH
KpHBo#i. BMecTe ¢ KpuBoil oHHE orpasuduBaioT jAse Liowand, ((u(s),v(s))).
CooTBeTcTBY Ot KpuBad B (u, v)-IpOCTPaHCTBe HHBAPHAKTHEIM o6pazoM
cBA3aHa C JarpamxeBo#l HepecTpoiikoil. OHa MeHseTcs, OfHAKO, OT OJHO-
ro ceMeficTpa K gpyromy. Takam ofpa3oM, JarparikeBa nepecTpodka Hz
EMeeT GYHKIAOHANBHRIA MOJYJIb.

3ameuanne 1. JuckpumunanT Hj jokaabHo Zuddeomopder obbeiune-
HHIO KacaTelbHHX K IPOCTPAaHCTBeHHOH KpHBOH

(JIawxo [4]) nam 10601 KpHBOH
z=85+..., y=s3+..., z=ss+...,
rje ToiKu o6o3HaqaloT craraeMule Golee Boicokux nopsaikos (Illep6ax [5]).

3aMedanne 2. B npoekTHBHOM IPOCTPAHCTBe PacCMOTPHM NOBepPXHOCTH
¢ ocobennocTbio Hz. s Takoi nosepxsocTm ofllero noJoXKeHHsA IBOH-
CTBeHHad loBepXHOCTL HMeeT ocobernnocTh Hy. OfHako, OBHa MOXKeT AMETh
ocobenrocTh H3. DTo cobhiTHe HMeeT KOpa3MepHOCTH 1 (B IPOeKTHBHOM
IPOCTPaHCTBE OHO CIYYaeTCA B THNHYNLIX OHONAPaMeTPHIECKHX . ceMeli-
CTBaX NOBepPXHOCTeR ¢ 0coGeHHOCThI0 H3 I/la HEKOTOPHIX OTAeNbHEIX 3Ha-
9eHHH NapaMmeTpa).

HOuckpumupanT H,, Tak ke, Kak # JACKDEMHHAHTH Hy um Hz, mo-
XeT 6GHITh ollMCal KaK oCOOeHHOCTh THIHYHOI'O (PPOHTA JeXKaHAPOBa MHO-
roo6pasus’ ¢ Noaykyb6mseckum pe6poM Bo3BpaTa (Pa3MepHOCTH 2 B Cly-
qae H4)

Pe6po Bo3BpaTa ABAfAETCA JBYMepHOH HHTerpalbHOH MOBEPXHOCTHIO
KOHTaKTHOR CTPYKTYypHl 7-MepHoro ofbemiiomero Mporoo6pasus. [as
ocoforo JnexaHjgposa MHoroo6pa3us obilero NoJoXeHHs, B H3IOIHPOBaH-
HEIX TOYKaxX TaKad [OBEPXHOCTb ABIAeTCS BepTHKanbHOH (KacaeTcd clos
HEKOTOPOro (pUKCHPOBAHHOIO JI€XaHIPOBa PAcCIOeHH ).



260 Taasa 7. 3adaua 06 06T0de npenamcmeus

B camoM gene, npoeknus pe6pa Bo3BpaTa B COOTBETCTBYIOIIEE CHMILICK-
THYeCKoe 6-MHOroo6Gpasne (BAONb HHTErPAIbHEIX KPHBHIX NOIA AJAep AHG-
(epeHnHATa KORTAKTHOH (QOPMBI) ABIAETCA H30TPONHOH 2-10BEPXHOCTHIO.
I'paccmanoBo MHoOrooGpasne H3OTPONHEIX 2-IIOCKOCTeH B CHMIIEKTHYe-
CKOM 6-npocTpaHcTBe AMeeT pa3MepHocTh 7. Illneid ¢ukcupoBannoro na-
IPaH)KeBa NOIPOCTPaHCTBa (06pa3oBaHHOrO TeMH H3OTPONHBIMHA 2-II0C-
KOCTAMH, KOTOPhIe He TPaHCBepCalbHEl HCXOAHOH 2-IIOCKOCTH) HMeeT pa3-
MmepHOCTh 5. KopasMmepHocTh wutelicpa pasra AByM. KacaTeabHBe mioc-
KocTd pebpa Bo3BpaTa NapaMeTpPH30BaHH ABYMs Napamerpamu. Ciefo-
BaTelbHO IIOCKOCTh CTaHOBHTCA (TPaHCBepCalbHO) BePTHKAIbHOH B He-
KOTOpHIX H30IAPOBAaHHEIX TO4Kax peGpa Bo3BpaTa (34eCh MK HCHOAB3YeM
TeopeMy TPaHCBepCAIbHOCTH, OCHOBAHHYIO Ha CIOPBEKTHBHOCTH “oToOpa-
xermua ['aycca”, ornpamagiomero H3oTpolHoe NoAMEOroo6pa3ne C BhIie-
JeHHOH TOYKOH B KacaTelbHOe MPOCTPAHCTBO B 3TOH TOYKe, CABHHYTOE
B Hadalo KOOPAUHAT 06beMIIolero eBK/IH 0Ba CHMIIEK THYECKOI'O IIPOCT-
paHCTBa).

Takum o6pa3oM, pe6po BO3BpaTa THIHIHOIO TPEXMEPHOIO JeXKaHIPo-
Ba moAMHOroo6Gpa3nsd BePTHKAIbHO B HEKOTOPHIX M30JIHPOBAHHEIX 0COGBIX
(H4) TouKax.

Jlexxan IpoBa Npoeknus peGpa Bo3BpaTa B 3TAX TOYKAX EMeeT ocoBeH-
HOCTb. JTa 2-NOBEPXHOCTH B 4-IPOCTPAHCTBE MOXeT OLITH NapaMeTPH30-
BaHa clefylolaM o6pa3oMm:

1,

12
typ = —c¢°, t30=§C .

2
Bzoxb aToii noBepXHOCTH GPOHT MMeeT peGpo BoaspaTa (Ha) mopsxka 5/2.
Takum o6pa3om, ocobennocTs cTpaTa Hy ¢pporTa Hy — PacKphITHIE 30H-
THK (cM. §5.6).

t2 = a, tiz = ac,

3amegannme. Taknum o6pazoM, cTpaT Hy B 4eTEHIpEXMEepHOM IPOCTpPaKCTBe
op6buT rpynns orpaxenuii Hy nguddeoMcpper KoHOpMAILEHOMY pacciaoe-
HHIO NoayKyGuieckodl napaGolsl. Brino Obl HHTEpPeCHEIM IOHATEH IPOUCXO-
XJIeHne COOTBETCTBYIOMEd CAMIIEKTHYeCKOH CTPYKTYPHI Ha NPOCTPaHCT-
Be op6HT ocobenrocTn Hy (CBA3aH AH TOT (PaKT, 9TO OTKPHITHIE 30HTHKH
BKJAABIBAIOTCA B IPOCTPAHCTBA, Pa3MePHOCTH KOTOPHIX KpaTHA 1eThIPEM,
C CHIePK3JIepOBLHIMH CTPYKTYpaMu?).

BepréMca K JexxaHIpoBYy MEOI006pa3fio Pa3MepHOCTH 3 C JByMepHHIM
peGpom BosBpaTa H,;. KacarelbHHe nmiockocTE K 3ToMy MHorooGpasuio
B ToYKaX peGpa Bo3BpaTa MOryT GBITh BePTHKAIbHLIMH (KACAIOMIHMHCH
cios). [Jna ocoboro nexanipoBa MHOr006pa3ni oO6LIETO NONOKEHHS ITO
ClIyYaeTcA B TOYKaX HEKOTOPOH KpHBoi. CooTBeTCTBylomas 0COGEHHOCTD
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¢porTa — Hs (¢pporT nokansHo guddeoMopder NPOU3BeJEHHI0 JACKPH-
muHaHTa Hj3 Ha npaMyiwo). OrTa Hi-kpuBas Ha pe6Gpe Bo3BpaTa COLEpXKHT
ocobyio Touky THna H, u ABnseTcs riajkol B aTok Touke. [Ipoexnns sron
riaagkoil KPHBOH OCTaéTCA MMafKoil: 3Ta NpoeKnas ecTh H3-cTpaT auckpu-
munanTa Hy (0Ha coBNajaeT ¢ oCbIO ¢12 BBeIEHHMLIX BhIE KOOPAHUHAT).

JuckpumunanT Hy MoXeT GBHITH OIACAH KaK MepecTpoiKa B ofHONIapa-
MeTpHiecKoM ceMeHcTBe ocobennocTenl H3 (moJo6HO TOMY KakK JHCKPHMH-
HauT H3 6bL1 oNMCaH B BUAE NePECTPOHKH B OJHONAPaMeTpHIeCKOM ceMed-
cTBe ocoGeHnocTell Hp). DTo onncakne oCTaBIAeTCA THTATENIO.

3amedanue. [pyroe onucanme JHCKpHMHHaHTa Hy Obllo NolyteHo
O.I1.1Ilep6akoM: pacCMOTPHM CeMeHCTBO KPHBBIX

2 +4° + ugz®y + u122° + usoy + ugo = 0.

3Ha4eHds NapaMeTPOB %, COOTBETCTBYIOMHAE 0cOOLIM KPHBLIM, 06pa3yioT
rANepHOBEPXHOCTh B 4-IpoCTpaHCTBe. JTa HIEpPHOBepXHOCTH HMeeT ABe
HellpHBOJAHMBbIe KOMIOHEHTHI, OJHa H3 KOTOPHIX AudpdeoMopdpHa AUCKpH-
MuHanTy Hy.

[IpuBeaénnble (GOpMYJILl ONUCHBAIOT BIOXKeHHe JoKalbHOH anreGpal Dy
B JOKaAbHylo aarebpy Eg, HHAyHUpYHOliee Ha HepBoH Takylo Xe rpany-
HPOBKY, KaK M Ta, KOTOpafd 3aJaéTci CBOpadMBaHHeM HHBAPHAHTOB Ipyl
nst Hy. Jrosameqanne (cm. [98], §9, saMeqanue 7) GBLIO OTIPABHOH TOYKOH
uccaexoBanui [IlepGakoM ocobGennoctr Hy.

7.7. HopmanbHHe ¢opMbl 0coGeHHOCTeH B 3aJa4de 06 06xo e
npenaTcTBUA

OnpegenuM ceMedcTBo “GYHKIUA IIHELL, 3aJaHHLIX Ha MOBEPXHOCTH Ipe-
narcreusg. IlapameTpoM 3Toro ceMedcrBa 6yJeT CIyXHTb TOdkKa 06beM-
Jqolero MEOroo6pasui. 3Hadende QYHKUAH PaBHEO CyMMe PacCTOfHHA OT
HagalbHOro MHoroo6pasus “dcroinuka’ (BAOJb Feoje3niecKoil Ha OBepX-
HOCTH [PeNsTCTBHS) H PACCTOAHAA 10 KOHeIHOH TOYKH 06beMAolero MHO-
roo6pasus (BXoab reojjesndeCcKodl 9TOro MEOroo6pa3ns; Mul IpenoiaraemM,
9TO 3TH ciaraemsle raragkee). OcHoBEbIM HabaiogerHeM Teophu [lepGaka
06 06Xxo/fe NpenaTCTBHA ABIgETCA

Jlemma. Kpamuocmu xpumuneckuz moNex HyHKyuu 0aunbt YEMMHDL.
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[Jloka3aTenbCTBO HETPYAHO YCMOTPeTh M3 puc. 114: mpocreimed oco-
GeHHOCTbIO QYHKUMH JIHHH OT 1 IHepeMeHHOH ABAAeTCA KyGmdecKas (As)
0Cco0eHHOCTD, TaK KaK (pyHKIUA MOHOTOHHA.

Vi F

Xo Puc. 114. I'padpuk
X bysknad pas F

Xy X, X

KpaTsocTn Golee croxubix ocobenHocTedl GYHKUHA IIHHLL PABHEL V-
BOeHHOMY 9HCIY HpocTeHmux (Agz) ocoGeHHOCTEH, HA KOTOpPHeE HCXOTHAA
0co6eHHOCTD pacchIaeTcs Hocke HeGoabIIOro HeBelenus (CINTad, pa3yMe-
eTcs, # KOMIIeKCHbIe 0COBeHHOCTH).

B nmpocTpancTBax BepcaibHHX fedpopManuil pyHKOHH C IPOCTHIMH KDH-
TuieckuMu TodkaMu O.I1.1ep6ak Hamén (MakcEMalbHKE) CTPATH PYHK-
un#, KPHTH9eCKHe TOYKH KOTOPHIX HMEIOT 9€THEIe KPATHOCTH.

Teopema 1 ([144)). Jhoboe maxcumaabtoe neocoboe nodcemeticmeo RY -
sepcaabnot dedopmayuu pocmxa npocmot Pynxyuu Rt -sxeusaaenmuo od-
Homy u3 cemeticme cnucxa Ilepbaxa:

Er(C Az) [FF+qur 2+ 4+ qeoq)?dy,
Q(C Dai) FwF 14 qu*3 + ..+ qeogu + 2)2 du + gr_22? + gr—12,

A3(C Es) 22 +y*+qy?+qy,
A(C Eg) 2+ + a1y’ + 0y’ + a3y,
Hy(C Ey) z3+fé’(u2+qlz +q2)2 du + qzz.

3amedanue. [ledopmanus Dy comepXHUT eillé ofHO MaKCHMalbHoe MOJ-
ceMelCTBO (9KBHBaJeHTHOE MOACEMEHNCTBY, Yka3annoMy B cuucke). Jedop-
manmn Fg n Fg cofepxaT Takxke B ocobhle moAceMedCcTBa (0TCYy TCTBYIOLIHE
B APYIHX CIy4dafX).

PaccMOTpHM JarpankeBsl oTo6paXKenus, COOTBeTCTBYIOIHE [1pHBEIEH-
HbIM ceMeiicTBaM. CemelicTBo F'(z;¢) onpegenseT JarpaikKeBo HOLMHOIO-
obpa3ne

oFr JgF
{(p,q) | 3= . = 0P= B4 |
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B IIPOCTPaHCTBe KoKacaTeabHoro paccroesus T*R5~1 3 RF-1
(r,q) — g

Teopema 2 (A.B.Tueenrans [8]). Cuedyroujue cemeticmea u3 cnucxa
lepbara nopoxcdarom npocmeie sazpandicessvi omobPaNCEHUA:

Ex (k> 3), Q (k > 4), Hy (k=2,3,4; Hy = 5y, H3 = Q3).

Coomeemcmeyiouie 4a2panicess MHO2006PA3UR AGARIOTRCA NPOUIEEJeH Y-
AMU d-MEPHBIT PACKPHIMBIT AACTMOMKUNBIT T60CTNOE U 24GIKUT MHO2006Da-
autl, 2de d onpedeastomes u3 mabauysl:

ce.uedcmeol =k | Q IH;c
d le—1]k-2] 1

IIpocmoe aazpandiceso omobpadcerue npoulsedenus PacKpuimozo Aa-
CMONKUNG T60CTNA NPOUIBOABHOY PasmepHoOCTRU Ha 24adxoe MHo2006pasue
AOKAABRO INGUEAAEHTIHO 00NOMY u3 omobpadceruts Zx, Qr, Hy (wav mpu-
suaabnol Hadcmpolre 004020 U3 HUT).

AsHrExEmte

Puc. 115. [puMbikarus . w, 3‘u"\ ~
[POCTHIX JlarDaHXeBHX NpoeKnuil A<—H<—Q<—525<—
PACKPBITHIX JACTOYKHHHX XBOCTOB 2\ 3\ l’

<

3ame1anne. - [IpaMbikanng 2Tux ocoGennocrell n3obpakensl Ha puc. 115.
HocregoBatensuocts (Hy, H3, Hy) cOOTBeTCTBYeT ONHOMEDHOMY PaCKpHI-
TOMY JacCTOYKHHY XBOCTY, TO e€CTh HOJAyKyGuieckod napabone. CooTBeT-
CTByolllee JarpaHXkKeBo MHoroo6pasme uMeeT Noaykybmdeckoe pebpo Bo3-
BpaTa. Crefylowmas nociefoBaTeibEocTh (Z3,)4) cooTBETCTBYET ABYMEP-
HOMY PAacKpPHITOMY JacTOYKHHY XBOcTY. JleBaa mociegoBaTeibHOCTH
(A1, Az, A3) COOTBETCTBYeT HYJIbMEPHOMY PAaCKPHITOMY IaCTOYKHHY XBO-
CTY, TO eCTh [MaJKHM JArpPaHKeBHIM MHOroo6pasdaM. JTH IpoeKTHPOBa-
HHUA AMeloT oObI9Hble JarpanKeBhl ocoGeHHOCTH, paccMoTpenHble B §1.3.

Hcnonpays ecrecTBeHHBIe CUMIJIEKTHIECKYIO H KOHTAKTHYIO CTPYKTY-
PH IPOCTPAHCTB MHOT'04/eHOB, MBl MOXeM IpeAcTaBHThH HOpMalbHbIe Pop-
MH Z 1 {2 TeopeMH 2 B HECKOJIbKO H3MeHEHHOM BHJe.

Cayd9an Z,41. Ha9aéM ¢ CHMIIIEKTHIeCKOrO TPOCTPAHCTBA MHOTOLICHOB

(§1.1)

2t 4 g2 L+ ag,.
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MgBorousennl, EMelolline KOpeHb KPATHOCTH, IpeBhIlIaiomed n, o6pasyior
JarpaH)XeBO MHOTOOGpa3de — PACKPHITHIM JaCTOYKAH XBOCT pa3MepHo-
CTH 7.

PaccMoTpeEM JarpaHkeBo paccioende

(a1, ...,82,) — (a1, ..., an).

IIpoexTHpOBaAEe PACKPHITOrO JACTOYKHHA XBOCTA BAOIb CAOEB 3TOIO Pac-
ClIOeHAA ABIfeTCH JalPaHXeBHM OTOOpaKeHreM.

Teopema 3. Jwboe munuusoe 4a2pariceso NPoeKmMUPOSANUE AOKAALHO
NPUBOTUMO K YKAZANHOMY 6bIWE 6UDY AOKAALNDLY CUMTIEXTIOMODPUIMOM,
COTPAHAIOUUM PACKPHIMbITE AACTNOYKUN T60CT (6 HEXOTROPOt oxpecmnocmu
€20 GepluNby).

Hanpamep, nmpoexkTrpoBaHde Z,,; H3 TeopeMhl 2 OPEBOJAMO K 3TOH
HOPMaJBbHOH ¢opMe.

CooTBeTcTByOIad KaycTHKa (06pa3oBaHHad NPOeKnHed 0COGHX TOYeK
PaCKPHITOIO JaCTOYKAHA XBOCTA, TaK KaK B 3TOM clydae JarpaHXXeBO MHO-
roo6pa3me HArJe He KacaeTCA CJIOEB) ABIAETCA OOLIYHEIM JACTOYKHHBIM
XBOCTOM pa3MepHOCTH N — 1 (3TO NpOeKTHPOBaHEe SKBABAJEHTHO KPaT-
HOMY AHdpepeHNAPOBAHAIO MHOI'OYIEHOB).

Cayua#m Q4. Jiaa ondcanms oco6erEoCcTH 2,41 PACCMOTDEM IPOH3Be-
JeRre PacKPHITOrO JaCTOYKHHA XBOCTA Pa3MepPHOCTH 7y Ha NpAMYy0. Mu
6y/ieM Ha3LIBATEH TO NPOU3BeJeHHE YuaundPos. ITOT N-MePHEIA NATAHAD
ABAZeTCA TalPaHKeBHIM MOAMHOr006pa3HeM MPOCTPAHCTBA, MHOTOYIEHOB

2+ a12? " .+ ag, (1)

CHabXKEHHOIO eCTeCTBEHHOH CAMILIEKTAYECKOH cTpykTypod §1.1. PaccMma-
TpHBaeMOe Jal'paH)XXeBo HogMHoroobpasge o6pa3oBaHO MHOI'OYJIeHAMH ¢
KODHeM KPaTHOCTH, NPEBHILAIOIIEH ©.

PaccMoTprM JarpamxkeBo paccioeHue

(a1,.-.,a9) = (a1, ..., an-1, an41).

IlpoexTEpoBaRde Hallero AIAHAPA BIOIb CIOEB STOTO PAaCCIOEHAL — Jar
rpamxeBo oTo6paskeHue.

Teopema 4. J060e munuunoe AG2PANICESO DPACCAOENHUE, CAOt KOMOPO-
20 uMeET 06Ujee KACAMEAbHOE HANPABAEHUE C YUAUNOPOM 6 TNOUKE AUNUU
6EPUIUN, AOKAALRO NPUSOOUMO K YKA3AHKOMY 6bllle 6UTY COTPAHMOUUM YU~
AUHOD CUMNAEKTOMOPPHUIMOM.
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Hanpamep, npoektapoBarue (2,41 A3 TeopeMul 2 MoXeT OLIThL NpHBe-
JAeHO K 3TOH HopMalbHOH# dopMe.

KaycTuka 3Toro JarpamKeBa OTOOpaXKeHAA NHAHHADA HMeeT ABe KOM-
noHeHTH. OfHa A3 AEX ABAAETCA O6Pa30OM MHOXKECTBA OCOGHIX TOYeK Ja-
rpamXkeBa MAOIOOODa3uf, Apyrad — MHOXKECTBOM KPHTHYeCKAX 3HaYeHHH
npoeKTEpoBaHud. U3 mpeAhAyliAX TeopeM BHITeKaeT

Cnegcreme. Kayemuxa ocobennocmu Q0,1 Jufdeomoppra Sudyprayu-
onnoti duazpamue npoexmuposantit Cpy.

Budgypkannodnad AuarpaMMa npoekTHpoBanus Cp4) OGhlla onWcaHa B
§6.3 (cM. puc. 92 1 Teopemy 10). DTa gEarpaMMa fBAseTCA CHNEPOOBEPX-
HOCTBIO B N-MePHOM NPOCTPAHCTBe, oNpejelseMOl KaK MAHOXKeCTBO TeX Npi-
MBIX, NapaliedbHLX och b, B (n + 1)-MepHOM NPOCTPaHCTBe MHOTOYJIEHOB

2™ 4 b2+ ...+ bug, 2

KOTOpHIE epeceKaioT MHorooGpa3me MHOIOYJIEHOB C KPaTHHMHE KOPHAMH
He TPaHCBepCAJbHO.

IIpamep. IIpa n = 2 B 3-npocTpaHCcTBe KyOUIeCKEX MHOTOYIEHOB C eld-
HEYHEIM CTapIUAM Kodth¢HIAeATOM MH HaYHHAEeM C IOBEPXHOCTHA U3 MHOTO-
4JeHOB, AMEIOIEX KpaTHHE kopHH. OHa MoXeT GhITh CIPOeKTHPOBAHA HA
FOPH30HTANBAYIO IIOCKOCTh BJIOJAb CeMeACTBa BePTAKAMBHBIX NIPAMAIX (CM.
puc. 92). KacaTeapHad IJIOCKOCTH K NUIAHAPY B HEKOTOPHIX TOYKaX ero
pe6pa Bo3BpaTa BepTHKalbHA. BEPYpPKaNROHHOR JHArPaMMOll NPOEKTHPO-
BaHEA C3 ARAfeTCA KPHBAA Ha POPA3OHTANBHOH IIOCKOCTH, COCTOAINAA U3
npoeknu# pe6pa Bo3BpaTa NHIRHADA U NPOEKNHH KaCATeNbHOH MIOCKOCTH
K UWATEHADY (B TOUKe, I'jfe 5Ta HIOCKOCTh BEPTHKAIbHA).

[Ipz m06oM n 6mdypkalroHRad AEarpaMMa NpoeKTApoBaHEA Chyil
ects MBOoXecTBO {{by,...,bn-1,bn41) | cymecrByer b, Takoe, 4To MHOrO-
4nen (2) TH60 EMeeT KopeHb, KPATHOCThH KOTOPOro Goablie 2, 1260 Ry JeBOK
koperb (b,4+1 = 0)}.

18 Aoka3aTeabCTBa CleCTBAA JOCTaTOYHO ~—1 pas npogadgdepennn-
poBaTh MEOrO4YTeHH (1) A pa3feldTh EX Ha NOAXOAMLIyI0 KoHCTaHTY. Jla-
rpaHXeBO MHOMOOGpa3ie MHOIOYIeHOB (1), HMeIOAX KOpeHb KPATHOCTH
IpeBHIAIOILell 7, MOXeET GHThH CIPOEKTAPOBAHO Ha NUIHHJP, COCTOAMMHA
¥3 MHOTOYJeHOB (2), AMeloIIAX KpaTHHH KopeHb. JlarparxkeBo oToGpaxe-
HHe W3 TeopeMHl 4 IPH 3TOM NPHHAMAET BHJ

(bh ey b‘n+1) — (bla .. *)b‘n—la b‘n+1)

(“3abniBaeM b,”), 4To B TpeGoBalOCh AOKA3ATh.
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Jas maydenus ne>kaHAPOBHIX NPOEKTHPOBAHHA H (PPOHTOB, COOTBET-
CTBYIOIIAX NPABEJEHHKIM BRIl JalDAHXKeBHM 0TO6PaXKeHHSM, KORTaKTH-
3UpPyeM CHMIIEKTHYeCKOe MPOCTPAHCTBO, JalpaHXKeBO pacCIO€HHe o
JarpaHXeBo NoJAMHoroo6pasme. BriGepeM KokacaTelbHOe paccClioeHHe
(p, ) — ¢ B KauecTBe JOKAIBHOR HOPMAILHOH POPMEL TarpaHKeBa Paccio-
erdd. KOHTaKTU3HPOBAHHKIM NPOCTPAHCTBOM ABIfeTCA TOLJa IPOCTPaH-
creo {(p,q;z)} l-cTpy#h dynKumil, cHab)XERAOE KOHTAKTHOW CTPYKTypO#
dz = pdq. JlexaHnpoBHIM MHOP0OGpa3deM, COOTBETCTBYIOIAM JaRHOMY
JarpamXeBy, ABlseTcs MHOroo6pasue 1-cTpy# (MHOrO3HAYHOH) mpod3Bo-

JAied GyHKIHA
z= / pdq (AETerpainl BIOIL NarpaHiKeBa, MHOT006pa3ns).

PpoRT ITexkaHJPOBa MEOT00GPA3HS, 32, JaBAEMOr0 CeMeCTBOM QYHKIAR
(xak B Teopeme 1), sBngeTca 6EPypKanRORHON AL PaMMOR HyJell ceMei-
cTBa (HIH, YTO 3KBABAIEHTHO, [PacbAKOM MHOrO3HAYHON OYHKIAH NapaMe-
TPOB ceMedCTBa, 3Ha4YeHAA KOTOPOH PaBHH KPHTHYECKAM 3HAYeHAAM DyH-
KIH# ceMedcTBa, COOTBETCTBYOIIAM JaHHKM 3HAYeHHAM NaPaMeTpOB).

Teopema 5 ([8]). Jhobbie dsa 204040pPHUIT 6EXMOPHBIT NOAS, TMPANCEED-
carvnbiz budyprayuonnol duazpamme nyseti 4106020 u3 cemeticme =, 2, H
(cm. meopemvi 1, 2), npueodumvi dpye x Ipyey AOKAABLHBIM 2040MOPPHHDBLK
Jdufpeomoppusmon 06semaroueco npocmparncmea, cozpansouum Gudyp-
KAYUORKYIO duazpamuy.

3amevanme. JTa TeopeMa cOpaBellndBa TaKXXe B BellleCTBEeHHO-3,HAJIATH-
YeCKOM ® B I'Ia,AKOM CJly4dae.

Caeacrame 1 ([8]). B 3adaue 06 06z0de npenamcmeus eduncmeennbi-
MU LPOCTLIMY OCOBEHHOCTNAMY PYHKYUYU 6PEMERY AEARIOMCA 0COBERHOCTIU
npoudsodauur Pynxyut aaepancesviz omobpascenut Ay, Dy, Ei, =,
Qk, Hy wau uz nadcmpotinu (nadempotivu ecezda npucymemsyiom 6 cay-
uae Z).

Caegcrpme 2 ([8]). Jonoanenus romnaexcuoiz budyprayuonnvic oua-
epamm Pynxyuti cemeticmes Ty, Qy, Hy seasmomes npocmpancmeamy Itaen-
bepea-Manaetna K(m,1), 2de 1 ecmb nodepynna xonewnozo umdexca e
epynne xoc u3 k nwumed.

IIpamep 1. I'paduk MHOrO3HaYHON QYHKUMHA BpeMeHH, AMeomed ocoben-
HOCTB Ag, H306pakén Ha puc. 66.
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Ilpmmep 2. fABHadA mapaMeTpH3alus HPORTA =,.] MOXKET GHITH noayde-
Ha A3 NPHBEIEHHOH Bhillle HOPMAJILHOK (POPMH JarPaHXKeBOH OCOGERAOCTH
claexyoiaM o6pa3oM. 11 KOHTAKTHOHR CTPYKTYpPHI

dz=pdq—qdp
oTobpakenue
(p,9,2)~ (¢, w=z+pq)
ABNfeTCA JeXXaHAPOBHIM paccioeHdeM. MTax, MH cHaYala PacCMOTPHEM
KOHTaKTHOE IPOCTPAHCTBO MHOI O9IEHOB
€n+3+ q1€2nt1 + - .-+ Gn€nts — Puéni1 + ...+ (=1)*(pre2 — poer + 2),
rae e; =z’ /5l n

2

po = — q1p2+q2p3+~..+qn-1p,.+q7" , dz = pdq— qdp.

Muorouners

a; \"Pzrtaz™ 4+ +a,
(z—n+3) (2n + 3)! !
AMelolllEe KopeHb KPaTHOCTHA Goablueh n+2, 06pa3yioT JexkaHAPOBO MHOTO-
obpasme Z,,1 (koTopoe gaddeoMopdHO P-MePHOMY PACKPHITOMY J1acTOY-
KHHY XBOCTY H KBa3HOJHOPOAHO MMapaMeTPHA30BaHO KOOpIAHATAMH
(a1,-..,a,) c Becamn (1,...,n)).

PaccMoTpEM nexxaHAPOBO paccioeHde

(p’(I:z) — (q,'w=z+pq).

Teopema 8. Jho6oe munuunoe wedcandposo paccaoenie NPoCcmMpPpancmsa,
codeparcarezo 4eHandpos packpbimbiii AACTROVKUN TEOCT, AOKAAHBLU KOH-
MAKMOMOPPHUIMOM, NPUCOOLUUM PACKPLIMbITE JACTNOYKUN TEOCT K YKa-
3ann0t eblwe HOPMarbnot Popme, NPUSOJUMCA K YKAIANHOMY 6bitie 6udY.

Hanpumep, aeoxwandposo npoexmuposanue, Nopoucdénnoe aazpawdice-
6blM NPOEKTNUPOGANUEM TeEOPembl 2, moxcem bbimb npueedeno x maxot
nopmaabnol dopue.

PDpoRT reXaHAPOBA NPOEKTHPOBAHEUA =,4], BO BBeJEHHHX Ballle 060-
3Ha4YeHHAX, ABIAETCA NPoeKnued COOTBETCTBYIOMErO JeXKaHIPOBa MHOIO-
o6pasna. CregoBaTelbHO, OH MOXeT GLITh KBa3HOLHOPOJHO NAPAMETPH3O-
BaH QYHKUAAMH

(91(a), - - -, gn(a); w(a) = z(a) + p(a)q(a)),
c Becamu (2,...,n+1;2n+ 3).
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Mzl nonyynan SBHYIO, HO JOCTATOYHO HENPHATHYIO NapaMeTpPH3ANHIO.

IIpamep. IIyTéM (ZIAHHEIX) BHYACIEHAH MOXKHO MOJAYYHATH, HampaMep,
(cp. ¢ [23]) Takoe

Caeacreme. Ppoum Z3 dupdeomopden noseprrnocmu 6 (A, B,C)-npo-
cmpancmee, napamempunecku 3adannot Popmysamu

A=s, B=t(s+7t%), C=t3(10s% + 189st® + 945¢*).

Ha puc. 116 3Ta noBepxHOCTh #306paXkeHa Kax MpaddK MHOTO3HATHOR
¢ynxnun C(A, B) (11060e BeKTOpHOE N0Je, TPaHCBepPCalbHOE 3TOH OBEPX-
HOCTH B HyJe, MOXKeT OLITh NpABeJieHO K HOPMaabHOH dopMe 9/IC rokann-
HEIM 1A PeoMOPOHEIMOM, COXPAHAIOIIAM 3TY noBepxHocTh). Jlunua caMo-
nepecedendda (HPoHTa T3 ABIAETCA KOMIUIEKCHOH (3TO — HOIYKy6HdYecKad
napabona, caMBoNHYecKH 0GO3HaYeHHad NYHKTHPOM Ha puc. 116).

Puc. 116. Kayctuka ¢ponTa Z3

DporT §24 B306paxkén Ha puc. 117, moxyvennom O.I1.1ep6akom B [144].

Ilpeagynpexgenne. Ha puc. 117 cevenns 3ajaloTca ypaBHeHAAMH BHIa
g1 = const. Ograko, apa 7 > 1 TANEYAaA GYHKOEA B OKPECTHOCTH Bep-
IAREL GPOHTA §),41 He MOXKeT GLITh NPEBeLeHa K ¢ ARddeoMopdA3IMOM,
coxpaadlomEM ¢poHT. 3aJaYa HAXOXKJEeHAA HOPMAJBLHOH (OPMEI, K KOTO-
po¥i IPEBOJATCA THOEIHAA DYHKIHAA B HEKOTOPOH OKPEeCTHOCTH ppoHTA 2,
HACKONIBKO MHe H3BeCTHO, A0 CHX IIOP He pellleHa.

ABHad mapaMeTpu3anad GPOHTA (1,11 HCHOILIYET JEKAHAPOBO PACCIO-
enHe

(@15 3 @ni D1y -+ 1 Pn3 2) = (@1, - -+, Gn1; Pns W),

rhe w = 2z+pi1q1 + ...+ Pn-1¢n—1 — Pngn ¥ KOHTAKTHaA CTPYKTYPa HMeeT
BEXA: dz = pdq — qdp.
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Puc. 117. PporT {I4 B BAjle NePecTPOEK ero cedeRmit

PaccMOTpPEM OPOCTPAHCTBO MHOPOYJEHOB
€msl + q1€2n + ...+ gnéntt — Pnen + ...+ (=1)"(pre1 - 2),

raee; = @’ /3!, j =1,...,2n+1, crabxénnoe O6H4HOH KOHTaKTHOHR CTPYK-
Typoil dz = pdq — qdp. MBoro4iensl, ©Meioillze KOpeARb KPaTHOCTH, IIpe-
BRILIaOIeH N+ 1, 06pa3yioT JexanpoBo MEOroo6pasne 2, 41. STO MHOTO-
o6pasne gudpeoMOpdHO MPOH3BEJEHHIO PACKPHITOrO JACTOYKEHA XBOCTA
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Ha OpAMYIo. 3aNHCHBai MHOTOYJIeHKl B BHJe

a2 1t a1e™ 24 fan
(2n+1)! '
HOJYYHEM KBa3HOJHOPOJHYIO NapaMeTPH3AIHIO DTOrO JeXaHAPoBa MHOIO-

06pasus (Beca NMepeMeHHHIX d;, b; DaBHHI ?).
PaccMOTpPHM Jle)kaHIPOBO pacciOeRHe

(z+b1)

(P, 9:2) 7 (g1, 1 Gn13Pni W =2+ P101 + - - .+ Pa—1Gn-1 — Prn)-

Teopema 7. Jho60e aedcandposo paccaoenue obuje20 NOAONCENUR 6 NPOC-
mpancmee, codepicaujem AeHCaAndposo muozoobpasue, JudPeomopdroe
NPOU3EEdeNUI0 PACKPHIMOZ0 AACTNOYKUNA TEOCTNA HA NPAMYIO, AOKGALNO
NPUEoJUMCA K YKA3ANNOMY 6bilie 6UTY C NOMOWHIO AOKAALHOZO KOWMAK-
momopPusma, npusodiujezo npoudeedente K YKA3aRHOT sbltle HOPMAALHOY
Popue 6 HEXOMOPOU OKPECTINOCTIY TROUKY AUNUYU 6EPUIUH, 6 xomopot xa-
CATMEAbROE NPOCTIPANCTNEO ITNO20 AEHCANIPOBA MHO2006PA3UA 6EPMUKALD-
HO (M. e. umMeenm 06UYI0 NPAMYIO € KGCAMEALRHLM NPOCTIPAKCTIIEOM CAOR).

PpOHT NeXKaHAPOBA NPOEKTEPOBAHHA {2y 1 C HCIONLIOBAHEEM BBELSH-
HBIX BHIIE 0603HaYeHHHA MOXeT GHTD NapaMeTPA30BaH KBa3H0JHOPOIHEIMA
$YHKOIRAMA

q1(a,b), - .., gn-1(a, b); pn(a, b); w(a, b))
Beca KOTODHIX paBHH (1,...,n — 1;n+ 1;2n+ 1).

ITpamep. C moMompio HeKOTOPHX (JIMHHKIX) BREYACAEHHH MOXKHO IOIY-
9UTh, HANPEMEp, TaKoe

Caegcreme. Ppoum Q3 = Hz dudfeomopfen nosepruocmu s
(A, B, C)-npocmpancmee, 3adasaemoti napamempusayter

A=s, B=10t3—-3st2, C=60t5—45st* + 8523

®porT {3 H306paxérn Ha pHc. 118. OH aaddeoMopder TACKPAMHAHAH-
Ty CPYOIH CAMMeTpPHH HKocasgpa {cM. puc. 102).

Jli060e BekTOpHOe mole, TPaHCBepCaNbHOE KacaTelbHOH MIOCKOCTH K
3TOH NOBEPXHOCTH B eé BepUIdHE (C' # 0), ToKaNIbHO IPABOLEMO K HOPMalib-
Holl popme 3/0C xudpdeomopdEaMOM, COXPAHMIOIHEM 3Ty NOBepXHOCTb.
CaenosaTeabro, 0cOGeHROCTh MHOT03Ha4HOH QyRKNUE C (A, B), rpadukoM
KOTOpOH ABIfETCA Hallla NOBEPXHOCTDb, He 3aBACAT OT BHIOOpa BEKTOPHOIO
HOJIA.
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Puc. 118. ®port H;
1 ero KaycTHKa

Az

CooTBeTcTByIOIIaA KayCTHKA COCTOAT U3 2-X MIaJKAX KPUBHIX, AMEIO-
IIAX KacaH®e TpeThero mopafaka. (Kaycrhka coBmnajaeT ¢ 6@dypKanmon-
HOH AWArpaMMoi npoekTupoBauus Cj, cM. pac. 92.)

Tanu4ras ¢yEknus B TpEXMEPHOM NPOCTPAHCTBE, CoJepiKalleM
dporT H3, MoXXeT GHITh NpHBeLeHa K BEXY A + const JOKAJIbHBM Aaddeo-
MODP(HE3MOM, COXPAHAIIIAM MOBEPXHOCTE BPOHTa (ITO ClefyeT U3 OOLIY-
HOH TEOPHH CBOPaYHBAHHA HHBAPAAHTOB [PYIN OTPAKEHHIl).

CrefoBaTenbHO, pasiokeHde rpaduka MEOTO3HAYHOH DYHKIHAH BpeMe-
HA Ha MI'HOBeHHble PPOHTHI (MHOXECTBa yPOBHA (GYHKIHA BPeMeHH) B He-
KOTODPO# oKpecTHOCTH ocoberHocTr Hs npEBeseHo K HOpPMaabHOH (opMe.
Hae 3-mpocTpancTBo MoXeT pacCMaTpHBATBCA KaK TPOCTPAHCTBO-BpeMA
(BpeMa = A), ¥ 3aMeTaHHe NOBePXHOCTH (PPOHTA KPHBHIME A = const
AuddeoMopdHo NepecTpoilke H3 MIrHOBeHHKIX PPOHTOB, ABHXKYIIHAXCA Ha
IIIOCKOCTH, cCofepXKallled NpeniTCTBHE.

Casap dporTa 3 ¢ rpynnoii caMmeTpuil WKOCa3pa NO3BOIAET HAM
BHIIACATh HOPMaJbHEIE GOPMEI NtepecTpoek {13 B GOIBIIAX Pa3MePHOCTAX.
Hdo6GasuM HOBHIe xOOpAREATH D, E, ... ¥ RHANEIPAYECKA DPOLOIKAM JAC-
kpumuHanT. HopMaiapHEe dopMmul dyAknan “BpeMeRn” TaKOBHL:

T=D wie T=A+D*+ E?+. ..

(TEnAYRaA GYHKOHA B IPOCTPAHCTBE, COAePKAlleM NAIRHAD, MOXET GHITh
NpABeJeHa K OJHOH U3 DTHX HOPMAJbHEIX (GopM AnAddeoMOpHHAIMOM, CO-
XPaHAOIIAM NUARHAD, ¥ NpuGaBieAAeM MOAXOAAIICH KOHCTAHTHL).

K coxallerno, He cylecTByeT PPy OTPaX<eHH#, COOTBETCTBYIOLINX
Zn,n > 2 u1m Q,, n > 3. CrefoBaTenbHo, Mbl He 3HaeM JOKaJIbHHEIX HOD-
MaJbHEIX QOpM IIf GYHKUHHE Ha HPOCTPAHCTBAX, COJEepXKAIIAX COOTBET-
cTByomae GPoRTH. B 3TEX cAyyasx MH 3HaeM HopMadbHble GOPME MHO-
ro3HaYHOH QYHKIUH BDEMeHH, B OTAEYIAe OT HOPMAAbHEIX (OPM MIHOBEH-
HEIX ¢GpoHTOB # HX NepecTpoeK. [lepBhIA HepellléHHLIA ChAydah — Zg3.

Wsnoxennad Bhllle TeOPHEA ONHCHIBaeT GOJBLIIEHCTBO OCOGEHHOCTEH,
BCTPevaloMBXCA B 3aja4e 00 06x0e NpenaTCTBAA, HO He BCe U3 HAX (Jaxe
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B clIy4Yae NPeniTCTBEA, OrPAHAYEHHOrO MNAJKOH NIOBePXHOCTBIO, B €BKIH JO-
BOM 3-TIPOCTPAHCTBE), TaK KaK MH NpeHeGperand ocOGeHHOCTAMA CeMelCTB
reofle3ad4ecKNX Ha MOBEPXHOCTH HPENATCTBHA, H TaK KaK Mbl HPeAIIOI0XKH-
I, YTO PacCTOAHHEE O MHOTOOGpa3us “ACTOYHHEKA” ABIAAETCHA DI IKAM.

Han6oxnee cioxnad oco6ennocts (H4) BcTpedaeTcd B ToUke IPAMO#, Ka-
calomeiicd NOBePXHOCTH NPENATCTBAA B NapaboiniecKonl ToOIKe H AMeomel
acCEMITOTHYecKoe HanpabieHHe. (B THnm4HO#R 3agave 06 06Xofe npensT-
CTBHA HampaBJeHHe MeoJe3dIeCKOd HCXOJHOI'O CeMedCcTBa 3KCTpeMallell Ha,
NOBEPXHOCTH NPEeNATCTBHA A ACHMITOTHYECKOE HalpaBleHHEe COBHAAIOT B
HEKOTOPHIX H30AHPOBaHHLIX MapabolnvecKhX TOYKaX.)

I'padrx MHOrO3HaYHOH MYHKOHE BpeMeRH AuddeoMopder XUCKPEMA-
HaHTY H4 B HEKOTOPO# OKPeCTHOCTH “QoKalbHOR” TOYKEA Ha OPAMOH, CPHI-
Balolelca B aCHMATOTAYECKOM HANDaBIeHAH C YIOMAHYTOH BHIlle napabo-
JIHYeCKOll TOYKA — DTO OKOHYaTeNbHHH BBoJ Teopru lllep6aka [144].

Oco6ennocTh §)4 NoABAZETCH B TOYKAX GHACAMIOTOTAYECKOH JAHAHE Ha
NOBEPXHOCTH NPeNATCTBHA, Kacalomelca HeKOTOPOH MeolieaB9ecKol Hallle-
ro ceMeiicTBa eofle3ad4eCKAX Ha MOBEPXHOCTH NpenATcTBEA. ([Jas THOEY-
HOH 3aJa49# 06 06xofe NpenaATCTBAA B 3-IPOCTPaHCTBE KacaTelbHhle Oha-
CAMITOTHYIHLl B HEKOTOPHIX H30JHPOBaHHKIX TOYKaX HOBEPXHOCTH; Pa3yMe-
. €TCH, 3TH TOYKH He ONPeJeNAI0TCA NOBEPXHOCTDIO, a 3aBUCAT OT HaJaJdbHAIX
YCJIOBHH. ) '

7.8. IIpumevyaHme

HexoTophle 3 OCTaBIIEXCA HEM3ydeHHHIMH THIOB OCOGeHHOCTeH B (6ora-
TOH Ha HEX) 3ajade 06 06X0e NPeNATCTBAA HeaBHO HccaefoBal O.M. Mac-
angenxo [189], [190]. Oxasanoch, 9TO PacCKPHITHE JTACTOIKHHH XBOCTHI
BO3HHKAIOT TakoKe B THOHYHEIX CACTeMax Jy4vel Ha Kpae NPENATCTBHA, HO-
POXJAEHHRIX NaJAIOIIER Ha Kpall CHCTeMOH Aygeil o6mero suja B o6beMam0-
I1eM MPOCTPAHCTBE.

IIpaMEle NpOM3BefeHNsA TAKAX OCOGEHHOCTEH MOABIAIOTCA B HOPMalb-
HEIX OpMaX CHCTeM Jy4eH, CPRIBAIOILAXCA ¢ Kpad, eCllA COOTBeTCTBYIOMAA
CHCTeMa, Jyieil Ha Kpae ocoba.

ARaluTHYecKoe ONHCaHAE YCTOAYHBHIX NHPOCTHIX JaCPaHXKEBEIX 0OCO-
6GerHOCTeH, 0606INAIOMEX PACKPHIThE JaCTOYKHAL] XBOCTH H PacKpPHITHE
30HTHKH YHTHH, OpuBejeHo B [188].

rnmy

8 Tparscopmanmm: BOJH,
Oonpe/eJEHHBLIX ranep6oaInieCKAMHA
BapHABHOHHHBIMHA NPAHOANAMHA

B sTo#l raaBe MBl PACCMOTPHM TeOMeTPHYECKYIO ONTHKY BOJH, 3ajaBae-
MBIX THHEHHHIMHE JAdPepeHNHANbHLIMA yPABHEHAAMH AIA CHCTEMaMH Ta-
KAX ypaBHeHH#A. B imHeiHOE TeopHE BOIHH PAa3IHYHOIO THNA (CKaXKeM,
IpofolbHEE B NoNepedHkle) 0GKYHO PAacHPOCTPAHAIOTCA He3aBHCEMo. Of-
HaKo, B HeOZHOPOJHKIX CPeJaX TpaHcdopManui, T. e. npeoGpasoBande (AIH
KOHBepCHA, T. e. “HpeBpaiieHHe”) BOJH Pa3THYHOIO BHJA THOHYHO B He-
KOTOPHIX BHYTPEHHHEX TO4YKaX 06GIacTH, I'le PaCHPOCTPAHAIOTCHE 3TH BOJ-
HHL. JTo “BHyTPeHHee paccesHAe” BOIH BCTPeYaeTcd TaK¥Ke B OMHOPOSHEIX
cpefax (raMEIBTOHOBO KOHEYECKOe NpeloMiIeHEe B KpacTadrax). Opaa-
KO, TeOMeTpHsA BHYTpPeHHErO pacCesHHs B THOAYHHIX HEOJZHOPOJHHIX Cpe-
JAaX CYyILeCTBeHHO OTIMYAaeTCA OT MeOMeTPHHA IaMAIbTOHOBA KOHHYECKOI'O
IpeOMIeHAs, KaK MH HEXKe yBagamL).

Xopolo u3BecTHO, 4TO To6GajibHble KadeCTBeHHLe CBOACTBa IaMHIb-
TOHOBHIX JH(p¢epeHUHAIbHEX YPaBHeHHA CHABHO OTARYAIOTCA OT CBOACTB
OGLIKHOBeHHHX JHMdepeHIAAMIbHEX YPaBHEHAH, 3aJaBaeMbIX TATAYHEIMA
BEKTOPHHIME NOAAMHE (HAOpHEMep, aTTPAKTOPH, YPe3BHYadHO BajKHHE B
oflieil TeopHH, B FaMEIBTOHOBOM CAy4Yae OTCYTCTByloT). Tem He MeRee,
JOKaJIbHO MaMEJIBTOHOBO HOJE TaK e OPGCTo, Kak H THIAYHOEe BEKTOPHOE
noxe: o6a MOryT OuITh HpHBeJeHH JAPPeoMOpdA3MAMEA K OJHOA TPHBH-
albHOH HOPMAaJbHOH (pOpMe B HEKOTOPOH OKPEecTHOCTH JI06o# HeocoGoH
TOYKH.

ITogo6R0e e pasaryinme ZOJKHO CYIIeCTBOBaTh MeXAYy o6IaMA n1adde-
pPeRIHaNbHHME YPaBHEHAAMA C YaCTHHIME TPOU3BOJHLIMA ¥ yPaBHEHAAMHA
C YaCTHLIMYA NPOU3BOJHLIMH, ONpeJeNieMbIMA BapHANMOHHHMHE NPAHOHOA-
M# (3arajovHKM 0Gpa3’oM, NOCAeSHAR KIAcC COJePXHET GOABIIHHCTBO CH-
cTeM gAQPepeRNHaIbLEEX ypaBHEHHR ¢ YaCTHRIME TPOU3BOJHKIMA, Ipei-
CTABIAIOWINX GU3AIECKHHA HHTEpec).

B Teopuz ranepboimaeckux gugdepeHnalbibHX YPABHEHEH ¢ YaCTHH-
MH TPOU3BOJHLIME MAaTeMAaTHKH HEKOIJa He Pa3ddyald BapHalAOHHEIE H

VCrporo roBopa, 0dnopodubie Cpeill COOTBETCTBYIOT HEMUNUUNGLLM KOHTAKTHHIM
CTPYKTYDaM, a THIIMIHHE HE0dN0podHbie CPEAH COOTBETCTBYIOT MUNUYMNbIM KOHTAKT-
HHM CTPYKTypaM Ha IPOCTPAHCTBAX, COAEPKALIMX MY Je CaMY10 KBaAPATHIHYIO KOHHU-
4€CKy10 0COOEHHOCTb CBETOBOH I'MIEPIIOBEPXHOCTH.
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B ClyYae NPenATCTBHEA, OCPaHHYeHHOI0 PIaJKOH TOBEePXHOCTRIO, B € BKIH [0~
BOM 3-IPOCTpPaHCTBe), TaK KaK MEL HpeHeGperin oCOGEHHOCTAMHE ceMelcTB
reofie3n9ecKuX Ha NOBEPXHOCTH NPENATCTBHSA, H TaK KaK MhI HpelloI0XHA-
JH, YTO PacCTOARHE N0 MHOI0O6pas3usa “ACTOYHHKA® ABIAAETCHA [JIaKAM.

Hau6oiee caoxnad ocobennocts (Hy) BcTpedaeTcs B ToUKe NPAMOM, Ka-
caioleiici ToBepXHOCTH NPeNATCTBREA B NapaboiniecKoll TOUke H AMeolel
acEMOTOTHYecKoe Hampasienue. (B TEnmyroi 3ajade 06 o6xoje mpenat-
CTBHA HalpaBleHHe [e0Je3aNdeCKOd HCXOJHODO CeMeRCTBa DKCTpeMalel Ha
HOBePXHOCTA NPeNATCTBHA H aCAMITOTHYECKOe HalpaBleHAe COBHaJalOT B
HEKOTOPHIX H30JAHPOBAHHKEIX HapaBGOIHYEeCKAX TOYKaX.)

I'pacdux MHOro3ma4HO# QYHKOHH BpeMeHH AuddeoMopder XECKPAME-
raATy H4 B ReKoTOpO# OKpecTROCTHE “GOKalbHOR" TOYKHE HA NPAMOMH, CPLI-
BaIOIIeHCA B ACAMITOTHYECKOM HANpaBIeHHE ¢ YHOMAHYTOH Bhllle Hapabo-
JIE9eCcKOd TOYKH — 5TO OKOHYaTelbHhIH BHBoJ TeopHu IllepGaka [144].

Oco6errocTh §)4 moABAAETCA B TOYKAX GHACAMITOTHIECKOH JAHHA Ha
NOBEPXHOCTH NpensTCTBAA, KacalomelCs HEKOTOPOR MeoJe3nIecKod Hallle-
ro ceMeHcTBa reofleaddeckaX Ha NoBepXHoCTH NpenarTcTBui. ([Jas TEnmd-
HOH 334347 06 06Xoje NPeniTCTBES B 3-IPOCTPAHCTBe KacaTelbHhEle Ona-
CEMIOTOTHYHE B HEKOTOPHIX H30AHPOBAHHKX TOYKAX NOBEPXHOCTH; Pa3yMe-
| eTCH, 9TH TOUKHA He ONpeJeNAoTCA MOBEPXHOCTHIO, a 3aBHCAT OT HaJalbHBIX
yciaoBHEA.) '

7.8. IIpumeuanme

HekoTOphle B3 OCTAaBIIAXCA HeH3yIeHHHIMH THINOB ocoGemmocTeidt B (Gora-
TO# Ha HEX) 3ajade 06 06X0je NpenaTCTBAA HeJaBHO HccaesoBat O.M. Msc-
mrEdenko [189)], [190]. Oxasamoch, YTO PacKphITHE JACTOYKHHH XBOCTH
BO3BHHKAIOT TaKOKe B THNHYHKX CHACTeMaX JyieH Ha Kpae NPeniTCTBHA, O-
POXAEHHHX Dajalomel Ha Kpall cHCTeMol Ayded o6miero BEJa B 06beMIIO-
ieM NpOCTPaHCTBE.

IlpaMuie npou3BefeHEs TaKHX OCOGEHHOCTEH MOABIAIOTCA B HOPMaJb-
HHX (popMaxX CHCTeM Jydeil, CPEIBAIOIIUXCA C Kpad, el COOTBeTCTBYIOIadA
CHCTeMa Ayded Ha Kpae ocoba.

AHalHATHYecKoe ONHCaHWE YCTOHYHBHIX HPOCTHIX JarpaHXKeBHIX OCO-
6erHOCTeH, 06O6INAIOMEAX PACKPHITHE JaCTOYKAHL XBOCTH H PACKPHITHIE
30HTHKE YHTHH, npHBegeno B [188].

8 TparcpopmManam BOJH,
onpeAeneéHHBIX IANEepOOIAIECKAMA
BapHANIAOHHLIMHA IPDHHIOANAMHA

B 5Tol raaBe MB PacCMOTPHM CeoMeTPHYECKYIO ONTHKY BOJH, 3ajaBae-
MBbIX JHHeAHKIME AudPepeHOHAIbHHME YPABHEHHAMH AJIH CACTEMaMHd Ta-
KAX ypaBHeHAH. B JAHEeilHOM TeopH# BOAHH Pa3IMYHOI'O THHA (CKaXeM,
HpoJoJbHEIE B NONepedHble) OOKYHO PACHPOCTPaHAoTCH HesarcHMo. Of-
HaKo, B HeO JHOPOJHKIX CPefaX TpaRcdopMalii, T. €. npeoGpasoBanie (UJId
KOHBepCHA, T. €. “npeBpaileHde”) BOJH PasiIdvYHOrO BHJa THOHYHO B He-
KOTOpHX BHYTPeHHAX TOYKaX O6GJacTH, I'le PacpOCTPaHAIOTCH 3TH BOJI-
HHl. DTO “BHyTpeHHee paccesHne” BOJH BCTPedaeTcA TaKxKe B OJHOPOIHBIX
cpefax (raMAIbTOHOBO KOHHYecKoe NpeloMleHHe B KpHcTalrax). Opma-
KO, reoMeTpHA BHYTPeHHero pacCesHHA B THNAYHHEIX HEOJHOPOJHHIX Cpe-
laX cyllecTBeHHO OTAMYAETCA OT MeOMETPHEA FaMAILTOHOBA KOHAYECKOT'O
IperoMIeHHs, KaK Ml HEXe yBuaumL).

Xopolllo A3BeCTHO, 4TO MIoGalbHHE KadeCTBeHHHE CBOMCTBa MaMHIb-
TOHOBRIX JAAddepeHHAAIbHNX yPaBHeREH CHILHO OTARYAIOTCA OT CBOACTB
O06LIKHOBEHHBIX AHGdepeRIAMIBHNX yPaBHeHHH, 3a/JaBaeMBIX THNAYHBIMA
BeKTODHLIME [OJAMH (HAIPEMEp, ATTPAKTOPH, YPe3BHIaAHO BaXKHhle B
ofileil TeopAH, B raMHAJILTOHOBOM Ciydae oTCyTCTBYIOT). TeMm He MemHee,
NoKalbHO MaMHIBTOHOBO ITOJE TaK XKe MPOCTO, Kak ¥ THNHYHOE BeKTOpHoe
none: 06a MOryT 6HITh NpABelfeHH AuddeoMopdHUIMaMH K OJHOH TPHBE-
albHOH HOpMaJbHOH (GopMe B HEKOTOPOH OKPECTHOCTH Jio6odl HeocoGoil
TOYKH.

IMoxo6Hoe Xe paziuyre JOMXKHO CYIlleCTBOBAThL MeX 1y oOIIUMHE Audde-
peHNHAaJbHLME YPaBHEHHAMHA ¢ YaCTHRIME IPOH3BOJHKIMA H yPaBHeHHAMH
C YaCTHHIMA TPOH3BOJHLIMH, ONpeAelseMEMA BapHANAOHHKMIA NPHHNHANA-
ME (3arafOoYHHM 06pa3oM, MOCHeJHAN KIacC COAeDXHET GOIBUIAHCTBO CH-
cTeM AuddepeRNAANBLHLMX yPaBHEHEH ¢ YaCTHHIMA NIPOA3BOJHEIME, Hpel-
CTaBAAIONIEX (PEIHIECKAHE HHTEpec).

B Teopun ranep6oaaveckux AU depeHIAAIBHEX YPaBHEARH ¢ JACTHEL-
MH OPOM3BOAHEIME MaTeMATHKHA HUKOI'Ja He Pa3iuyald BapHANHOHHLE H

) Crporo roBopa, 0dnopodubie CPeH COOTBETCTBYIOT HEMUNUYNGLM KOHTAKTHHIM
CTPYKTYpaM, a THIIMIHHE He0dnopodHbie CPeJEl COOTBETCTBYIOT MURUUKLIN KOHTAKT-
HHIM CTPYKTYpPaM Ha IIPOCTPAHCTBaX, COACPKALINX MY KHe CaMyi0 KBAJPaTHIHYIO KOHH-
9ecKy10 0CO6€HHOCTh CBETOBOH I'MITEpIIOBEpXHOCTH.
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obmne cacTeMul. [JeACTBATEIbHO, CHMMETPH3ANUA NPABOIAT O6INYIO CH-
CTeMy K BapHAIHOHHOH B TOYKe CTPOrod ramepboirmyHocTE. THOH9HAS
ofmas cAacTeMa CTPOro runepGoOIRYHa B TANHYHHIX TOYKAX, ClAeJOBATeNb-
HO B TaKHX TOYKaX HeT CYILleCTBEHHOI'O Pa3TUYdA MeX]Y BapHalAOHAKIMHA
A o6IAMA cCACTEMaMA.

Oxnaxo, B eIoM TOYKA HeCTPOrod FANEPGONAIHOCTH CTAHOBATCA HEH3-
GexXXHHIME (B TOYHOCTH TaK JKe KaK HeH3GeXXHH 0CO6Ble TOYKHE BEKTOPHOI'O
MOJf).

I'no6anbroe pasnnyde B NoBeJeHHH O6llel H MaMAILTOHOBOM JAHAMHA Ye-
CKOH CACTeMHl NpPOABIfeT ce6Gs JOKaIbHO B 0COGHIX TOYKaX. AHalOrHYHO,
B Teopdu runepboanveckax AuddepeHNHATbHHX YPaBHEHAR ¢ YaCTHRIMA
IPOH3BOJAHKIME NOBelieHHe Jy4ed X BOIHOBHIX GPOHTOB B OOMIAX # B Ba-
PHANHAOHHKX CACTEeMaX CyllleCTBEHHO Pa3JEYHEl B OKPECTHOCTAX “0cobhix”
TOYeK HeCTPOro# rENepGOIAYHOCTH, B TO BPeMA KaK B OCTaIbHBIX TOYKAX
pacnpocTpaHeR#e BOJH B OGOHX CIy4adX OJHHAKOBO.

[naBrule peayabTaTH 3Tod MMaBu HpEBefeHH B §§8.3-8.4, B kKoTOpHIX
MBEl NIPABOJAM HOpMaJbHEIe GOPME OCOGEHHOCTH CBETOBHIX I'ENI€PHOBepPX-
HOCTeil, CHCTeM Iydel ¥ JexaHAPOBHIX MHOroo6pasmi?). Jia npocToTh
O6CYX JaeTCA TOJBKO CAyYaill JEHeAHKX runepboaddeckux mo [leTpoBcko-
My CHCTeM JAddpepeHNHaIbELIX yPaBHEHHA C YaCTHHMH OPOH3BOJHEIMHE,
BRIBOJAINAXCA H3 BapHANAOHHKX NPAHIHAIOB.

“ETaTens CMOXET PacHPOCTPAHATH GONBLIIAHCTBO Pe3YALTATOB Ha, CIY-
4al BEyTPeHHero paccesHAA KOPOTKAX BOJH, Ol Pe/ieI1AeMhIX BapAaldOHHbi-
MU IPHHUHWOAMH, COAEPXKAINAMH Majkle NapaMeTpPhl, NOJO6HO ypaBHEHHIO
Ilpéxuanrepa.

MaTemaradeckn, riaBHble Pe3yIbTATH STOH [MaBhl ONHCHIBAIOT HOpP-
MaJbHEE GOPMEI 0coOeRHOCTE! FANEPIOBEPXHOCTEH B KOHTAKTHREIX MHOI'O-
o6pasmax. Tak Kak 3TH 06beKTH BCTPeYaloTCA TakXe B APYTHX 06IaCTIX
MaTeMaTHKH ¥ QUIAKH, STH Pe3yIbTaThl EMelOT NpUMEHeHHe H BHE Teo-
pH¥ pacopocTpaHeHHA BOJH (HapPAMep, B TeOPHHE HeABHLIX OGHIKHOBEHHEIX
IAddeperIAAIbALIX yPaBHeHAR A B TeopHH GudypKanuil pelakcandoHHEIX
CHCTeM € OJHOH GHICTPOHl B JBYMA MeJJIeHHEIMHA IePeMeHHBIMA ).

2B §8.5, marmcannom H.A.BoraeBckum, npuBeeHH €ro HeJaBHHE Pe3YIbTATH, JOTOJ-
HAIOLME N3J0XKEHNWe UCCIe[OBAHMEM COOTBETCTBYIOIMX BOIHOBHX (PpPOHTOB.

. 4
Bl
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8.1. TunepGouaudeckue CHCTEMEI
M ¥MX CBETOBHIE I'HMIIEPIIOBEPXHOCTH

T'eomeTpu4eckan onTeEKa Ay4el A PPOHTOB, 3aJaBaeMKIX CACTEMOH MANep-
GoradeckuX ZEPPepeHNHaNbHRX YPAaBHEHHHA ¢ YACTHRIME OPOA3BOAHBIMA,
fRIfeTCAd FeoMeTDHell THIePIOBEPXHOCTH B KOHTAKTHOM IPOCTPAHCTBE
NPOEKTHABA30OBAHHOI'O KOKAaCATEAbLHOI'0 PACCIOEHAS MPOCTPAHCTBa-BpeMe-
HE. OTa FHOEPHOBEPXHOCTH, Ha3biBaeMad CBeTOBOH M'HNEPHOBEPXHOCTHIO,
€CTh MHOXeCTBO HyJel (raaBHOro) cEMBoxa. B Teopuu gadipepennuain-
HEIX YPaBHEHAH ¢ YaCTHHIME NPOA3BOJHEIME XaPaKTEPHCTHKH 3TOH IAnep-
NOBEPXHOCTH B KOHTAKTHOM MHOI'006pa3u KOHTAKTHHX 3JeMeHTOB CTPaH-
HHM 06pa30oM Ha3HIBAIOTCA “GHXapakTepHCTHKaMH .

OTH KpHBHle (H MX NPOEKOHH Ha NPOCTPAaHCTBO-BpeMi W (H3HYeCKoe
NPOCTPaHCTBO) Ha3LBAIOTCA (pU3MYeCKAMH IydaMmi. JlexaHAPOBH HOJA-
MHOroo6pa3us CBeTOBOH HIePIOBEePXHOCTH, CIPOEKTHPOBaHHEE B HPOCT-
PAHCTBO-BpeMd, ONPeJeldioT B IPOCTPAHCTBe-BpeMeHH T'HNepPIOBEPXHOCTD
“Goapiioro ¢porTa”. OTa ANEPHOBEPXHOCTH ONACHBAET PACHPOCTpPaHEe-
HEe BOJIH: €ro CeYeHHA W3OXPOHAMH ABALIOTCH MPHOBEHHEIMH ()POHTAMH.

Y71o6n 33duaKCAPOBATh 0603HAYEHAS, HANOMHIO E3BECTHRIe ONpejele-
HEA CBeTOBOH MAIEPIOBEPXHOCTH ® ranepboanieckodl cAcTeMul Juddepen-
OAAJIbHLEIX YPABHEHHA ¢ YACTHHIMA NIPOE3BOJXHBIMA.

Ha4méM c cHCTeMHl JHHEAHHX OXHOPOAHHIX AuddepeHIAaIbEEX YPaB-
HEHHR C YaCTHHIMA TPOU3BOAHLIMA C HOCTOSHHLIME KO3 PHIAEHTAMA:

P(D)u(q) = 0.

3adukcupyem 3 uncia:
m = dim u, 9ACAO ypaBHeHHA (A HeH3BeCTHHX GYHKIHI);
d = ord P, nopsajok faddepeHnualbroro oneparopa P,
n = dim ¢, Y8CI0 apryMeHTOB.

B xoopgupaTax, P ecTh KBajJpaTHad M-MATpHOA, dJeMeHTAMH KOTO-
pOHl ABIAIOTCA OJHOPOAHHIE MHOrOwIeHH cTenend d ot (3/0qy,...,0/0q).
lpyruMu croBaMu, apryMeHT ¢ ABA4€TCA TOYKOH 6a308020 NMpocmpancm-
ea R™, BexTop u(q) npuHasiexuT ca010 R™, HensBecTHAA BeKTOP-QYHKIASL
% ABAfeTCA cedeHHeM (TPHBHANBHOIO) BeKTODHOro paccioenus (m P oTo-
6paxkaeT ero B Apyroe BeKTOPHOe paccioeHie TOH JKe Pa3MEPHOCTH).

Tak xak onepatop P uHBapuaHTeH OTHOCHTENIbHO CABHI'OB, PaccMo-
TpaM coGCcTBeHRHble QYHKIAA TPAHCIANENA, ABIAIOMAECH PaPMOHHIECKEMA
BorHaME u = e'®Dw, rge p € R™ Ha3HBaeTCA 604K06bLM 6€KMOPOM H
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w € R™ HasuBaeTcd eexmopom amnaumydsi. [Ipamenenne P x rapMorm-
YeCKOH BOJHE JAET
P(D)u = o(ip)u,

rfe O — KBaJpaTHad M-MaTpHOA, dAeMeHTaMH KOTODOH ABIAIOTCA OLHO-
POJAHKIe MHOTO4JIeHK CTeneHd d OT (Pi,...,Pn). DTOT MATPAYHKIEA MHOrO-
YIeH HA3LIBACTCH MAMPUYNLLK CUMEOA0M CHCTeMBl. Mcmonsays o, Moxem
BHIPA3HTh ONEPATOP Hallled CHCTEeMEI

D 19 19

MaTpEYHHE CEMBOJ ABIAETCA OZHOPOJHHM MOJHHOMHAJIBHKIM OTOGpaske-
HHEM H3 IPOCTPAHCTBa BOJIHOBHIX BEKTOPOB B IPOCTPAHCTBO JHHEAHBIX
OIlepaTOPOB Ha Cloe.

Onpegenenne 1. Cuneosom cacteMul P(D)u = 0 HasnIBaeTCA Onpelend-
Telb MaTPHYHOTO CHMBOIA,
o =deto.

TaxuM 06pa3oM, CAMBON SBAAETCA OHOPOAHEIM MAOTOYIeHOM cTenedd md,
OonpefenéHHKIM Ha IPOCTPAHCTBE BOJHOBHIX BeKTopoB R™.

Onpeaencare 2. Konycom Ppeness Ha3bIBAETCA MHOXKECTBO HyJeld CHM-
BOJa. JTO MHOXECTBO ABNAETCA alre6pandeCKdM KOHYCOM B IPOCTPaHCTBe
BOJHOBHIX BeKTOPOB, H OHO HHBapHAHTHO CBA3AHO C HCXOLHOH CHCTeMoR (He
MeHAeTCHA NPA JHHeHHKX 3aMeHaX KOODAMHAT B Gale # B cloe).

3ameyaHme. YpaBHenHe 0 = () Ha3HIBAeTCA TAKXKe CUCTLEPCUONNBIM CO-
omxowlentem, AIA Tapaxmepucmuueckum ypasuenues. Komyc Ddpernens
Ha3bIBaeTCA TakKXe TAPAKMEPUCTNUNECKUM KONYCOM.

Onpepaenenne 3. ['unepnoseprrocmvio Ppenenrs Ha3LHIBaeTCA MHOXKECTBO
HyJed CAMBOJa B IPOEKTEBHOM HPOCTDPAHCTBE

RP™! = (R™\ 0)/(R\0)

KOHTAKTHHIX JJAeMeHTOB. OTo — NPUeKTHBHad airebpamdeckad CETepHO-
BEPXHOCTH CTeNeHH md.

3ameqannme. UHorga Mone3ro paccMaTpuBaTh cdepy, COCTOHIIYIO A3
(x0)opHeHTEPOBAHHEIX KOHTAKTHHIX 3JE€MEHTOB, H N PHHALIEXKAINYIO el ['H-
nepuosepxHocTh Dpenens.
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Onpegenenne 4. BemecTBernad auareGpaddeckad TIHIePHOBEPXHOCTD
creneHd N Ha3HBAaeTCA 2unepOOAUNECKOt NO OMHOWEHUIO K HEeKOMOPOoL
mouxe, eClli-Bce eé nepecedeHH C BellleCTBEHHKIMHA NPAMEIMHE, TPOXO AALIH-
MH 9epe3 3Ty TOYKY, BellleCTBeHHHI.

I'anepnoBepXHOCTE HA3LIBAeTCA CMpPo20 2unepboaureckoti no omuoue-
HUIO K MouKe, €C/IH BCe TOYKH OTUX lepecedeHHH Pa3THIHEL.

To4ka, o OTHOLIEHHIO K KOTOPO# T'ENepHOBEPXHOCTH rAllepGorddHa,
Ha3LIBAETCA 6PEMENHONOJobROT mouxot.

I'unepbonndeckad MENepIOBEePXHOCTH OGIIEro NOJNOXKEHHS MANepGOIHY-
Ha HO OTHOIIEHHIO KO MHOT'HM BPeMEeHHONOJOOHLIM TOYKaM.

B 1mBEedHOM NmpOCTpaHCTBe, OTBedalollleM IPOeKTHBHOMY, MEoep6oin-
YecKad TEOepHOBepXHOCTh NpeJCTABIAETCA KOHYCOM, KOTOpPHIH TakXe I'E-
nepGonayeH. BpeMeHHomoaoGHEE TOYKH NPeACTABIAIOTCA NPAMHIMHA, Ha-
3LIBAEMEBIME 6PDEMENHONOPOOHDIMYU HATLPAEAECHUAMY.

Onpegenenme 5. CucreMa auddeperRlHaIbHLIX YPAaBHEHHN ¢ JACTHEIME
IPOU3BOJHEIME Ha3hIBaeTCA 2unepbosuvecxoti (00 OTHOUIEHHIO K BpeMeH-
RONOJOGHOMY HANpaBleHHIO), ecid eé MANepHoBepxHocTh DpeHens ramep-
GoaH4Ha (10 OTHOLIEHHIO K COOTBETCTBYIOIled BpeMeHHONOJZOGHOH ToUKe).

3ameuanme. Bpemennonogo6rad To4Ka €CTh KOHTAKTHBIH 3JeMeHT Ha 6a-
30BoM npocTpaHcTBe. ClefloBaTenbHO, CACTeMa IANepGOIHYHA MO OTHO-
WweHAI0 K Pywxyuu (epeMents), a He NO OTHOIWIEHAIO K NPIAMOH B 6a30BoM
npocTpaHCTBe. ‘

Tenepb Mbl PACCMOTDHM CHCTEMY C [ePeMEHHHIME KO3(PHIAEHTAMH.
BripaxkenHnle B JOKAJbHHX KOOpAuHATaX (q1,...;Js) Ha 6a30BOM MHOrO-
o6pasul, 371eMeHTH Matpugul P = P(D,q) #BisioTcd HeOAHOPOJHHIMH
MHOrowneHaMu crenend d ot (8/dq,...,0/0¢,) ¢ kosddunmenTamMur —
rIafKAMA GYHKIAAME OT ¢. OTa MaTPHIa 3ABACAT Tak¥ke OT (IOKaIbHAIX)
TpPEBAAIA3aNAA BeKTOPHEIX PpACCHOGHHH, 3aJalOAX KOOPAHHATHI
(#1y--.,%m) ® (P1,..., Py) Ha croax. dPHKcanns TOYKA ¢ HA3HIBaeTCA 3a-
MOPAINCUEANUEM CACTEMEL.

Omnpejgenenne 6. iasnbin (MAMPUUHBIM) CUMEOAOM THHERHON CHCTEMEL
naddeperAANbENX YPABHEHEN B YaCTHHIX IPOA3BOJHHX Ha3hIBaeTCH (Ma-
TPAYHKIA) CHMBOJI CHCTEMEI C NOCTOAHHEIME KO>hOdHUOAERTAMH, HOXYIeH-
HOH ¢HUKcalued TOYKH Ha 6a30BOM IPOCTPAHCTBe H oTOpachBaHdeM WIEHOB
onepaTopa, CofepPXalldx TPOU3BOJHLIE MeRbIIero NopAKa.

3ameuanme. TakuM 06pa3oM, rIaBHHE (MaTPHIHEIA) CAMBON ABIAAETCA
O HOPOLHOH NOIMHOMHAAABHOH QyHKumed (omepaTopoM) cremen: md (d),
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onpefle€HHOM Ha KOKacaTeabHOM npoctpancTse Ty B 6a3oBoro MEOroo6pa-
3us (omepaTop AedCTBYeT Ha COOTBETCTBYIOIIEM cloe). DTa PYyHRKOHA (One-
pPaTOp) He 3aBHCHT HE OT BHIOODa JOKANBHEIX KOODIHHAT Ha 6a30BOM MHO-
roo6pa3ud, HA OT TPUBHAJIA3ANAEA paccioeHdil. Takam o6pa3oM Mul moxy-
YHIA OMOOPAdNCEHUE 2AA6HO20 CUMBOAA '

o : T*B — Hom(caoi,caoi’)
A PYNKYUIO 2406H020 CUMEOAA
c:T*B—R, o(p,q)=deto(p,q),

ABIAIOIIY I0CA OJHOPOHEIM MHOT'OYJIEHOM OT EMIYIbCOB p (3HA9eHHUSA O OPH-
Ha/lIeXXaT JEHEHHOMY JeTePMAHAHTHOMY PacCioeHHIO HaX B).

Omnpejgenenne 7. Ceemosbim xonycom (CACTEMH C NMepeMEeHHHIMHA KO3¢-
JunueETaMH) Ha3hKBaeTCA o6beARen e KoRycoB Ppenend raBHEX JacTei
3aMOpPOXKEeHHKIX CHCTEM BO BCeX To4YKaxX 6a30Boro MHOIoo6pa3ui; OH Olpe-
HensieTcd ypaBHeHEeM o(p,q) = 0. DTO XKe ypaBHeHHe 3aJaET C6€MOSYIO
2UNepnosepriocms B NPOCTPAHCTBEe NPOEKTHBH30BAHHOI'O KOKaCaTelbHO-
ro paccloeHns 6a30Boro MHOr006pasds; 3Ta CHNEPIOBEPXHOCTD eCTh 06b-
elWHeRde THOepnoBepxHocTell dpeHels TIaBHBIX YaCTedl 3aMOPOXKEHHBIX
cACTeM.

CBeTOBad I'ANEPNOBEPXHOCTD
Hc PT'B

COCTOHT E3 HalpaBJeHHH BOIHOBHIX (PPOHTOB B Pa3l@4YHHEIX TOYKaxX 6a3o-
BOr'0o MHOIoo6pa3ns, KOTOPHE COOTBETCTBYIOT FaPMOHAYECKAM BOJIHOBBLIM
pellleHAAM INIABHEIX JaCTeH 3aMOPOXKEHHRIX CHCTEM.

Onpegenenme 8. CucreMa JTAHeAHHX JAPPepeHIAAIBHLIX YPABHEHAR C
YaCTHRIME NPOH3BOAHLIMA C NepeMeHHHIMHE KO>(pdALHeHTAMH Ha3hIBaeT-
C 2unepbosuneckoll NO omuOWENWIO K PyHKyuU épemMexy, ONpefeléHHOH
Ha 6a30BOM MHOTI'006Da3dH, eciin €€ CBeTOBad PHOEPNOBEPXHOCTh rAnepbo-
JHYHa [0 OTHOUIEHAIO K JAHddepeHNRaNy 5>Tod (GYHKIAH BO BCeX TOYKAX
6a30BoOr'0 MHOI0O6GPa3n.

Jamedannme. ['EnepGOIRIHOCTE MOXKET GLITH ONPefeleHa TakikKe 0O OTHO-
IIEHHIO K CJIOeHAI0 KOPa3MeDHOCTHE 1 HIH Jake MO OTHOLIEHAIO K paclpe-
JeJeHHI0 KOHTaKTHEIX 3JeMEHTOB Ha 6a30BOM MHOr00O6pasud {HHTErpHEpY-
eMOMY HJH HeT).
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CseToBad runepnoBepxHOCTh €CTh 06befHHEHAE alreGpanvecKuX Npo-
eKTHBHHIX T'HIePIOBEPXHOCTed, NPHHAJIEKAIIAX PAa3IHIHHIM CJAOAM pac-
Cl10eHAA KOHTAKTHRIX 3JeMeHTOB 6Ga3oBOIo IpPOCTpPaHCTBA. ,I[JIJI CHCTEMEL
A TOYK® ob6llero moioxeHus 3TH ajlre6pandyeckde CHNePIOBePXHOCTHA HeO-
co6ul (B 3TOM ciydyae oHE cTporo runepboradns). Ho B HekoTOpHX Tou-
Kax 6a30BOr0o MHOI0O6pa3mdA 3T IENEPHOBEPXHOCTA MOTYT CTaHOBHTBHCH
ocobniMu. H3ydernme 3TuX ocoGeHHOCTed Haf THNAYHHEIX BapPHANHOHHBIX
I‘HHGpﬁOJIH‘leCKHX CHCTEM H €CThb I'laBHad HeJb Ha,c'ronuieﬁ JIaBHL.

IIpmmep. PaccMoTpuM noxe u(t, ) cO 3HaYEHUIMA B €BKIHJIOBOM HPOCT-
padctBe R™, 3ajamHoe Ha npocTpaHCTBe-BpeMemd {(¢,z)} = R",
n = 1+ D, papHalHoHHHWIM OPUHANANOM ¢ JarpamkuadoM L = T — U,
rie T = [(0u/dt)? dz — kuHeTHYecKad 3Heprud, a NOTeHNAAIbLHAA DHED-
A eCTh AHTErpal OT HEKOTOPOH MOJOXKHATENBHO ONpefeJeHHOR KBaJpa-
THYHOH GOPMEL OT HepBHIX HPOH3BOAHHIX HOJA OO (IPOCTPAHCTBEHHEIM)
koopauHaTaM z. KosddaumerTr 3T0H HopMHl B 06ImeM ciydae ABIAIOTCA
GYHKNEAME OT ¢ ¥ €, HO MBIl /A HadYajla PACCMOTDPHEM cly4ad HOCTOAHHBIX
KO(pANHEHTOB.
YpaBrenne Jitnepa—Jlarpanka NpAHAMaeT BAJ
52

P=zat4,

rjxe A — HeKoTOpad CEMMeTpAdecKad MaTPHILA, 3IeMeHTaMA KOTOPOH ABJA-

10TcA AAddepeENHaIbHEBE ONePaTOPHl BTOPOro HOPAIKa, N0 ePeMeHERIM Z,

A=a(0/dz,,...,0/0zD).

Pu =0,

JemMma. Cucmema Fiaepa-Jazpanoca eunepboiuund, ecau NOMERYUGAL-
HAR IHEP2UR NLOAOICUMEALNO onpedetena.

JoxazarenbcrBo. O6o3Ha9EM Yepe3 ¢ = (f,T) TOYKH NPOCTPAHCTBaA-
BpeMen# R™ u 4epes p = (w, k) € R™ cooTBeTCTBYyIOLIAEe BOTHOBEE BEKTO-
pe. CEMBOJI CHCTEMHl paBeH

o(p) = det(a(ik) — W’E).

MaTtprua a(ik) noioxuTeibHo onpexelena af Jio6oro k # 0 (Tak Kak
HoTeROHalbHaA DHEPIAA NOIOXKHETEIBLHO ONpe/eleHa).

PaccMoTpaM ¢yHRKIAIO BpeMeHH Kak BeKTop po = (1,0) € R™*. I'mnep-
GoMMYHOCTH (O OTHOUIEHHIO K (PyHKIHH BpeMeHH) O3HaYaeT, ITO Bce 2m
KopHeH )\ XapakTepHCTHYECKOro ypaBHeHHS o(p + Apg) = 0 BellleCTBeHHH
(zaa xo6oro p). Ho KopHE XapaKTepPACTHIECKOTO ypaBHeHAL

det(a(ik) — (w+ N)2E) =0
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PaBHH A = —w =+
usl a(ik). Tak Kak 3Ta MaTpHIa NOIOXKHATEILHO ONpeleneHa (HIH pPaBHa
HYIIO), BCe 2m KODHA A BellleCTBeHHHI.

a;(k), rae oj(k) — cobcTBeHHnle 3HaYeHAS MaTPH-

Ilo cymecTBY TO Xe caMoOe ZOKa3aTeJbCTBO pafoTaeT u B CAy4dae BapH-
allfoHROIO NPHRIANS C NepeMeHHRIMHA Kod(PdUIAeHTAMHA: [Af TOCO YTOGH
BLINACATH CAMBOJ, JOCTATOYHO Ha4aTh C BapAANHOHHOI'O NPHHIHANA C 3a-
MOpOXXeHRKIMA KoddpanueHTaMH.

BapuanaoHHLIE NPARLAN onpelensieT oTo6pakeHHe NPOCTPAHCTBA KO-
KacaTelbHOI'o PaccioeHus 6a30Boro MEOr0o6pasns (B NpeRIAyIeM TPHMe-
pe — 5TO NPOCTPAHCTBO-BpeMsi) B IPOCTPAHCTBO CUMMEMPUNECKUT
(m x m)-maTpun (6olee TOYHO, B CAMMeTPHYECKAH TEH3OPHHHA KBaJApaT
IPOCTPaHCTBa, JBOHCTBEHHOIO CJI0I0). DTO oTOGpajkeHne OJHOPOAHO (31e-
MEHTH MaTpPHALL ABALIOTCA OJHOPOJHLIMA MHOT'O4JeHaMH cTeneHd d = 2r,
eCJid BapPHANUOHHLIH IPAHIHAT COJePKAT IPOR3BOJHEE NopAjka r). O6paT-
HO, 11063 CHMMeTpAiecKad MaTpPHALa C TAKHMHA CBOUCTBAMHA ABAfeTCA [JIaB-
HHIM MATPHYHBIM CHMBOJIOM CHCTeMHl Jilepa-JlarpaHika HeKOTOPOro Ba-
PHANMOHHOI'O NPHHNHANA ¢ KBAAPATHYHHM JarpPaHXXAAHOM, BKIIOYaIOIIAM
r-e MIPOU3BOJHBIE.

Onpejgenennme. BapuanuoRHLA NPAHUHAN HA3HIBAETCA 2UNEPOOAUNECKUM,
ecnd rumep6oindHa ero cucTeMa Oilepa-Jlarpamxka (runep6oid4eH mo-
BepxHocTHE DpeHenst) o OTHOIIEHHAIO K HEKOTOPOR PYyHKUAH “BpeMeHH”.

8.2. Oco06eHHOCTH CBeTOBHIX M'MIlepPHOBePXHOCTeN
BapMAlMOHHBIX CUCTEM

TunepnoBepxaocTd PpeHens THIHYHHX IANePOOIAYECKAX BaPHANHOHHKIX
OPAHUHANOB ABILI0TCA OCOGKIMA B HEKOTOPHIX ToYKax 6a3oBoro MEOroobpa-
3u1 (B KOTOPHIX runepGoaa4HocTs He cTporasn). Ceddac Mu 6yjeM A3ydaTh
0cOGeHHOCTA I'HnepnoBepxHocTed PpeHens B CBETOBHX I'ENEPIOBEPXHOC-
Teil, BCTpeYaloOmMAXCA NPA PACCMOTPEHHH THNAYHHIX MEOepOGOIAYecKHEX Ba-
PHANHOHHKIX IPHHOUIOB.

Baduxcapyem “curaaTypy” (m,d,n): m — 49ECIO HeW3BeCTHHIX, d —
nopa oK AudgdepeHnAaNbHONO ONePATOPa, N — YACIO HE3ABECHMEIX Iepe-
MeHHHIX (ecl# paccMOTPeHHd MoGalbHEL, TO BA06GaBOK GEKCAPYeM BEKTOD-
Hoe paccioenne). KBajgpaTuidile BapHamHOHEEIE NPAHUANK C GAKCEPO-
BaHHOA CHTHATYpOR 06pa3yloT JHHeAHOEe PYHKOUOHAAbHOE TPOCTPAHCTBO.
T'anep6oaryeckre BapHaldOHHbie IPAHOUIK 06pa3yioT 3aMKHY Toe MHOXe-

Y
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CTBO B 3TOM NpocTpaRcTBe. MH 6yjJeM H3y4aTh BHYTPeHHHe TOYKH >TOro
MHOXKECTBA.

BuyTpeHuue TOYKA NPOCTPAHCTBA HNepPOOIAIECKEX MHOI'OYIEHOB AB-
JA410TCA cTporo ranepboradeckuMa MEoro4YieHaMd. [Jas ranepbolnyecKax
CACTeM, 3a/JaBaeMblX BapHaNAOHHLIMHE NPEHUANAMH, H, B 4YaCTHOCTH, AIf
ranep6oadyeckux cHcTeM Oitnepa—Jlarpanka 3To yTBepxK/JeHAe He BepPHO
(cM. [182]-{186]).

IIpamep. KBajgparuursid Jarpankaan u3 §8.1, paBHHE Pa3HOCTH MeXAy
TOIOXKATEALHO ONPEACIEHHON “KHHeTHIeCKOH DHePrued” W HOJIOXHUTEIbHO
olpelenénHON “NOTeHNAANBHON 3HeprEelt”, ABIAETCA BHYTPeHHeH TOYKOH
ofracTd rENepGONAYeCKHX  BAapHANHOHHLIX NPUHOANOB  CHTHATY-
put (m,2,n). llpg m > 2 3TOT JarpanXkAaH MoXKeT olpeleldTh HE CTPOrO
ranepGoOIMYHYIO CECTEMY, TaK KaK NOJOXKATEALHO onpeleléHHas CAMMe-
TpEiecKad MaTPHNA & MOXET HMeThb KPATHEE COGCTBeHHbIEe 3HAYCHHA.

Yrobn u3bexaTh HeHYXHBIX CIOXKHOCTeH, MH 6yZeM paccCMaTpPHBaTh
JOKaJBbHYIO CHTYalHIO, B KOTOPOH# KOODAHHATH Ha CIOAX (PAKCAPOBAHLL
(paccaoenume TpEBAaN®30BaHO). B 5TOM ciyyae riaBHHE MATPHYHMA CHM-
BOJ ABJAAeTCH OAHOPOJHEIM OTOGpaKeHHEM

o :T*B — S?R™ ~ R™("+1)/2,

rge S?R™ — npocTpaHCTBO CAMMeTPAYECKHEX T-MATPHI, a KOMOOHEHTH O
— OJHOpPOJHBIe MHOI'OYIEHKl cTeNeHd d Ha KaXXJOM KOKacaTelIbHOM NPOC-
TpaHCTBe.

Onpejenenne. [lormroMuainbroe oTo6paxenne crenedu d BellleCTBeHHOH
OPAMOH B NPOCTPAHCTBO KBAaLPATHYHHIX (OPM OT m HePeMeHHEIX,

f ‘R F = S2Rm . Rm(m+1)/2,

Ha3LIBAETCH 2unepbosutecKum omobpadcenuem, ecid ypaBaerde det f(s) =
= 0 uMeeT md BeilleCTBeHHKIX KOpHell {IOACYATAHHKIX C KPATHOCTAMA).

Bce Taxume oTo6paxenus o6pa3yioT (nonya.nr‘era.u‘{ecxoe) npocTpaHc-
TBO

Hyp(m, d).

Bapuanuonnas runep6oirdeckad cACTEMa HaJ NPOCTPAHCTBOM-BPeMe-
HeM B paamepHocTu n = D+13a5aéT (B Kaxk Jo# Touke #3 B) oTo6pakeHne
ceprl:

F:8P-1, Hyp(m, d).
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ITa chepa npuragrexut D-mepron rumepmirockoctd B T*B, TpaHCcBep-
CalbHOH B HyJe BEeKTOpy v = dt (rae t — ¢yHKLUUA BpemeHH).

[as onpegenenus 3Hadenuns F’ B Touke p 5To# eXMHUYHON cepHl pac-
CMOTPHM I'IaBHHIA CHMBOJI B TOYKe P + SU KaK MHOCO4JeH OT s,

(F(p))(s) = det o(p + sv).

Takum 06pa3oM, BO3HAKAIOT CAEIYIONIKE Ja faTH:

1) BHIYHCAHTH IOMOTONHYECKHE I'PYIIILL
m:(Hyp(m, d));

2) NOHATH, KaKWe dAEMEHThHl ITHX IPYNNl MOT'YT OLITh NpeACTaBleHLI T'H-
nep6oandeckuMu (1ces o) AU PEPEHIMATLHBIMHA CHCTEMAME;

3) HaliTH CBA3HEIE KOMNOHEHTH IPOCTPAHCTBA FHIEpOOINYSCKHX BapHALH-
OHHBEIX CHCTeM (PHKCHPOBaHHOH CHIHATYPH (m,d,n).

Ecau 5Tu 3ajadu AMEIOT HeTpUBHAJILHbLIE OTBETHI, TO IIOAO6HLIE NpPO-
61eMbl HHTepecHL! Jaf pacciroeHud Hal B. MoxHO nmpernofRoXdThb, 9TO
HaJW4He TOYeK HeCTPOrol runepGOIMIHOCTH HEOOXOMUMO IIA pealu3aluu
HeKOTOPHIX KJIaCCOB, B YTO MOXHO HCIOJAL30OBATh OCOGEHHOCTH CBeTOBOM
TFHIOEPIOBELXHOCTH A ONpeleleHns XapaKTePUCTHIeCKAX KIACCOB ruuep-
6oIMYecKMX BapHAIlHOHHLIX NPUHIMIOB.

CaeToBast runeproBepXHOCTh €cTh mpoobpad B PT*B muoroo6pasus
BLIPOXKJEHHEIX MATPHI] OTHOCHTEIbHO OTOGparkeHuA, 3aJaHHOI'O I'IaBHLIM
MaTPHYHLIM CHMBOJIOM.

[as wpydeHus oco6eHHOCTEH CBETOBLIX T'HIEPHOBEPXHOCTEH MKEI, BO-
TepBhIX, ONHIIEM OCOGEHHOCTH COOTBETCTBYIOLIErO YHUBEPCAIBHOI'O 06b-
€KTa: MHOroo6pa3uf BLIPOX JEeHHHIX CAMMETPHYECKHX MaTpHII.

ITa I'HIepHOBEPXHOCTh HABAAETCA OCOOLIM KOHYCOM, CTpaTH(HLApYe-
MBIM 1O paHT'y ® curraType. Ilycts N = RP™™m+1)/2-1 4603navaeT npo-
€KTHBHOE IIPOCTPAaHCTBO HEHYJIEBHIX KBaJPATHYHHIX GOpM OT m mepeMeH-
HBIX, PACCMATPHBAEMAIX C TOYHOCTBIO [0 HEHYJAEBOI'O CKANSPHOI'O MHOXH-
Tens. XOpOLIO UIBECTEH CIEAYIOIMH pedyaAbTaT:

Teopema. I[Ipoexmuenoe npocmpancmeo N umeem aazebpauvecxyro
Puasmpayuro N O Ny D Ny D ..., 2de N, ecmnb MH02006pa3te xaaccos
dopm, xopane xomopuix ne menvuie uesm r. Kopaameprnocms N, 6 N pas-
ua r(r+1)/2. Caed unozoobpasts Ny na 41060m M1#02006pa3UYU PAIMEPHO-
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emu r(r+1)/2, mpanceepcaasnom 6 N 2aadxouy #urnozo006pasuo N \N, .,
6 mouxe uno2006pazus N, soxaabno dufeomopPern #u1o02006pa3uo evipo-
HeOEHHDIZ K8adPAMUNRLIT PopM 6 AuKeliHOM npocmpaxcmee xeadpamuy-
HOIZ (OPM OTR T NEPEMEHHDIT.

IIpmmep. KopasmeprocTh Ny paBra 3. Cren MHOrooGpa3uf BHIPOX[IeH-
HuIX ¢opM Ha J1060M 3-MEOroo6pa3ui, TpaHCBEepCalbHOM MHOroo6pa3suio
¢opM KopaHra 2, JOKalbHO Jd(ppeoMOpdeH KBaJpaTHIHOMY KOHYCY
b? = ac (puc. 119).

Puc. 119. CrpaTudukanus
npocTpaHcTBa GHHAPHBIX
KBaJPaTHIHHX (PopM

JleicTBHTENbHO, 2TO ypaBHEHHE HBIFETCH YPaBHEHHEM KOHYyCa BLIPO-
2
JKJIeHHBIX KBaIpPaTHIHHIX QOPM az? + 2bzy + cy“.

PaccMOTpHM Teneph riaajkue oTobpaxenus f : X — N MHOrooGpasus
X xopa3mepHOCTH k B MHOr0o6pa3He KIacCOB KBaIPaTHYHAIX PopM. Oro-
Gpaxenne f o6lIero MofoXeHuA TPAHCBEPCAIbHO ONMCAHHOMW BHILE QHIb-
rpannu. CrefoBaTenbHO H3 MPeXbIAYIIEH TeOpeMbl BLITEKaeT

Caencteme. Cywjecmeyem OmMKPbImMOe 6CI00Y NAOMKOE MHONCECTNEO
“munusneiz” omobpadcenutl f, MPAHCEEPCAALHBIT BCEM MHOZO0OPAIULM
N\ N;41 maxuz, umo:

1) gopmvi xopanaa r scmpenaOmMca 6 obpase f moavxo npu r(r+1)/2 < k;

2) npoobpaa f~1(N)) mnodcecmea evipodcdenubiz Fopm ecmb 2unepno-
seprrocms 6 X, ocobvie mouxu xomopod obpasyom nodunozoobpasue
xopazmeprocmu 2 6 3motl 2unepnosePIHOCY;

3) ama zunepnoeepzHocmb 6 ceoetl MUNUNKOUL 0CO60U TMOUKE AOKAALHO
dufdeomopdna npoudeedenuto JBYMEPHO2O KEGIPATIUNHOL0 KOHYCA KA
24adx0e MHO2006pa3ue, M020a KAK HEMUNUUKbIE 0COObIE MOUKY obpa-
3Y10M NOOKHO2006pa3UE KOPASMEPHOCTAL 5 6 IMOtl 2UNEPNOGEPTHOCTIIY.

JeiicTBHTENbHEO, THUHYHLIE OCOGble TOYKH NPHHAIIEKAT MHOXKECTBY

- f~1(Na \ N3), a BeTHOHYHBIE OCO6ble TOYKH NPHHALIENKAT MHOXKECTBY

f~1(N3), xopaamepHocTb KoToporo B X paBHa 6.
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CseToBas runeproBepXHOCTD ABIAfeTCA Mpoo6pa3oM MHOroo6pasus N,
BLIPOX JEHHKIX (POPM MOJ JedCTBHeM (IPOeKTHBH3HPOBAHHOI'0) OTO6paxe-
HU#, 33JaBaeMOr0 I'NIaBHBIM MaTPHYHKM cHMBoJoM. Taxum o6pasoM, cren-
CTBHE TOCTAaBIfeT HHPOpMaNunio 06 0COGEHHOCTHX CBETOBLIX ['HIIEPIOBEDPX-
HOCTel, 3a4aBaeMBIX THMHIHLIMA BaPHANHOHHLIMHA IPHHIMIAMH.

3ameganme. OToGpaxkeHHe, 3aJaBaeMoe IJIaBHLIM MATPHIHAIM CHMBOJIOM
SuddeperMaIbHOrO YpaBHEHUSA, HE MOXKET GLITh POM3BOALHEIM, TaK KakK
IJIaBHBIA MATPHIHEIA CHMBOJ €CTh OJHOPONHLIA MHOI'OYIeH OT KOKacaTelb-
HOI'O BeKTopa. TeM He MeHee, npelH ayiEe coo6paxkeHns OGIROCTH HOJO-
XeHHA paboTalOT M B TOH CHTYallMH, IIOCKOIbKY CYIUeCTBYIOT gedopMa-
LHY BapHallHOHHOT'O NPHHIMIA TaKHe, YTO 06pa3 NMPOM3BOSHOM TI'IABHOI'O
MAaTPHIHOI'C CHMBOJA IO TapaMeTpaM HaKPhHIBaeT BCE KacaTelbHOE IpOCT-
pascTBo K N (Za1 M1060H TOYKM MPOCTPAHCTBA KOKACATENIbHOTO PacCloe-
HUd, He NpUHAJIEXKAlled HYIEBOMY CE4EHHIO).

IIpamep. PaccMorpum rumep6oiumdeckne BapHANHOHHHIE NPHHLHILL B
NPOCTPaHCTBe-BpeMeHH paaMepHocTH n = D + 1 = 2 (pa3meprocTh ¢u-
3HYECKOr'o NMPOCTPAHCTBA paBHa 1).

U3 npegnigymen Teopnu BHITEKaeT

Teopema. Tunuukvie 0COGEHHOCTIU CEEMOSKT 2UNEPNOSEPTHOCTET 2u-
NEPO0AUUECKUT 6 APUAYUOKNDIT NPUKYUNOE C 0OROMEPHIM BUIUUECKUM NPO-
cmpancmeos Jufificomopdnv Keadpamuunsin xonycas (c aoxaabnoti nop-
saavnoti Popuod z2 + y? = 22, 2de (z,y,2) — aoxaavubvie. xoopdunamo:
K@ MHO2006DAIUY KOHTNAKMHBIL IAECMERTNOE TLPOCTIPANCITLE EHHO-6 PEMEHHOT
naocxocmu).

CaepgoBaTebHO, OCOGEHHOCTH — JTO MIOJIHPOBAaHHLIE TOYKH, H COOT-
BETCTBYIOIee “BHYTpPeHHee paccedinde” IPOHCXOTHT B HEKOTOpDhLIE MOMEH-
Thl BPEMEHH B HEKOTOPHIX OCOOKIX TOYKaX.

OTa xe HopMmaibHai dopma z2 + y?2 = 22 ommcmBaeT (¢ ToYHOCTHIO
fo gudeomopPuamMoB) MpocTeRILyIO 0CO6EHHOCTh CBETOBOM I'EIEPIOBEPX-
HOCTH B MHOroo6pa3myu KOHTAKTHHIX JJIEMEHTOB MpOCTPaHCTBa-BpeMeHH
66abIIell pa3MepROCTH (C JOKaAbHLIMA KOOPAHHATAME T,Y, Z, %, U,...).

IIpu D = 2 (gBe mpocTpaHCTBEHHEE NepeMeHHbIE) 3TH O0COOLIE TOYKH
06pa3yoT gByMepHOe “MHOrooGpas’ie BEpILIHH’ Ha YeTHIpEXMepHOH CBeTo-
BOM I'MIIEPIIOBEPXHOCTH B NATHMEPHOM IIPOCTPAHCTBE KOHTAKTHHIX dJeMeH-
ToB. B >Toll pasmepHOCTH Apyrux ocobensocrteil meT. Ilpoexkums muO-
roo6pa3uf BepLIMH Ha TPEXMEPHOE NPOCTPAHCTBO-BpeMA €CTh JIByMepHOE
MHOroo6pasue. CueloBaTelbHO, pacCesiHMe BO3MOXKHO B JIO60H MOMEHT
B TOYKaX 3aBHCAmIEH OT BpeMeHW KPHBOH B pu3AIecKOM 2-IPOCTPAHCTBE
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(3xBHBaJeHTHO, B 11060H TOTKE PHIHIECKOrO 2-IPOCTPAHCTBA B HEKOTODhIH
MOMEHT BpEMeHHM, JaBHCAIIMA OT DTOH TOYKH).

Ilpn D = 3 (Tpu NpPOCTPaHCTBEHHEIE NEPEMEHHbIE) Pa3MEPHOCTDb CBe-
TOBOU I'HIEPHOBEPXHOCTH paBHa 6, Clef0BaTENbHO Pa3MepHOCTh “MHOrO-
06pa3us BeplIMH” THIMIHOIO BapHALMOHHOIO NpHHIMNA paBHa 4. Kpome
3THX IPOCTHIX oco6eHHoCTel (THNa KBaJPaTHYHOO KOHYCA BIOJIb MHOIO-
06pa3ns BepllluH), MOXET CyIIeCTBOBaTh KpHBas# ocoGeHHOCTed THNa N3.
Ipoekuus MEOroo6pa3us BEPIUAH Ha Y€ THIPEXMEPHOE NIPOCTPAaHCTBO-BpeMA
MOXKET er'o HAKphIBaTh. TakUM 06padoM, paccesHHe BOIMOXHO B JIOGOK
TOYKe H B JI060H MOMERT BpeMeHH (IpH 3TOM, pasyMeeTcd, HAalpaBIeHHe
0€O60l BOJHKEI CELHANbHO, TAK Xe, KaK 3TO OLIO B MEHBIIHX Pa3MepHO-
CTAX).

Oco6eHHOCTh CBEeTOBOH I'MIIEPIOBEPXHOCTH I'OBOPDHT O TOM, YTO C pac-
MpOCTpaHEHHEM BOJH TBOPHTCA YTO-TO HeOOhITHOE. Y7106 MOHATH OCO-
6eHHOCTH COOTBETCTBYIOMHX CHCTEM Jydeidl H (QPOHTOB, HaM Heob6XoAMMa
nHEdopManus 06 0OCOGEHHOCTH CBETOBOH I'MIEPNOBEPXHOCTH KaK MOBEPXHO-
CTH B KOHTAKTHOM IpocTpacTBe. TakuM 06pa3oM, Mbl DPHILIY K ClAeAyIo-
mell 3afade: B KOHTAKTHOM NMPOCTPAHCTBE KOHTAKTOMOD(HM3MaMH NpHBe-
CTH K JOKaJbHON HOPMalbHOH (popMe 0COGYIO MOBEPXHOCTS, AHpdeomopd-
HYIO KBa ApPaTHIHOMY KOHYCY.

8.3. KonrakTHble HoOpMaabHEIe POPMEI 0Cco6eHHOCTEH
KBaJApaTHIHLIX KOHYCOB

PaccMOTpHM — T'HIEDIOBEPXHOCTb, IHPGPeoMopdHYIO KBaJApPaTHIHOMY
xomycy z2 + y? = 2 B KOHTaKTHOM IIPOCTDPAHCTBE Pa3MepHOCTH 271 + 1.

TeopeMa. Ilapa, 06pa306aKKAA KORYCOM U TMUNUNHOUL KONMAKTMHKOU
cmpyxmypoti, npusodumcs (e HEXOMOPOU OKPECTNHOCTNY 6EPULUHDL KORY-
ca) x nopmaavHot Popme xonyca

pid=2+c (n=1), pitg=g¢ (>D),
u Hopmaabrot Popme dapby

pdg—qdp _

dz + 5

KOKMAKXMHKOU CTPYKMYpsl.
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3ameuanme. JTa TeopeMa 6hlra JOKa3aHA Ha yPOBHE GOPMAlbHEIX pEI0B
B[182] mas n = 1 u B [183) g1a n > 1. B amaamTHYeckom (nam romo-
MOpdHOM) Clydae psIH, olpejelfiomiue NPUBOASIINH Judpdeomopduam, B
obieM ciydae pacXoAfiTCH.

Boamoxmno, cymecryer C*°- ruddeomMopdusm, npaBosimuii KoHnIeC-
Kyi0 0COGeHHOCTh K NpeXnlAyllell HOpMaabHOH (opMe (HABPOCOK HOKasa-
TeAbCTBa JI% N = 1 MoxeT 6uITh Haiigen B [182); oxHako, getaun He omy-
6IHKOBAHHL).

CymecTsyeT HHTepecHAd CBA3b MEXIY MEXAY PeIYKI¥EH K HOPMaJb-
HO#l OpMe KOHTAKTHHIX CTPYKTYP Ha TPEXMEPHOH OKPECTHOCTH BepIIMHAL
KBaIPaTHYHOIO KOHYCa W TeopHedl HOPMAlbHHIX (JOPM DKBHBAPHAHTHAEIX
ILIOCKMX BEKTOPHHIX ITOJell B OCOGHRIX TOYKaX.

Bo-nepshixX, A0CTaTOMHO NpMBECTH K HOpMATbHON (PopMe orpaHmte-
HHe KOHTaKTHOH CTPYKTYPH Ha KOHyC (feTaium cM. B [182] wiu B [8)).
Mlas npuBegeHus K HOpMaabHOH opme 1-OPMHI Ha MOBEPXHOCTH KOHY-
Ca PacCMOTPHMM [JBYIHCTHOe “HakphThe” koHyca z? + y? = z2(z > 0)
(4, v)-nr0CKOCTBIO:

c=ul~ v}, y=2uv, z=1u+0l
Jlemma 1. Jufdepenyuaarnar 1-gopua na 3-npocmpancmse undyyupy-
em na naocxocmu @opmuy Pdu + Q dv, xosdPuyuenmanmt xomopot seus-
tomcea neuémmuvie Pynxyuu u dufdepenyuas xomopot 6 navaae xoopdunam
pasen uyao. H obpammuo, aw6as naocxas Gopma ¢ s3musu ceoticmeamy
undyyupyemcs u3 wexomopod 1-gopmv na npocmparcmae.

Bygem masniBaTh suddeomopduam (u, v)-nr0CKOCTH HeuémmubiK, ecan
OH KOMMYTHPYeT C NeHTPalbHOH cHMMeTpHel (u,v) = (—u, —v).
Jlemma 2. Jo6oi neuwémuvit (aoxasvnoil) duddeomopdusm (u, v)-naoc-

xocmu undyyuposan JubPeomopdusmon o06vemirouezo 3-npocmpancmsa,
COTPANRIOWUM KOHYC.

OTH JeMMEI CBOJAT Hallly 33,[a4y K JOKaJbHOH Op6HTAILHOMK KaacCudu-
Kalld¥ HEIETHLIX BEKTOPHLIX MOJeH C HYJAEBHIM CleOM (cymmoit co6cTpen-
HLIX 3HaYeHHH B HaYale KOOPAMHAT) MO OTHOLIEHMIO K Ipylie HEYS8THRIX

Juddeomoppusamos.
U3 cramjapTHOR Teopu: HOPMAIbHEIX (OPM BEKTOPHHWX IoOXel (cM.,
Hampuumep, [17]) BarTexaer

Jiemma 3. Dopuasvuniti (uau C™) neuémuwii duffeomopduim u ymmo-
HCEHUE HA UEMNYIO GYRKYWIO NPU6OOAM MuUNuuKoe Heuémuoe sexmopnoe

.
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noae ¢ Hyaesbiu caedom 4ub0 K 2unepboauvecxots HOPMAaLHOU Popme

%= u(l + uv + c(uv)?),
U= v(-1+ wv + c(uv)?),
AU6O K FAAUNMUNECKOY HOPMAALHOL dopmue
4= v+ u(u? +v2) + cu(u? +v?)?,

—u+v(u? +v2) 4 cv(u? +v2)2.

=8
1

Bosppalliafdich 0T BeKTOpHEIX mOJel K l-dopmam ma Komyce, a 3aTeM k
1-popmam ma 3-mpocTpaHCTBe, MOXHO MOXYYHTL H3 3THX topmya yTmep-
XK ReHHe TeopeMul. JTa PeIYKIHA 0ObACHAET TaKKe IPUCYTCTBHE B Teope-
Me MOoJyJd C: OH HHBAPHAHTHO CBA3aH C 0COOEHHOCTLIO COOTBETCTBYIOIIEr O
IIOCKOI'O HEYETHOI'O BEKTOPHOI'O IO,

3amewanne. [Ipupesénuasn Brile PEAYKUHA IONE3HA TAKXKE LA IOHHMa-
HH4 NOBE/eHNA XaPaKTePUCTHK Ha NOBEPXHOCTH KOHYCa: OHH COOTBETCTBY-
0T TPaeKTOPUAM ONMCAHHAIX Bhlllle BEeKTOPHAIX LOJeH.

QIIMITHYeCKRE Caydait COOTBETCTBYET 3HaKy “+” B Teopeme. B au-
HEHHOHW aNNpPOKCHMAlMH, TPAEKTODHH Ha (%, v)-NIOCKOCTH ABAAIOTCA OK-
PyxHOCTAMH. XapaKTepPHCTHKHM Ha KOHyCe SBANIOTCA CIMPAIAMH, GIHIKH-
MH KPYI'OBBIM “TOPH3OHTANbHBIM” CeYeHHAM z = const. MameHeHme Bhr-
COTEl Z MOHOTORHO BJOIb XapPaKTEPHCTHK (Ha OZHOH MOXé KORYCa Xapak-
TEPHCTHKA MELICHHO NPUOJIMKAIOTCH K BepIliiHe, Ha APYrofl — MelIeHHO
yBanfioTcs oT Heé).

I'mnepGoaunyeckuit caydait coorsercTByeT 3RaKy “-~” B Teopeme. B
2TOM CIy4ae XapaKTePHCTHKHM Ha IOBEDXHOCTH KOHYCa O4YeHb MOXOMH Ha
BEPTHKaJbHbIE CeYeHUA 2 = const. [[Be M3 HUX ABAKIOTCA ITAJKAMH KPHBHI-
MH (aHAJIMTHYECKHMH B aHAIHTHICCKOM cllydae), COAEPXKAKMHE BEpPIIHHY.
OTH “cenapaTpHch” Ha MOBEPXHOCTH KOHYCa COOTBETCTBYIOT KOODIHHAT-
HHIM ocaM % = 0 1 v = 0 Ha nuockocTH. WX CYUIECTBOBaHHE ClefyeT 3
TeopeMil A famapa-Ileppona (cM., manpamep, [17]). _

B npegniaymux crefcTBRAX TeOpeMsl 0 HOpMAIBHBIX dopmax He Tpeby-
€TCH CXOZMMOCTD PAJOB, 22 JAlOIUMX NPHBOLALMe AU(DPEOMOPOUIMEI, Tak

KaK HCIOJAB3YETCA IPHBEJEHHE TOJLKO HECKOABKHX NepBLIX 1JI€HOB DAJga

Teiitopa. Takum 06pa3oM, IIf NOYIEHHS TOMOTOrHYECKON HHPODManuH
O MOBeJleHHH XapPAaKTePHCTHK, HET HEOGXOMMMOCTH IOJHOCTHIO JOKA3LIBATE
TeopeMy O HOPMAJBHHX (POpPMaX: JOCTATOYHO HOPMAJAHM30BATh HECKOABKO
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nepBhIX 4XeHOB pafa Tellmopa. OTa HopMmaluwsanud TpebyeT He6GoJbLIEX
BHIYMCIEHHH, KOTODKIE 3Jech # omyckalo (cM. [182]).

3amewanme. Hopmaubable QOPMEL KOHYCa B KOHTAKTHOM 3-IPOCTPAHCTBE
MOT'YT GLITh HHTEPIPETHPOBAHL KaK ONMACAHHE THIAYHOR OCOGEHHOCTH He-
ABHOT'0 JM(depeHnnalbHOIO YpaBHEHN, 3aBUCAIETO OT NapaMeTpa.

[loBepxrocTs F(z,y,p) = 0, 3azaBaeMas THOMYHLIM HeABHLIM YpaBHe-
HHeM B KORTaKTHOM IPOCTPaHCTBe 1-CTPYH QPyHKIHUA OT OLHOM IepeMEHHON
(cHA6XXEHHOM eCTeCTBeHHOM KOHTAKTHOM CTPYKTypoit dy = pdz) He ocoba.

OjHako, eclM ypaBHeHHMe 3aBHCHT OT HapaMeTpa, TO [IpH HEKOTOPHIX
3HAYE€HMAX MapaMeTpa 3Ta IOBEPXHOCTh MOMXET CTAaHOBHUTbCA OCOGOH.
B mpocTrefimux ogHOmapaMeTpHYECKHX C€MeHCTBaX BCTPEYaloTCH TOIBKO
NpOCTeWliIe OCOGEHHOCTH, 3 UMEHHO MOPCOBCKHE KOHMYECKHe TOYKH.

Takum 06pa3oM, B KOHTEKCTE TEOPHH HeABHHIX OGHIKHOBEHHHIX JHd-
¢epeEnHAIbHEIX YpaBHEHUHA KOHAYeCKad OCOGEHHOCTDL BO3HHKAET TOJNBLKO B
MOMEHT IlepecTpoiku. Bo3HHKaeT ecTecTBeHRad 3ajada H3ydeHHs 6udyp-
KaIE#: MK JOMKHB HCCAeZOBATh TaKKe ypaBHeHHA, COOTBETCTBYIOIKE OJ-
HO B JBYIOJOCTHOMY I'umep6oaod faM, 6IM3KUM TOBEPXHOCTH KOHYCa. JTO
TalOKe MOXKeT GhITh celaHo MeTogaMH paGoTH [182] (cMm. B meil §2, same-
Jagne 3).

B Teopun penakcalmoHHEIX Kone6aHK# Hallla 3a4a4a BCTPEYaeTCs B MO-
MeHT NepecTPORKM THIMYHLIX CEMEHCTB CHCTEM ¢ OLHOH GLICTPOH U ABYMA
MeJJeHHhIMH [IepeMeHHKIMH, 3aBHCAINMX OT OJHOI'O napamerpa. KomTakTt-
Had CTPYKTYpa B TPEXMePHOM (Pa30BOM MPOCTPAHCTBE €CTh NOJE ILIOCKO-
cTell, TOPOXKAEHHEIX (BEPTHKANbHLIM) HalpaBleHHeM OLICTPOro JBHXKEHMA
H (IPOM3BOJBHLIM) HaNMpPaBJIeHHEeM MaJoro BO3MYINAIOMEro NoAf. BucTpas
pefakcanus OTIpaBifeT (Pa30ByI0 TOYKY BAOIb BEPTHKAJbHOH NpPAMOH Ha
Me[JIeHHYI0 NOBEPXHOCTh, Ha KOTOPOH OTCYTCTBYeT ABHXKEHHE C OLICTpOH
CKOpOCTbIO. MeaieHRad 5BOMIONHUA IO 3TOH MOBEPXHOCTH NPOTEKaeT BAOIb
XapaKTepHCTHK MeJJIeHHOW MNOBEPXHOCTH Halllero KOHTAKTHOI'O MpOCTpaH-
CTBa.

B cucteme o6iuero monoxenns MeqIeHRas NOBEPXHOCTD ABIASTCH IJIal-
koit. OJHaKo, eclId CHCTeMa 2aBHCHT OT OJHOIO MapaMeTpa, TO NpH He-
KOTOphIX 3HaYeHHAX HapaMeTpa 3Ta MeAJeHHAS HOBepXHOCTh IpHOGpeTaeT
MOPCOBCKYI0 0COGeHHOCTh (KBaApaTHYHLIA KoHyc). Kax M B ciydae HesB-
BRIX OOGLIKHOBEHHHIX KU EPERNUAIbHEIX YPAaBHEHHUH, €CTeCTBEHHOM 3aJa-
9ell ABIfETCA U3Y4EHHe MOAHKIX NepecTpoex. [IpuBenéHHas BhIIe HOPMAb-
Haf (popMa KOHyCa COCTABIAET AAPO peleHus ITOH 3aja4H.

EE—

\
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8.4. Oco6eHHOCTH CHCTEM .Jy4ed ¥ BOJHOBHIX GPOHTOB
B TOYKaX HECTPOroM rMIep6oaunIHOCTH

3lechb MbE MpUMeHSeM IOMy4eHHYIO BhIIE HOPMATbHYIO (POPMY OCOGEHHO-
CTeil CBETOBLIX I'HIIEPIIOBEPXHOCTEH K H3yYeHHMIO DaCHPOCTPaHEHHi BOJH,
2a/]aBaeMBbIX M'MIep6OINIeCKHMA BaPHANMOHHBIMY NPHHIMIAME.

Bo-nepsuix, paccmorpum caytain D = 1 ogHomepHOro u3MYeckoro
npocTpaHcTBa. (CBeTOBaf NOBEPXHOCTb B 3-NPOCTPAHCTBE KOHTAKTHBIX
2/1leMeHTOB [BYMEDHOIO NPOCTPAaHCTBA-BPEMEHH LA TMNep6OIHYECKOro Ba-
PHAIHOHHOr O NPHHNHUIA OBIEro MOJAOXKEeHUS HMeeT OCOGEHHOCTH THIA KBa-
APATHYHOI'O KOHYCa, KOTOpble MPUBOAATCA KOHTAKTOMOP(DH3IMaMH K HOp-
MaTbHEIM GOpMaM, IpHBEASHHELIM B §8.3.

Teopema. /Jas zunepboaunecxuz cucmes sasunmuseckud cayuad
(3nax “+” 6 nopmaavnoi @opme §8.3) nesozmoncen.

JdoxkasaTenscrBo. CpeToBad rHIEPUOBEPXHOCTh HAXOAUTCA B IPOCTPAH-
CTBe NPOEKTHBH3OBAHHOI'O KOKacaTelbHOI'o paccioesus PT*R? —s R?
HaJ ILIOCKOCTBIO NMPOCTPaRCTBa-BpeMeHH. CJIOM TOro pacCHOeHMS HABIf-
IOTCH Je2KaHAPOBLIMH OAMHOr 006pasnsmu. KacaTenbras npaimag K cloio B
BepIUMHEe KOHYCA NMPHUHAJIEKHAT KOHTAKTHON MIOCKOCTH. B 3MIunTHdeckom
Cydae 3Ta KOHTAKTHaH ILIOCKOCTh (dz = () mepecekaeTcs ¢ BelleCTBEHHBIM
KOHYCOM TOIbKO B BepmiHe. CieJOBaTENbHO, HEKOTOPhIE U3 GJIH3IEIKAIMX
CIIOEB He MepeceKaioT CBEeTOBYIO I'MIIEPNOBEPXHOCTh B HEKOTODOH OKpECT-
HOCTH OCOGOM TOYKH, TOr'Ja KakK APYL'He CIOH NepeceKaloT eé qpax Jul. Ta-
KHM 06pa3oM, XapaKTepHCTHYECKOe YpaBHEeHHE JOMKHO MMETh KOMILIEKC-
Hbl€ KODHH B HEKOTOPHIX TOYKaX MPOCTPAHCTBa-BpEMEHH, TO eCTh CACTEMA,
He I'Hilep6onnYHA.

PaccmoTpum runep6oaniecknii cayyail (3Hak “—” B HopMaabHOH popme
§8.3). :

Teopema. I[Ipoexyus o06bvedunenux TAPAKMEPUCTIUK — CENAPATRPUC
U3 C6€MOB0Y NOBEPTHOCTNY KONYCA HA TMOCKOCTL LPOCTPANHCTIE -6 PEMERY
(8doab caoée xoxacameavrozo paccaoenus) cocmoum u3 2-z 2aadxuz (ana-
AUMUBUECKUT) K6AIPAMUUKO Kacaowuzcs xpustiz (1-2) u (3-4). MMpoexyuu
zapaxmepucmux nepeozo (8mopozo) cemeticmea — xpussie (1-4) (coom-
semcmeenno (2-3)) (puc. 120).

ITO cleyeT U3 TOr'0, 9TO KacaTelbHOE IpAMbIe K CElTapaTpHCaM B BEp-
LIMHE UpHHa JIeXaT KOHTAKTHOU ILIOCKOCTH H, CIEJOBAaTelbHO, KOMILIaHAap-
Hbl BePTHKAJIbHOMY HalpaBJeHHIO (KacAOWEMYCS CIof).
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Puc. 120. XapaKTepucTHKH
CBETOBOW MOBEPXHOCTH H HX
NpOEeKHHH B HPOCTPAaHCTBO-BpeMs

KpagpaTuynOe OTKJIOHEHHE OJHOH CIPOEKTHPOBAHHOH KPHMBOH OT ApY-
rol ecTh NposBIeHNHEe HEBLIPOXK JEHHOCTH KOHTaKTHOHR CTPYKTYPHI.

ByJeM Ha3LIBaTh NPOEKIHH B NPOCTPAaHCTBO-BPeMs (6H)XapaKTePHCTHK
ayuamu (B ITOM Pa3MEpPHOCTH OHY ABIAIOTCH TaKXKe GOJAbIIMME QPOHTAMH).
[Ba cemelcTBa aydYel, COOTBETCTBYIOIMX IIONAM KOHyCa, KacaloTCd JpyT
XpyTa B oco6oit Todke (06pa3e BepIUMHHI KOHYCA) M IIajKHi (aHATHTHIHE)
BHE eé.

PaccmMoTpuM ofgHOnapaMeTpUYecKoe CeMeHCTBO JAydel, COZepialluX
OCOGHH JIy4, TPOXOAAIMH depe3 ocobyio Todky. Ocobhlll a1y fBIfETCA
NIOMAHOK JMRMeH: OH COCTOMT H3 JBYX INMaJKHX (aHAIHTHIECKHX) YacTed,
HMeIoIMX 06LIYIO KacaTelbHYIO B 0c0GOH TOYKe # Pa3Hhle KpHBHIHHL. Bans-
Jexalue Jy9M I'NTajJKd, HO, pa3yMeeTcH, HPUCYTCTBHe 0COGEHHOCTH IMpo-
ABNAET ce6f B BHAE pacCeiHus CeMelCTBa B 0co6oH TOdKe.

PaccmoTpum raagkyio (aHAJIHTHYECKYIO) JHHHIO, TPaHCBEPCATbHYIO B
HEKOTOpOH TO4YKe (Ha KOHEYHOM PacCTOSHHH OT OCOGOH TOYKH) “HpHXOAsH-
1le” 4acTH ocoboro Ayda H3 IepBOro ceMencTBa. PaccMoTpuM aHajorud-
HYIO JHEMIO, NepeceKalomylo “yXoauyo” JacTh ocoboro ayda (puc. 121).

Jlyun nepeoro ceMeiicTBa TPaHCBEPCAJbHO IlepeceKaloT ole JHHHH H,
CleJOBATENbHO, ONpeJeNfioT HempephlBHOE “OTO6paxkeHHe pacCeiHmA”,
oTo6paxalolliee TOYKY Mepecedenus (IPUXOAALIEro) Jyda ¢ MepBOi THHHEH
B TOYKY IepecedeHus TOTo xke (yXoIfILero) 1yda co Bropok auauneil. Hawe
ceMeHCTBO JyYell MMeeT BHJ CeMEHCTBa lapaJlelbHbLIX NpAMbIX. B Heko-
TOPOH OKPEeCTHOCTH TOYKH Ha MPHXOJAsfeM ocoboM ryde OHO MOXeT GHITh
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Qg + B¢

Puc. 121. Pacceanue nydeit
Ha IUIOCKOCTH OPOCTPAaHCTBa-BpeMeHH

Nnpeo6pa3oBaHO B CEMENUCTBO MAPANIEHbHLIX HPAMLIX DU MOMOIA HEKOTO-
poro auddeomopdrE3ma (B CYIMIHOCTH, 3TO JOCTHIAETCA C TOMOIIBIO HepBOX
TPaHCBEPCAILHOH NHHAK). JTO Xe CEMEUCTBO Jydedl TaK e MOXeT OhITh
npeo6pa3oBaHO B CEMENACTBO MapaJllieibHbIX IPAMBIX B HEKOTOPOH OKpeCT-
HOCTH TO4YKHM Ha yxogsiieM nyie. OJHaKo, 3TH IudpeoMOopdH3MbL HE CO-
raacopaHnl. Omobpadicentie pacceanus uaMepsieT CTENeHb HeCOr1aCOBaHHO-
CTH 3THX ABYX IapaMeTpPH3aIHil OTHOTO H TOT'O K€ MHOXKECTBA JIy4eH.

ITycTh w 0603HaYaeT pacCTOAHNE OT TOIKH BXOLAILEIO Jyda JO 0COGOro
Jyda, H3MEPEHHOE BAOJbL TPAHCBEPCANLHOW JUHHH TodYeK Bxoga. Ecam 6br.
ceMeHcTBO 6bLIo DMajKHM, TO pacCTOfHHE W' OT TOYKH BHIXOZA ITOr'O XKe
Jy4a Jo oco6Goro ay4a, u3MepeHHOE BJOJAb TPaHCBEpCAJIbHOM JHHAH TOYEK
BHIXOJa, ABAANOCH OHI rajKkol GyHKOHeld oT w, u eé paj Teiaopa uMera Gul
Bug w' = aw + bw? + .... Hopmansusle opmnl 13 §8.3 BrI3bIBaIOT 0COGEH-
HOCTb B ACHMITOTHIECKOM Pa3JOXKeHHH, a UMeHHO w' = arw+b'w2 lnw+....
ITOT AorapudM ABAAETCH NPOABICHHAEM PACCEAHHA.

Pa3ymeeTca, c pH3MYeCKOH TOYKH 3peHUs 3TOT 3ddexr caaboro pacce-
SHUA HE TaK BaXKeH, KaK BO3MOXXHOCTH 06MeHa J>Hepruel Mex Iy BOXHAMH
060X CeMEHCTB B OCOORIX TOYKaX.

PaccmoTpum Tenepn caydait D = 2 (gBymeproe (puamyeckoe mpocT-
paHCTBO). MHe He M3BECTHO, BO3MOXKEH JH JMIMNTHYecKHE crydal (“+”
B HODMaJbHOH (POPME OCOGEHHOCTH CBETOBOH 'HIEpPIOBEPXHOCTH) IIf TH-
MAYHLIX THNEp6OIMIECKHX BapHAMOHHAIX cucTemd). Ml paccMOTpHM I'-
nep6oaryeckuil caydai (“—” B HopMaIbHOH HOpPME), KOTOPLIH, OIeBHIHO,
BO3MOXKEH.

ITocne ecTecTPeHHON 3aMeHLl MEPEMEHHLIX, HOPMaJbHas (opMa MOXeT
OLITDH 3anucaHa B BHJE

_bhdp-aq dp1 +p2dg2 — ¢ dpa (1)
> )

H = piq1 +p}, dz

3)B03MOXHOCTS /UMNITAECKOrO CAy4ad HefaBHO jokasaHa Il.Bpaamom m
I'. Je#AicTepmMaaToM.
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YpaBHeHHS XapaKTepHCTHK IrumepnoBepxsocTH H = 0 TakoBar:

= -py, a=q, p2=0, ga= 2ps, z=0 (2)

(rie TouKa 0603HAYaET MPOU3BOIHYIO MO BCHOMOTATENbHOMN IlepeMeHHOH ¢
BJOIb XapaKTePHCTHK; 3Ta [lepeMeHHaf [ He COBNaJaeT c PyHKIHUeH Bpe-
merH T'(p, g, z) IO OTHOWIEHKIO K KOTOPOH CHCTeMa runep6oIn4Ha).

MrroBeHHEIH BOAHOBOK (PPOHT Ha (PHIMIECKOH IIOCKOCTH npeacTaBls-
eTCA B KOHTaKTHOM 5-MHOI'006pa3ui HEKOTOpOH HHTEerpalbHOH KPHBOM
KOHTAaKTHOH CTPYKTYDhl, IpHHaIIeXalliedl CBETOBOH THIIEPIOBEPXHOCTH
H = 0. KopasmepnocTs BXOJfmed cenapaTpHchl ¢; = 0 B cBeTOBOH r'u-
IeplIOBepXHOCTH paBHa 1. CaefoBaTelbHO, THNHMYHLIA BOJAHOBOH (DPOHT
IPOXOJHT Tepe3 0COGEHHOCTh B M3OJIMPOBAHHLIE MOMEHTHI BPEMEHH B H30-
JHPOBaHHKIX TOYKaX.

Ilpeanonoxum, 470 HETEerparbHas KpHBad, Ipe CTABIAIONIAS MIHOBEH-
HBIH (PPOHT, TPAHCBEPCAIbHO NEPECeKaeT BXOAAMLYIO CenapaTpucy B TOYKe
€ KOOpAMHATAMH P = 1, ps = q| = ¢2 = 2 = 0 (o6mmit cryyaii mMoxeT
OLITh CBEJEH K 2TOMY OYeBHJHOMH 3aMeHOH mepemeHHHIX). PaccMoTpuM Xa-
PaKkTEPHCTHKHA CBETOBOM I'HIEPIIOBEPXHOCTH, BLIXOLAIINE H3 TOYeK Hallel
KPHBOH. JTH XapaKTEPHCTHKH 06pa3yloOT [BYMEpHOE JeXAHIPOBO MO IMHO-
rooGpasue B CBETOBOW T'MIEPIOBEPXHOCTH (3Ta JEXaHIPORA MOBEPXHOCTD
06pa’oBana KOHTAKTHHIMHU 3IeMEHTaMH, KacaloWMMHCA GOIbIIOro PPoHTa,
MOPOX JEHHOI'O HAlIMM MI'HOBEEHHIM (POHTOM B [pOCTPaHCTBE-BPEMEHH;
6oubIIoH HPOHT eCTh NOBEPXHOCTH B TPEXMEPHOM IPOCTPaHCTBE-BpeMeHH,
3aMeTéHHAf MI'HOBEHHLIMH (PPOHTaMH).

Jlemma. Onucannas eviwe .aedcandposa noseprmocmo npueodumca
HopMaabHot fopme

2
. _ u
p1=e€ ta P2=uU, 1 = _u2et1 q2 = 2'”‘7 z = _E‘ (3)

KOHMAKMOMOPHUIMOM,  COTPAHAIOUUM CEEMOSYIO 2UNEPNOBEPTHOCTRL
H =0 (u,t — napamempn na noeeprrHocmY).

HoxasaTeascTBo. PaccMoTpuM nepecevenue 1ol JexaH [poBoii OBEpX-
HOCTH C I'ENEepPNOBEPXHOCThIO p; = 1. Ta KpUBad TPaRCBEPCAIbHA BXOLA-
mied cenapaTpuce. B HEKOTOpPOH OKPECTHOCTH Halled TOYKH JOKATbHLIME
KOOpJMHATaMU Ha rumepnosepxuocTH (1) spasiorcs (p1,pa,gs,2). B oTux
KOOpJMHATAX BXOJALIAd CenapaTpHca 3afaéTci ypaBHeHneM py = 0. Cie-
AOBaTeNbHO, BAOAb KpHBO# dps # 0. Takum o6pa3oM, orparuyYenHe Py Ha
3TY KPHBYIO MOXeT GHITh BHIGDAHO B KadecTBe MapaMeTpa t BXOJb ITOH
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KpHBOH:
n=1, P2 = U, U} =—’LL2, Q2=f(“), z=g(u).
Cumnrexromopduam (p1, p2, q1, 2) — (p1, P2, 91, 92 — f(p2)) y6uBaer f, co-
xpaiis H. CooTBeTCTBYIOmMHE KOHTAKTOMOPOH3M NPHBOJHT ¢ K BHIY
—u%/2, Tak Kak BIOIb HalIeH HHTErpalbHOH KPWBOH KOHTAKTHOH CTDYK-
TYpul dz = p; dg; /2 = —u du. TakuMm o6pasom, Hala MapaMeTpH3OBAHHAA
KpHBaf [pHBEJEHA K BHAY
2
u

n=1 D2 =4, a1 =—’ll,2, gs =0, 2=_-§._

XapaKTepHUCTHKHE Hallledl raneprnoBepXaocTd H = 0, BHXOJAIME U3 TOYEK
3ToH KpWBOH, 3aMeTaloT JeXaHJPOBY IOBEPXHOCTh, ONHCAHHYIO B JeMMe
(Mbr mcronp30OBaNy ypaBHeHHA (2) XapaKTepUCTHK).

HUcnonsayem ropMalbHyIo hopmy (3) Aas omucaEHs 0CO6EHHOCTH GOJb-
Oro (PpOHTa B NPOCTPAHCTBe-BpEMEeHH H IepeCTPOHKH MOMEHTAIbLHBIX
¢porTOB. BoabmIOk PPOHT €cTh MpOeKUMA zeXKaHAPOBOH MOBEpXHOCTH (3)
U3 5-NpPOCTPaHCTBa B 3-DPOCTPAHCTBO BIOJL CIOEB MPOEKTHBH3OBAHHOI'O
KOKaCaTeJlbROI'O pacchoenui. B oTandue oT cayyad oJHOH MpOCTpaHCTREH-
HOM MepeMeHHOH, B ClyYae ABYX NPOCTPaHCTBEHHLIX lepeMEeHHAIX, 10-BH TH-
MOMY, HET OTAMYHH MEXAY THNHYHLIMM HPOEKIMAMY M THIMYHLIMHY JEXKaH-
xpoBuiMu nmpoexnuamu?). Hike f ONMmy 0CO6EHHOCTH THOHYHAIX npoeK-
1K DoBepxHOCTH (3) B TpéXMepHOE IPOCTPAHCTBO-BPEMA.

OKOoHYATeIbHLIM PE3YAbTATOM HBISETCA CAefyiollee ONMCAHHE THUINY-
HEIX IepecTpOeK THOHYHLIX HeleXKaHIPOBLIX Hpoexuuil (puc. 122), xoto-
pule Mbl OyJxeM Ha3bIBaTh Kea3ufpomamu, IS OTIAYMA OT MCTHHHLIX
(pORTOB, ABNAIOMMXCA JHeXKaH IPOBLIMHA NPOEKNUAMH, ONHCAHHLIX B §8.5.

10 =
Puc. 122. Ilepectpoiika =0 X
MrHOBeHHHX KBa3sH(pPOATOB, <0

ABHXKYIIUXCA B ILJIOCKOCTH

MrHoBeHEHH KBa3uGPOHT, GLIBIUMH I'IaNKOH KpMBOM JO MOMEHTa Ile-
pecTpoliku, IpHo6peTaeT 0co6yio Touky. B MomenT mepecTpoiik# KBa3m-
¢porT 0o6pasyer yroa. O6e BeTBH 3TOr0 JOMaHHOI'O KBa3H(POHTa HMe-
I0T KacaTelbHble B OCOGOM TO4UKe (OTAHYAloOHECH APYr OT APYra), HO

“'Ha camom Jele Takue OTJIMYMA eCTh: OHM OIMCAaHH B §8.5.
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KPHBA3HLl 6ECKOHEYHEI. YpaBHeHHe KaXJ0d BeTBH B ocO60H TOYKe HMe-
er BuA y = z/In 2% + o(z/ In z2).

Ilocre MoMerTa NepecTpPOiKH KBa3H(MPOHT HMEET HENpephLIBHLIE Kaca-
TeldbHEIE B KaXXo# Todke. OJHaKo, OH HMeeT OcOGhble TOYKH, B KOTODPAIX
KpuBH3HAa 6eCKOHeYHa. YDaBHeHHe KBa3H(POHTa B HEKOTODOW OKDECTHO-
cTn 0cO60H TOYKH MOXeT 6HITh 3anucaHo B BHAe ¥ = z/Inz? +o(z/In z?).

Jns BRIBOJa 3THX pe3ylbTaTOB, BBejéM HOBHe napameTphl (A, B) na
moBepXHOCTH (3), onpefeiis MX NPH MOMOINM SBYJIHCTHOTO “HAKPHLITHA”
HOJBI KOHYCa IIOCKOCTHIO:

p1=A27 —q1 =B2) P2=AB (4)

Torga u = AB n t = —In A%. CaefoBaTeanHo NOBEpXHOCTH (3) mapa-
MeTDH3yeTCH CleJyIOmWEM o6pasoM:

A’B?
2 * (5)

=A% pp=AB, g =-B? ¢g=-24BIn A% z=—
q

KoopIMHaTHl NPOEKIHH 3TOH NOBEPXHOCTH B 3-MPOCTPAHCTBO ABIRIOTCSH
9€THEIMM QYHKIMAMH NepeMeHHuX (A, B) # MoryT 6uITh MOAYy4eHHl Kak
pe3yabTaT NOJACTAHOBKY IATH QYHKIHH (5) B HeKoTOPHEe Ilalxie GYHKIKE
Fi(p1,p2, 01, 92, 2).

Bri6epeM Ha4alo KOOPAMHAT IIPOCTPAaHCTBAa-BpEMEHH B 0cob0M TOYKe.
®ynkuun F; B 3TOoH TOYKe PABHHI HYJIO.

PaccmoTpuMm pagnt Teintopa dymxuuii F; B mavase koopauuat. Ilox-
cTaBiff (5), MBI HOJYYUM KBAa3U-TEAJIOPOBHL PAAbl, KBA3HMOHOMEI KOTOPHIX
umetor Bux A*B!(In A%2)™, m < k. B ecTecTBenHO# HepapXMH KBasmMo-
HOMOB II0 X MOPAJKY B HYJe, KBA3MMOHOMbLL TaKOI'O BUJa NpeHe6pexX HMEI
IO CPaBHEHHIO C KBAa3HMOHOMaMH C MeHBLIIMMH 3Ha4eRMAEMH k + [, B cBoio
odYepelb KBAa3HMOHOMBEL C GOAbMIHME Kk + ! mpeHeGpeXXHMBI IO CpaBHEHHIO
C 3TMMM MoHOMaMi. W3 ZByX KBa3HMOHOMOB C paBHRIMH k + !/ kBasumo-
HOM, HMeloIHil Goablilee m, ABIsETCE GOALIINM (ero MOPAZOK CTPEMICHHR
K HYJIO MeHbIlE).

IIpuHuMas# 3TO BO BEHMaHHe, LOJydaeM, YTO [JIaBHbie YacTH (PYHK-
nuiil F; B Hadvale KOOpAMHAT mponopnuoHanbusl ABIn A%2. KospduunenT
IpH 3TOM KBa3HMOHOME €CTb BEKTOp B HalleM 3-ipocTpaHCcTBe. Buibepem
KOODJHHATHL B 3TOM 3-IPOCTPAaHCTBE TaKUM 06pa3oM, YTO nmepBasi KOOD AU~
HaTHAfA OCh COZEPXKHT ITOT BEKTOp. ITa 3aMeHa MPHBOLKT Hallly MPOEK-
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OUIO X BHAY

)= ABIn A% + ..,
zo=P(A,B)+..., (6)
23 =Q(AB)+...,

rze P u Q — xBagpaTudHbie POPMEL, 3 TOYKH 0603HAYAIOT TAEHEl 6OMBITHX

MOPAIKOB.

Ksagpatudanie ¢popmut P u @ 3a1al0T KBalpaTHYHOe OTOOpakeHHe
(A, B)-nmnockocty B (), z2)-m10ockocTh. THNHYHOE KBaJpaTHIHOE OTOGpa-
JKeHHe U3 IJIOCKOCTH B INIOCKOCTH NPHBOJATCH K OZHOH M3 ABYX HOpMAlb-

HBEIX PopMm
y2=C? - D?  y3=2CD (snammTudeckuii crydait), )
yo = C?, y3 = D? (runep6ommyeckmit cry4aii)

HEKOTOPOH JMHEHHOH 3aMEeHOH KOOpIMHAT

(A’ B) — (C1 D)1 (12113) L (y21y3)-

IIpene6peras wieRaMu Gojee BLICOKHX MOPALKOB B (6), B aaaunTHde-

. CKOM Cllydae IOJYYHM IpEACTaBICHHE NPOEKIHHK B Bie rpaduka GyHKIUH

ABln A? ot nepemerHRIX y,y3 (pHc. 123). DTa dyHKnus rIagxa Beage,

KpoMe Iyda, COOTBETCTBYyIOmero npamod A = (), Ha KOTOpOH KacaTeabHad
IIOCKOCTh BEpTHKAAbHA N KpHBM3Ha (IorapudMudeckn) GeCKOHEIHA.

Xy

Puc. 123. Ocobmit ay4
-Ha 60JIbIIOM KBa3H@POHTE
B IIPOCTPaHCTBe-BpeMeHH
(aanuoTgeckui caydait)

B runep6ormeckoM crydae “dynxmus’ ABIn A? mepemeHHBIX Y2, Y3
onpejeiieHa TOJIbKO Ha NMOJOXKHTeAbHOM KBajpaHnTe (yz > 0,y3 > 0) u npu-
HEMaeT [Ba 3HadYeHH:A IIf KaXJAoH BHYTpeHHeH Touxd. Tem He MeHee,



296 Taaea 8. Tpancopmayuu 604, onpedeséHNbIT 6GPUAHUONNLIMY NPUHYUNGHKY

Xy

Puc. 124. Ocobmint xy4

Ha 60JbIIOM KBa3U(ppoOHTE
B IPOCTpaHCTBE-BpeMeHHU
(runmep6onndecknii cryvail)

43

rpadux MMeeT OZHH OCOGHIA Ay4 (¢ 0OCOGEHHOCTBIO TOrO Xe, JOrapudpMHu-
9eCKOro, THIa KaK M B JITHITHIECKOM Clydae, puc. 124).

IIpianMan Bo BHEMaHHe OTGPOIICHHKE PaHee YAEHb], IOIYIUM, YTO TO-
HOJOrHYecKad KapTHHKa He W3MeHfeTcA: CHPOEKTHPOBaHHAA IOBEPXHOCTh
OCTA€TCs IroMeoMOpPHON NIOCKOCTH H HMeeT OCOOHIH JAY4, BAOAh KOTOPO-
o KacaTejlbHad ILIOCKOCTh HeIpEpLIBHA, HO KPDHBHU3HA TPaHCBEPCANLHOI'O
cedeHus 6eckoHeYHA.

Jas Toro 9To6GH H3YIUTh XapaKTep MEpeCTPORKH KBa3H(POHTOB, pac-
CMOTPHM THIOHYHYIO NIafKylo QYHKIHUIO BPeMeHH, PaBHYIO HYJIIO B Hadale
KOODJAHMHAT Halllero 3-mpoCTPaHCTBA.

IlepBrle 4fieHH B KBa3H-TeHJIOPOBCKOM palloXeHHH >TOH (DYHKIHMH B
HajJaJe KOODIUHAT TaKOBHI:

T =aABln A2 + bA? + cAB+dB* +....

KpuBsie HyleBoro yposus Ha (A, B)-mIockocTH MMEOT aCHMITOTHKH

(8)

CregoBaTenbHO, KpHBLIe YPOBHA (QYHKIAH KBasuBpemenH Ha (A, B)-
ILIOCKOCTH IOLOGHM TUHASEM YPOBHA QYHKIHE AB, oqHaKo JIBe cenapaTpH-
Chl, COOTBETCTBYIOI[ME HYJNEBOMY YPOBHIO, CI€rKa Je(pOpMHPOBaHEI
(pHc. 125).

3amewanme. XapaKTEPUCTHKH CBETOBOH I'MIIEPIIOBePXHOCTH, NpPHHaIIe-
Jallige Halleld JeXKaHXPOBOHX HOBEPXHOCTH, Ha (A, B)-miockocTd mpefcTa-
BieHbl XpuBHMH AB = const.
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Puc. 125. Kpasuiayu u MIrHoBeHHbBE
XBasH}pponTH Ha (A, B)-mrockoctu

Jag cucremur guddepernualnanix YPaBHEHHH C YaCTHHIMH NPOM3BO -
HBIMH, THNePGOIMIHON O OTHOWIEHHIO K JaHHOM (ynKIuu Bpemenn T, Xa-
PaKTEPUCTHKH CBETOBOH I'MIEPIOBEPXHOCTH TPaHCBEPCalbHBl H30XPOHAM.
CnegoBaTenbuo, 1 JeXXaH APOBOW MOBEPXHOCTH H BYHKIMH KBa3HBPEMEHH,
ONMCHLIBAIONIMX PACNPOCTPaHeHHE KBA3H(PPORTOB Ans runepOOIHIECKON CH-
CTeMbl AuddepenRLralbHHIX YPaBHERNH ¢ JACTHEIMHA NPOM3BOAHLIMHE, KPH-
Bre T(A, B) = const He KomKHH KacaThcs rumepbor AB = const. DTo
yclioBH€ NPHYHHHOCTH HAlaraeT OrpaHUYeHHA Ha KO3(HUUEHTH B PopMY-
ze (8). B o6imei 3aa4e KORTaKTHOM I'eOMeTDPHH, He CBA3AHHON C Teopuei
Au(PepeHHaIbHEIX YPaBHEHUH ¢ YACTHRIMH IPOM3BOLHLIMH, BO3MOXEH

cayyal, H306paXEénHLIi Ha pHC. 126.
ﬁ

Puc. 126. HepoamoxHan
KOH(HUrypanus KBasuiyded
¥ KBa3M¢poHTOB 14
r'anep6oaddecKHX CHCTEM

Hakomen, g1f Toro 4To6ul NOMYyYHTL HOpMAIbHBE ¢$OpPMEL 3aMeTaHHA
6onbIIoro xBa3upoHTa MIHOBEHHHLIMH, CIPOEKTHPYEM (A, B)-mrockocTs,
Cc eé xapakTepucTHKaMH AB = const B u30XpoHaMH T(A, B) = const, Ha
GOabIION KBa3SH(POHT NpH MOMOIUH MPOEKTHPOBAHHA, 3aKaBAEMOrO dop-
myxamu (6) u (7). Herpyamoe Burumcienme nmpHBosuT K clefyoueMy pe-
3yAbTATY.
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Jemma. Keadpamuunvie omobpaxcenus (7) nepesodam 4esmpaabrbie xo-
nuxu (3adasaenvie ypasnenuamu fC? 4+ gCD + hD? = const) 6 xonuxu.

CaegopaTenbro ceMelcTBa npoekuil XapaxTepucTuxk H3 (A, B)-naocko-
cTH B (Y2, Y3)-ILIOCKOCTDb SBIAIOTCA CEMEHCTBAMHU KOHHK, H306DaXEHHLIMA

Ha pHc. 127.

e do

Puc. 127. Ilpoekuus xapaKkTePUCTHK Ha (Y2, Y3 )-ILIOCKOCTh

3ameganme. ['nnepGonvdeckuil ciydail pasfeifeTcd Ha [JBa IOJCAy4dad,
Tak KaK npamsie A = 0, B = 0 MoryT GuTh pa3felieHbl HIH He paljeleHbl
npameiMy C = 0, D = 0 Ha NpOEKTHBHOR NPAMOI.
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Haxonen, mur mogmumaem Clefbl KBa3U(MPOHTOB W Jay4ed u3 (yl,yz)-
ILIOCKOCTH Ha GOxblIoH KBasugppont (puc. 128) u moayyaem clelbl mepe-
CTpOeK, YKa3aHHbIe Ha DHC. 122,

Prc. 128. KBasiIy4u u XBasHdppoHTH Ha 6oabIoM dponTe

3ameqganme. Tunuinas 0coO6eHHOCTH GOIBIIOro ¢porTa B TpExMmepHOM
HpOCTpaHCTBe-BpeMeHH BepofATHO Auddeomopdhra THIHIHON OCOGEHHOCTH
MPHOBEHHOT'O pOHTa B pH3HIECKOM 3-mpocTpaHcTBe. B 3TOM cIy4ae Ta-
KOH MI'HOBEHHBI (DPOHT HONKEH HMETh (B THNMYHBIE MOMEHT BpeMeHn)
0COGBIe TOYKH, B KOTOPHIX 3aKaHYHBAIOTCH (rorapugmuteckne) ocobuie
KPHBHIE.

Tunu9EsIE raagkmil HavarbHLIE GpoHT, OBIXKYIHHACA B HEOTHOPOXHOM
3-IPOCTpPaHCTBE, B HEKOTOPHIE MOMEHTHL! BpeMeHH npuobpeTaeT ocobeHHO-
cTi. B momenT, creayommii 3a MOMeRTOM pox reHus OCO6GEHHOCTH, GPOHT
ROIKEH MMETb 2 H30IMPOBaHHLIE OCOGLIE TOYKH HECTPOTOM runep6oany-
HOCTH, B KOTOPHLIX HMEeT MeCTO Npeo6pa3oBaHHe BOAH. JDTH TOYKH COEIH-
HeHkl 0C060# KpuBOH (npeAcTaBnfoOmEd Te Ay, YTO npeTepneis TpaHC-
$opManuio B IpeALIAyIe MOMEHTH BPeMEHH).
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8.5. BHyTpeHHee paccesHue Jyiey U BOJHOBLIX (pPOHTOB Ha
LI0CKOCTH®)

JinneiiEnle KOPOTKMe BOJHLI Pa3HLIX THIOB OGLIYHO pacHpOCTPAHAIOTCA ¢
pa3HHMHA (a30BEIMHE cKOpOCTAMH. OJHAKO HHOI'ZA MX CKOPOCTH MOI'YT H
coBnajfaTh. Hampumep, BcTpedaloTcA nomepedHsle ¥ NpOJOIbHEIE ILIOCKHE
* BOJRRI, Oerymne B OJHOPOJHOA AHMU3OTDPOIHOH YIPYroH Cpefe ¢ OJHOH M
TO# e (ha30BOM CKOPOCTBIO B OJHOM H TOM JKe HallpaBieHMH. Tovmee,
KoneGanus Cpefbl B TaKMX BOJHAX HMEIOT 6oJee OTHOU CTemeHH CBOGOLHI,
a MX pa3jeleHHMe Ha NPOJOJbHLIE M MONEpeYHHe B aHMU3OTPONHOH cpefe
ycroBro. JIpyrodf aHaJOrMYHbHIM IPEMEP — CBETOBLIE BOJNHLI Pa3NMYHOM
IOAAPH3ALHMA B aHH3OTPONHOM KPHCTAJ/LIE, PacHpOCTPaHAIOMHECT C OQMHA-
KOBO#l CKOPOCTBIO B OJHOM H TOM e HalpaBleHHH. llperomreHne Takmx
BOJH HeOOLIYHO H Ha3nIBaeTCA B PuU3MKe KOHHYECKOH pedpaknuer ["aMuin-
ToHa. MaTemaTndeckoe 0GbiACHEHHE BTOrO fBIEHHA COCTOMT B TOM, 4TO
HallpaBlieRMe PacIPOCTpaHEeHHd Jy4ell B TAKCH BOJHE ONpPEAEieHO HeOoJHO-
3HaYHO — BCEBO3MOJXKHEIE JyYH, BLIXOAAIINE U3 JAHHOM TOYKH, 3aMeTalOT
KOHYC. _
~ BorouM naparpacde Mul, ciefys peayabTaTaM npelslIyIGRX Haparpadgosn
rIaBhl 8, H3y4aeM Ha YPOBHE reoMeTPHYeCKOH ONTHKHM BHYTpeHHEE pacce-
fiHde KOPOTKHX BOJIH B IBYMEpHOH cpefe, CBOHCTBa KOTOPOH o6iuuM o6pa-
30M 3aBHCAT He TOJBKO OT HaNpaBJeHHS (KaK B IpHMepax BHIIE), HO H OT
To4kHn. OKa3nIBaeTcd, YTO HEOIHOPOIHOCTh MPHUBOIUT K HOBLIM HBICHHAM
BHYTpEeRHEro IpeJOMIEHHS ¥ BHYTPEHHEro OTPaKeHUA BOJH, He HabIIOfa-
IOIHMCH B OIMHCaHHLIX TOABLKO 4TO MpHMEpaX.

BryrpeBHee npesomacnne ayzen. DpoRT THIMYHONR BOIHLI, PacIpo-
CTparfiomWelcd B cpefie C OGIUMH ONTHIECKMMH CBOACTBAMH, B OTZeJbHEIE
MOMEHTH BpeMeHH MOXET HCHLITHBATh IepeCTPOHKH, BH3BaHHLIE IpeioM-
J€HAeM Jy4edl paccMaTpUBaeMOH BOJIHLI B HEKOTOPHIX BHYTPeHHHMX TOYKaX
cpensl. Ilagamommi B KaxAylo Takylo TOYKY Jyd MpelOMISeTCH, a (PPOHT
BOJHEI Mpuo6peTaeT crabyio 0COGEHHOCTD, PAaCIpPOCTPAHAOIIYIOCH BAOIbL
IpefOMIEHHOro ay4da. JIy4u, 6Au3Kue K nagalomeMy, HCKPHBIAIOTCA H Ipo-
XOXAT BOIM3HM IpeloMIeHHOro ayda. B ogHOopogHOH ke cpele TOXLKO 9TO
OIIHCAMHOEe BHyTpEHHEe IPEeIOMICHHE HEBO3MOXHO, IOCKOABKY BCE AYYH —
OpAMHEIE.

INoxdepkuéM, 4YTO TOUKH, B KOTOPhIX (DPOHT BONHAEI HCHEITHIBaET BHY-
TpeHHee NpeloMIeHHe, 3aBHCAT OT HAYAJIbHEIX YCIOBHH H, BooGile roBop#,

$)PesympTaTh sToro maparpada oyGIEKOBaHH B [20].
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PasaMyHLl NI Pa3HHIX BOAH. B cpefe, onTHYecKkHe CBOMCTBa KOTOpOH 06-
M 06pa3oM 3aBHCAT OT TOYKH H HallpaBleHHA, BEYTpeHHee MpeloMIeHHe
BOJH BO3MOXXHO B TOYKaX HEKOTOPHIX Junui. O6nldHO depe3 TaKylo TO4Y-
Ky NPOXOAAT ABa Jyd4a, $a30Bhle CKOPOCTH KOTOPALIX COBHaJalOT B Hell mo
BeJIM4¥HE H HalpaBleHHIO. IMEHHO 3TH AY4YH M CHOCOGHA! MPEJIOMIATLCE B
paccMaTpHBaeMOH TOYKe, KaK moka3aHo Ha puc. 129. OcrairbHble Iy4H B
Hedl He NMpeJoMIfioTcd. XOTHA BCEBO3MOXHLIE TOYKH BHYTPEHHErO IPeNoM-
JeRM% H PAcNoJaraloTci Ha JHHHUAX, HO B THIHYHOH BOJHE NPEIOMARIOTCA
JHIIb OTAeAbHHE IY4H, & OCTAJbHbIE IPOXOJAT Y€pe3 TOYKH BHYTDEHHEI'O
npeloMiIeHus 6e3 U3MeHeHUA HAlpaBleHUA.

Pnc. 129. BayTperHee npefomienne # BHyTpeHHee OTpaxKenne Jydel

OTH pe3yNbTAThl ¥ NPUBOJAIUAA K HHM MaTeMaTHYECKad TEXHHKA H3-
noxeHnl B nmaparpagax 8.1-8.4. Oxnako nepecTpoxd ¢GpoHTa BOAHKI, HC-
NBITHIBAIOINEH BHYTpeHHEE IpeloMiIeHHe, TaM He omMcannl. B §8.4 paccma-
TPHBAIOTCA KBa3H(PPOHTH — oOmue (a He JeXKaHIPOBHI) NPOEKIMA COOT-
BETCTBYIOAX J€XKaH JPOBHIX 1TOAMROTIOO6pa3HM.

BryTpennee orpaxenme aydeM. Kpome TOro, COrIaceHO HalIUM pe-
3yabTaTaM, B Cpefie, ONTHYECKHE CBOMCTBa KOTOPOH OGIIHM O6pa30oM 3aBH-
CAT OT TOYKHM M HAallpaBJleHHA, IOMHMO TOYEK BHYTDEHHErO MPEIOMICHUSA
BOJH OLIBAIOT ellé TOYKH MX BHYTpeHHero otpaxeuus. [lociesune oTanyia-
I0TCA OT MEPBLIX PACIOJOXKEHHEM MAPhI Jy e, MPeJIOMISIOIMXCH B KaX JOH
H3 HHX, ¥ JAHHEH, Ha KOTOPOH OHM CAMM paclojJaraloTci. PaccMaTpHBae-
MHe Jy4H He IPeJOMJIAIOTCH, a, CKOpee, OTPaXKaloTCH OT 3TOH JHHHH, Kak
MoKa3aHo Ha puc. 129.

PpoHT THOAYHOR BOJHBI, PACIPOCTPAHAIOWEHCA B cpelie C OGIUMH OI-
TAYeCKAMHU CBOMCTBAMH, B OT/JelIbHbLIE MOMEHTHI BPEMEHH MOXKET HCIBIThI-
BaTb IEPeCTPOHKH, BhI3BaHHLIE BHYTPEHHMM OTpaKeHMEM Jy4eH paccMa-
TpHBaeMO#l BOJHLI. HeoXHIaHHO OKa3hIBaeTCA, YTO TakKHe NEepeCTpPOHKH
BCerfa NPOMCXOJAT B TOYKaX BO3BpATa MepecTpaHBaiomieroci (ppoHTa, a
IpoXOXKJeHHe TOYKH BO3BPATa (PPOHTA BOJHH iepe3 TOUKYy €é BHYTpeH-
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Hero oTpaXKeHHd — fAB/leHHe obilero mojgoxkesns. Wuadve rosops, Toukm
BHYTPEHHEro OTpPaKeHHd Jy9edl NPUTATHBAIOT TOYKH BO3IBpaTa (POHTOB.

B n. 8.5.1 onrcuBaloTCA nepecTpoiiku ¢ pOoHTOB, KayCTHKa H pacCesHHe
JAyeli NPH BHYTPEHHEM NPEJIOMJICHHH K BHYTPEHHEM OTpasKeHHH THIHIHBIX
BOJH B CpPefjaX, ONTHIECKHEe CBOHCTBA KOTOPKIX OGLIAM 06pa30M 3aBHCAT OT
TOYKH H HalpasieHus. [[olyckaeTcs HX 3aBHCHMOCTb H oT BpeMerH. Ho
ONMHKC2HHLIE ABICHHA He HAGIIOLAIOTCA HH B OJHOPOLHEIX, HH B H3OTPONMHEEIX
cpeax.

WsBecrHo, 9TO pacnpocTpalenne KOPOTKHX BOIH Ha yPOBHE reoMeTpH-
9eCKOH ONTHKH ONHCHIBAETCA CBETOBOH THIEPNOBEPXHOCTHIO — MHOMKECT-
BOM TOYeK, B KOTOPHIX BHIPOXA2eTCA INABHBIH CAMBOJ CHCTEMEl JAHEH HbIX
ypaBHenHH Jinepa—Jlarpamxka. Ha Takoit rumepmoBepXHocTH BCTpeqaloT-
Csl KOHHYeCKHe 0COGhIe TOYKH, CPeJH KOTOPHIX BhifeleHbl TANepGoInIecKre
OCOGEeHHOCTH, KOTOphle H OKa3hBAlOTCA OTBETCTBEHHLIMH 33 BHYTpeHHee
IpefioMJIeHHe U BHYTPeHHee oTpaxenne BoaH. B 0. 8.5.2 o6cyx faeTcs gere-
HHe O6UIHX IENep6ONHIECKHX 0COGEHHOCTEH CBETOBOMH THOEPIOBEPXHOCTH
Ha TOYKH IpelOMIEHHA, OTPaKeHHd H NICEBIOOTPAKEHHUA XaPAKTEPACTHK.

Oco6eHHOCTH BOIH B IPOCTPaHCTBe-BPEMEHH IPH IPOXOLE qepe3 TOYKH
IpelToMIeHHA, OTPaKeHHA H NCEeBAOOTPaKEHHS XaPaKTEPHCTHK ONHCHIBA-
er reopeMa 1 u3 n. 8.5.3. Oma copaBeIHBa JHIIL JIA THOHYHHLIX BOJH,
BHIIENEHHKIX H3 BCEX HEKOTOPHIM ABHO COPMYJIHPOBAHHLIM OT'PRHHTCHH-
€M Ha MX HaJaJbHble ycaoBhs. (OKa3pBaeTCA, YTO NCEBJOOTpaKeHHe Xa-
PaKTEPHCTHK 3alpelleHo 3BOMONHOHRHOCTBIO CHCTEMHb yPaBHEHHH Diinepa—
Jlarpamxa (BAoab Aydedl BpeMs Bo3pacTaeT). KoM6uuanus aToro Hablio-
AEHHS C TeopeMoH 1 RaéT TeopeMy 2, yTBepXkJalOLlylo, UTO NPH MPOXOAE
1epe3 TOYKH HpelOMICHUA M OTPaKeHHA XapaKTePHCTHK HaGII0faloTcs co-
OTBETCTBEHHO ABJCHHA BHY TPEHHET O NPeJOMICHHA H BHYTPEHHEr O OTpasKe-
HHS BOJH, CBOHCTBa KOTODHIX ONHCAHH B I. 8.5.1. OtMeTnM, 4TO €& dop-
MYyJIHDOBKa He COXEepXKAT HEKOHCTPYKTHBHBIX TpeGoBailil 06LUIHOCTH ONTH-
9eCKHX CBOHCTB CPeJhl H THOHIHOCTH BOJHH. Bce OHH 3aMeHeHHI BIONHE
NpOBEpAEMbIMHE B Ka)KJOM KOHKPETHOM CIy4ae ABHHIMH YCIOBHAMH, KOTO-
PHIM XOJKHBE YJOBIETBOPATH CaMa BONIHR, a TaKXKe TOYKH IpeIOMIeHHA H
OTpaXKeHH:A XapaKTePHUCTHK, JexalWe Ha e€ myTu. HampuMep, manuvme
TOYeK MpeTOMIeHHA HAM OTPaKeHHA yXKe 3alpelllaeT  OJHOPOJHOCTDb, H
H30TPONMHOCTh —— B TaKHX CPeJaX 3TH TOYKH NPOCTO He BCTPEYaloTCA.
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8.5.1. IlepecTpoHKH (GpPOHTOB, paccesHHe JydIeH
H 0CO6EeHHOCTL KayCTHKH

IlepecTpoMKR (POHTOB OPE BHYTPeHHeM HPEeJIOMICHHH JydeH.
3Aech MOKa3aHo, 9TO IMajKHH (PPOHT THIHYIHOM BONHE B MOMEHT BHY-
TPeHHET o NpeJoMIeHHA HCIBLITHBAET HePeCTPORKY, MOCIe KOTOPOH Ha HEM
HOABAAETCA Pa3pHB TpeThel (a He BTOpO#) NPOH3IBOAHOR, pacCHPOCTPaHAIO-
IHiCA BIOJb NpeTOMIeHHOro Iyda. Bropas e npoussosHas okasnIBaeTCH
HeNpepHIBHOH, HO He YIOBIeTBOpAIOIleH ycaoBHIo I'énbIepa HH C KaKHM HO-
NIOXKHTEIbHEM NoKasaTeleM. B OKpecTHOCTH Ke TOYKH pa3phiBa TpeTbheit

'TMPOH3BOJHOR JOKaJbHOE ypaBHeHHe GPOHTA B HOJXOJAIAX I3 JKHX KOOP-

AupaTaX uMeet BHL y = &2/ ln |z| + o(z?/In |z|) npr = — 0.

B cam MOMeHT nepecTpoiKH Ha QPOHTE BO3HHKaET Pa3phiB BTOPOH Mpo-
H3BOJAHOMH, PacHONOXKEHHEH B TOYKe BHYTPEHHEro NpeJOMIEHAS H HCYe3a-
IOLHH Cpa3y mocie mepecrpoiiki. BeTBH nepecrpampalomerocs ¢poHTa,
BHXOJAIIKE H3 TOYKH BHYTDeHHEro NpeloMIeHHS, HMEIOT pa3iHdHLIEe KO-
HeYHbe KPHBH3HEI, a JOKaJbHOE YpaBHEHHE KAXKIOH M3 HHX B MOAXOXALIAX
rIaAKuX KOOpAHHATAX 3alHCHBaeTcCd B Buje y = z2/Inz + o(z?/Inz) npr
z—0.

Ha puc. 130 nokasann fBa BapHaHTa ONHCAHHOM NePECTPOHKH B 3aBHCH-
MOCTH OT TOr0, COBHaJaloT (a) WiIH HeT (6) 3HAKH KPHBA3H BeTBel (pOHTA
B MOMEHT BHYTDeHHero mpeioMieHHA. B 6IM3KHe MOMEHTH BpeMeHH TOY-
Ka nepecevYeHus C Na TalOMKM U MpeJOMIeHHBIM JyI0M pa36HBAET (PPOHT Ha,
ABe BeTBH. [Ipociegum 3a KpHBH3IHAMH 3THX BeTBell B TOUKE MepecedeHHs.
Kak onuceiBaiioch BHIIIE, OHH Pa3lHYHE B MOMEHT IPOXOXKIEHHA (POHTA
49epe3 TOYKY BHYTPeHHEro npejJoMIeHns H COBIaJaloT K0 H Mocie 3TOI'0 Mo~
MenTa. KpoMe Toro, okasniBaeTcs, 4TO 06€ OHH NOAYHENIPEPHIBHO 3aBHCAT
OT BpeMeHH: OJHa H3 HHX HellpepHIBHA BIJIOTDH JO MOMEHT3 NepecTPOHKH,
a Jpyrai — HadHHad C 3TOr'O MOMEHTA.

Paccesnme Jyvel npE BHyTpenHeM npejomieHmm. THOH4HAI Kap-
THHa PacHpOCTpPaHeHHA Aydel NPH BEYTPeHHEEM NPeTOMIeEHH BOMHL TAKKe
n3o6paxkena wa pHc. 130. Ilagalomui 1 nperoMIeHERE Iy9H OpeACTaBIA-
10T co6oli BeTBH ABYX I'IaJKHX KPHBEIX, He HMelolluX obeil KacaTerbHO B
TO4Ke BHYTpeHHero mpeiloMierus. Ocraibhble Iy9M HCKPHBIAIOTCA H pac-
cenBaiorca. Jlyd, npoxoausmuii B6IH3H NMaKalOUIETO HA PACCTOAHHA £ (Ha
KOHEYHOM DacCTOSHHH OT TOYKH BHYTPeHHEro HpeJOMIEHHA), OKaXKeTcd
(cHOBa Ha KOHEYHOM DACCTOAHHH HO IPYTYIO CTOPOHY OT pacCMaTpHBae-
MOH# TOYKH) CMEINIEHHHM OTHOCHTEILHO NPEIOMIEHHOI O Ayda Ha PacCTOf-
nne peln e} + o(eln |¢]) npu € — 0, rae p < 0.
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e

Puc. 130. IlepecTpoiika ¢porTa U paccesfue Jydel
[Opy BHYTPEHHEM IIPEJOMJIEHUN BOJHEI

a

IlepecTpolKE GpPOHTOB NIPE BHyTPeHHeM OTpaXeHHH ayded. Kak
H paHbIlle, B MOMEHT BHYTpPeHHEro OTpaKeHUusd THOHIHOH BOJAHH €€ PPOHT
HCIEITHBaET NePeCTPOHKY, MOCIe KOTOPOH Ha HEM HoABAfeTcd (MOMHMO
TOYKH BO3BpaTa) clabai OCOGEHHOCTh — pa3phiB TPeThell IPOH3BOJHOI,
PacnpoCTPaHAOIHACA BIOAL OTPAXKEHHOTO JIyIa. B OKpeCTHOCTH BO3HHK-
el c1aGo 0COGeHHOCTH BTOpasd NPOM3BOJHAA CHOBA OKA3HIBAETCH Hempe-
PHIBHOH, HO He yZOBJETBOpAiome#l ycioBHIO I'érbJepa HE ¢ KaKAM IIOJO-
XHTeIbHEIM NOKa3aTeleM, a JOokalbHoe ypaBHeHHe QPPOHTa B IO AXOAALIAX
rIaJKAX KOOpJHHATAaX NMpeJCTaBifeTci B NpexKheM BAge y = z2/In|z|+
+o(z%/In |z|) npr = — 0. -

B caM MOMeHT mepecTpOiKH (PPOHT COCTOHT M3 ABYX KaCalOUIHXCH Be-
TBell DPa3NMIHOH KPHBH3HLI, BHIXOJAIIMX M3 TOYKH BHYTDEHHEro OTpaKe-
Had. Kax ® pasblle, JoKajibHoe ypaBHeHHe KaXKJIOH H3 HAX B IOAXOLdA-
IAX QIaJKHX KOOpJIHHATAX BalHCHBAETCA B NpeXKHeM BHAe y = z2/lnz+
+0(z2/In z) npm = — 0.

Ha prc. 131 nokxasann ABa BapHaHTa ONECAHHOH TOJLKO ITO MEpecTpo-
KH B 3aBHCHMOCTH OT TOTO, COBHaJaI0T (a) WaAH Her (6) 3HAKH KDHBH3H
BeTBell QpPOHTA B MOMEHT BHYTpeHHero oi*paaxeﬂml. CHoBa, IBe KpHBH3-
HBl ¢poHTa, onpefeléHHble B TOYKe, KOTOpad pacClpOCTPaHAeTcs CHadala
BJOJb Maalollero Iy4ia, a 3aTeM BIOAb OTPAaKEHHOT O, Pa3AUIHEl B MOMEHT
OPOXOX JeHHA PPOHTA Iepe3 TOYKY BHYTPEHHEI'O OTpaKeHHA H COBHANAIOT
[0 H IIocie 3Toro MoMeHTa. KpoMe Toro, cHoBa oka3rniBaeTcd, 4T0 06€ OHH
HOJAYHeNpPepbIBHO 3aBACAT OT BpeMeHH: OJHa M3 HAHX HelpephiBHa BILIOTb
Jl0 MOMEHTa, MepecTPOKH, a APYrad — HaYHHAi C 3TOI'O MOMEHTa.

Touka Bo3BpaTa GPOHTA CKOALIAT HO Kaycmuxe, HIOGPaKEHHOH Ha
pac. 131 xBoHHOH JHHHeH H HMelollell B TOYKe BHYTPEHHEro OTpasKeHHA
0C00eHHOCTb — pa3phiB BTOPOH Npou3BoAHoH. KpuBu3HA KaycTHKHA B 2TOH
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a 6

Puc. 131. IlepecTpouiku ¢ppoHTA, KAYCTHKA M PAcCeAHAE JyIeh
Ipu BHYTPEHHEM OTPaXXCHWH BOJHEI

TOYKe MeHAeT 3HaK, a Npu NpubimXKeHHH K HeH CTPeMHTCA K GeCKOHeTHO-
CTH. YpaBHeHHe KayCTHKH B OKDECTHOCTH TOYKH BHYTPEHHEro OTpae-
HAA B TNOAXOAALIEX TIJafKAX KOODAMHATAX 3alHCHBAETCA B BHIE
y = (A —sgnz)z/Injz| + o(z*/In|z|) npu z — 0, rge X > 1. [o me-
pecTpoilkd ¢poHTa KayCTHKa obpallieHa K HeMy CBOeH BHIIYKJIOCTHIO, 3
nociie NepecTPORKA — BOIHYTOCThbIo. Ecal onTugeckme CBOHCTBa Cpemnl
He 3aBHCAT OT BpeMeHH, TO B CAaMOH TOYKe MepecTpoilKH (pOHTa KayCTHKaA
KacaeTcs JHHHAK TOYeK BHYTPEHHEro oTparkenni. B HeaBTOHOMHOM e caIy-
9a€ TOYKH BO3BpaTa (PpOHTa 3aMeTaloT B MPOCTPAHCTBe-BpeMeHH JHHHUIO,
KaCaloIIylocsi NOBEPXHOCTH TOYeK BHYTPEHHEro oTpajkeHHA.

PaccedHNe JIyYel OPH BHYTpeHHEM oTpakenHH. THOMIHAL KapTHHA
pacnpocTpaHeHHA Jyded OPH BHYTPEHHEM OTParKeHHH BOJNHHI TaKXe H30-
6paxkena Ha puc. 131. Ilagalomuii ¥ OTPaKEHHHE Jy49H NPeICTABIAIOT
co6ofi BETBH ABYX TIaJKHX KPHBHIX, He HMeIOLIKX o6leHd KacaTelbHOH B
ToYKe BHyTpeHHero orpaxennd. OcTajlbhble Ay4d HCKPHBIAIOTCH, OTpa-
JKaACh OT KayCTHKH H pacceMBaloTca. Kak ¥ mpexnie, Jyd, IPOXOLHBIIHH
BOIH3H Majalollero Ha PacCTONHHY & (Ha KOHeYHOM PacCTOAHHH OT TOYKH
BHYTpEHHEro OTpaXXeHH ), OKaXKeTcda (CHOBa Ha KOHEYHOM PAcCTOAHHH MO
IPYTYIO CTOPOHY OT PacCMaTPABAEMOH TOYKH) CMEIIEHHHM OTHOCHTEIbHO
OTpaXkéHHOT 0 Ay 9a Ha paccTonnue ue In je|+o(eln [¢]) mpu e — 0, rge p < 0.

Iapagoxcanpubie xyun. Jlyun, asasourecs riafKaMHE IPOROIKeHHAMH
IpeJOMIAIOIAXCA B OTPaKAIOLMXCA Aydei, n306paxkensl Ha prc. 130 n 131
OyHKTHpOM. [lo cpaBHEHHIO ¢ OCTANLHEIME OHH ABIAIOTCA JyiaMH OpYTOro
THIA ¥ Ha3hIBAIOTCA napadoxcaibnblumi. BoO3MOXHO, Ha ypoBHe BOJIHOBOM
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ONTHKH HM COOTBETCTBYET 4YacCTHYHOe IpeBpalleHne NPEJIOMIAIOIIAXCA K
OTPAKaIOUIHXCA BOJIH B BOJHE Apyroro THIa 00 CpaBHEHHIO C Na AalOlIMHu.

ABoHcTReHHOCTD nepecrpoek ¢ponToB. IlepecTpoiixe ¢porToB,
H306pakéHHbIX Ha puc. 130,6 u 131,6, xBoiicTBeRHM Apyr apyry. Ilepe-
CTPOHKH e (GPOHTOB, H3O6PAKEHHBIX Ha puc. 130,a u 131,a, gBoHCTBeHEL
caMi ceGe. ITo6H OGBACHHTH 3TO ABIEHHE, PACCMOTPHM, HAIpHMED, 3BO-
JIOUMIO KPHBOM, ABOHCTBEHHOH K (DPOHTY BOAHHI, KOTOpPai IpeloMIAeTCA
B Cpefe C OGIIAMHE ONTHIECKHMH CBOMCTBaMH. Hallla KPHBaf OKa3HBaeTCH
$POHTOM, HCILITHIBAIOILEM IGO0 BHYTPeHHee OpeJoMiIeHHe, JHGO BHYTpeH-
Hee oTpaxkeHme. JTH XXe [Ba BAPHAHTA BOIHHKAIOT H B CIydae, eCllH pac-
CMaTpHBaeTCA DBOJIONAA KPHBOH, IBOMCTBEHHOM K GPOHTY oTpaxalomencs
BOJHHI.

8.5.2. Ilpesomrenme, oTpaxkenHe m IceB OO0 TpaKeHHne
XapaKTepHCTHK

MaremaTugeckoe o6nicrenne Bo3nAKHOBEHHA BHYTpeHHero oTpaxkeHus H
BHYTpeHHero npeJoMieHHs BOIH COCTOAT B HAIHIMH ¥ KaXAOd IHIep6oIH-
JeCKOH OCOGeHHOCTH CBeTOBOH THNEPNOBePXHOCTH napbl MPOXOXAIIHX de-
Pe3 He€ XapaKTepHCTHK, OTCYTCTBYIOUIHX y JMIANTAHIECKAX TOYeK.

Ilpenomnenre, orpaxenne OCeBJOOTpaXKeHAEe XapaKTepHCTHK.
MHoroo6passe KOHTAKTHHIX JIeMeHTOB NPOCTPaHCTBa-BPEMEHH ecTecT-
BEHHO NpPOEKTHPYeTCA Ha CaMO MPOCTPaHCTBO-BPEMA:

x: PT*R!*D | RI+D,

Ecam npocrpascrso-Bpems TpéxMepro (D = 2), To mo orHowenuio
K MpPOeKTHPOBaHUIO 7 THNHYHEe THNepGoiHIecKHe 0COGEHHOCTH o6miel
CBETOBO! I'HIEPNOBEPXHOCTH JeIATCA Ha TOYKH NPeIOMIEHHS, OTDAKeHHAs
¥ NCeBAOOTpPaXKeHHA XaPaKTEPACTHK, KOTOPHIE ONpelelAIOTCA ClIe YoM
o6pazomMm.

IIycts 5% — cBeToBAd THIIEpPIOBEPXHOCTb (BepXHUH HHIEKC — pasMep-
HOCTH MHOroo6pasuia), H2 — Muoroo6pasue eé ranep6oindecKAx ocoben-
HocTel, a H3 — IpoJo/KeHHe STOr0 MHOT0OGPa3HA € MOMOINbIO MpPOXo-
AALIAX 9epe3 Hero XapaKTepHCTHK CBETOBOH IHIepHOBEpXHOCTH. Todhee,
Aa1s nocrpoenus H3 ma TaKHX XapaKTepHCTHKaX 6epyTca JHIIb JOCTATOY-
HO MaJpleé OKPECTHOCTH J€XalllnX Ha HUX rHNep6onHIecKAX ocobGeHHoCTed
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CBEeTOBOM I'dNepnoBepx#ocTH. Jlokanrbro H3 cocTorT u3 ABYX BeTBell H 3
Hg, nepecekalomuxca no H2. B koopgunarax (p, ¢, 2), BBeBHERIX B §8.4,
CBETOBad IANEPNOBEPXHOCTH H TONLKO YTO yKa3aHHHE NOAMHOT006pa3ns
NPOCTPaHCTBa-BpEMEHH 3aJal0TCA CleAYIOWHMH YpaBHEHAAME:

P1g1+ p3 =0 (Z9),
n=p=q =0 (H?,
P1=p2=0(H}) = P2=q =0(ﬁ5)-

PaccmoTpuMm Tenepn KaKyio-HEGY b T'HIepGOIAIECKYI0O OCOBeHHOCTh
CBETOBOH ['HIEPNOBEPXHOCTH, B KOTODOI IPOEKTHPOBaHHE CaMOH NMOBepX-
HocTH H? Ha [POCTPaHCTBO-BPEMs HMeeT MOAHHIM patr. B oxpecrrocTn
TaKOH OCOGEHHOCTH JOKalbHO olpefeleHo MHorooGpasue N*, cocrosmee
H3 C/I0€B IPOEKTHPOBAHHAA T, IPOXO AALIAX vepes H2. Tounee, gua nocrpo-
enna N4 Ha Takmx crosx GepyTcs JHIIL JOCTATOYHO MaJikle OKPECTHOCTH
JIXaluX Ha HAX THNePGONHIeCKHX OCOGEHHOCTeH CBETOBOH IHIlepNoBepX-
HOCTH. 3aMeTHM, YTO B H30TPONHKIX Cpefax rHnep6olnYecKhe 0COGeHHO-
CTH, yAOBJIETBOPAIOLIHE IPHBeJEHHOMY BHIe YCIOBHIO NONHOTH PaHra, He
BCTpedaloTcs.

CaeroBas rumepnoepxuocTs £4 H MEorooGpasms Nt H3 u I?% BCe
cojepxaT nosepx#ocTs H2. Opmako, HX B3amMHOe pacnonoxenne MoxeT
GLITH Pa3MHYHEIM. A EMeHHO, moBepxHocTh H2 AeIUT CBETOBYIO THIEPNO-
BepxHOCTb 5 H Kaxgoe M3 MEOroo6pasmii H ? u H} ua gse sernn. Pac-
CMOTPEM KaKie-HHGY b MONyBeTBH MEoroo6pasuii H3 u ﬁ%, JeXalne Ha
OJHOH H TOH Ke NMOIYBETBH CBETOBOMN runepnosepxuocts L*. Mroroo6pa-
sue xce N* MoxeT KacaTncs cBeToBoM THOepHoBepXHOCTH L%, a MoxeT me-
pecekaThb eé au6o no TPEXMEPHOMY MHOT006DPas3HIo, IOKAIbHO CoCTOAIEMY
H3 XBYX BeTBei, 1n60 nuib no H2.

Onpegenenne. Tunep6onnyeckas ocobenHocTs CBETOBOM THIlepnOBepX-
HOCTH, yZXOBIETBOPAIOIad IPHBEJEHHOMY BHINle YCAOBHIO MOJHOTHI paHra,
Ha3LIBaeTCA

a) moukot npeaomienuL Tapaxmepucmur, eclid NOIyBeTBH MHOT006pa-

.auii H} w HJ me xacaioTcs rumepmosepxmocts N* § jexar oT e mo

pa3Hble CTOPOHHI;

6) moukoti ompadxcenus Tapaxmepucmux, ecii NoJyBeTBH MHOT00O6pa-
suil H iu I?% He KacaloTcA runepnosepxsoctd N* u 1exar ot weé no ogry
CTOpOHY, a OHa CaMa He KaCaeTcs CBeTOBOH IMIepnoBepXHOCTH X4  mepe-
CeKaeT eé 10 TPEXMepHOMY MHOTO006pasHIo;
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B) mouxot nce6doompadcenus TAPaAxmMepucmux, ecin MHorooGpasme
N “ 2
N* He KacaeTcs CBeTOBOW rHNepnoBepxHOCTH L* i mepecekaet eé mo HZ.

H

a 6 B
Puc. 132. Touku mpesomienns (a), oTpaxenud (6) u nceBJooTpaxeHus (B)
XapaKTepUCTHK

Bce 5T# cyvaH B3aHMEOTO PaclOJOXeHHS CIeJOB CBETOBOH THIepHO-
Bepxsoct# $* # MHoroo6pasuii N, H3 u H} #a Tpancsepcans x nosepx-
socTe H? nokasanm Ha pHc. 132.

8.5.3. BoaLmmae m MrHOBeHHbIe (PPOHTHI

Berymas BoaHa onACHBaeTCA JexXaH IPOBHM NogMHOIoo6Gpa3neM
D
D 5?0 c pT*R!*P,

JeXallliM Ha CBETOBOH I'HIepNOBepXHOCTH (BepXHHH HHIEKC — pa3Mep-
HOCTh MHOrooGpasmsa). A EMemHO, ero o6pas m(LP) npu ecrecrBennoM
IPOEKTHPOBAHHH
7 : PT*R¥P  RI+D

npeAcTaBIAeT cO60i 604bwiot GPOHT paccMaTpHBaeMol Gerymie BOIHE —
r'HOepnoBepXHOCTh B NpocTpadcTBe-BpeMetd. Ceverre GoabIIOro GPpoHTA
H30XPOHOH -— M2HO6eNHbiti (PPOHT B COOTBETCTBYIOMHE MOMEHT BpEMEHH.
MrEoBesHELIH GPONT B BhJeNeHHKIH MOMEHT BpeMEeHH HAa3RBAeTCH HA4Gb-
wowk. OH sBIfeTcs obpasoM w(LP~1) mogmuoroo6pasua LP-1 C LP, xo-
TOpOE KacaeTcs eCTeCTBeHHOM KONTaKTHOH CTpykTypH #a PT*R!*D y na-
BRIBAETCA HaAuabKbiM Ycaocuenm. CaMo MexaHIPOBO MOAMHOT006pa3ne LP
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noayiaeTcs 3 Hadanbhoro yciosus LD~ npogomxennem soxs XapaKTe-
pacTHK. OHH IPOEKTHADPYIOTCA B 4Y4t, H3 KOTOPHIX COTKaH GOXLIION dponT.

C TedennmeM BpeMeHH MI'HOBeHHLI (PPOHT MOXKET HCHBITHIBATD nepe-
CTPOAKH, KOTOPbI€ [IOJHOCTHIO HCCAEZOBAHLI B CIyYae, KOI'La CBETOBAA '~
NepHoBepXHOCTh — rilajKad, HaYalbHOe YCIOBHE — OGLIEro MONOXKeHHs,
a D < 5. Ecan Xe CBeTOBasg IHNEPHOBEPXHOCTb HerlIafKad, TO MOABIA-
IoTCA HOBhle THIOKYHEIE HEpeCTPOMKH MI'HOBEHHHIX ()pOHTOB, BHI3BaHHLIE
IPOXOXKJIeHHEM XapaKTepPHCTHK Yepe3 eé ocobnie TOYKH.

Oco6ennocTr J1e2XkaHAPOBBIX mOgMHOrooGpasmit. I'Iaixoe Hagalh-
HOe YCJIOBHE Ha3bIBAETCH PeSYLAPHbLK, €CIH OHO He COepPXKHT ocobeHHOCTel
CBeTOBOH I'MIepHOBEpXHOCTH.

Ecan cBeToBad rEmepnoBepXHOCTH HMeeT KOHHYeCKHe 0COGEeHHOCTH, TO
IpojolxerHe NaKe PeryJIiPHOTO HAYAALHOTO YCIOBHA BJIOIbL €8 XapaKTe-
PHCTHK MOXeT OKa3aThcs HelllaJKHM. B mHTepecylowmeM Hac caydae D = 2
nonajapde OTHAeNbHHIX XapaKTEePHCTHK, HaTHHRUIOUIMXCA H3 ONHOMEepHOM
H29aJbHOM YCIOBHH, B THNep6oIAIecKHe OCOGEHHOCTH CBETOBOH I'HNepHo-
BEPXHOCTH — sfBJeHHe o6lfero nojoxenui. B caMoM jejie, TaKHe XapaK-
TepHCTHKH HaYHHAIOTCA Ha mepecevenmn L! N H3 JBYX HOAMHOr 006pa3ni
CBETOBO# T'MIEPHOBEPXHOCTH JOMOIHATEILHHIX Pa3MepHOCTeH — HaYalb-
HOI'O YCIOBHA U 06befHHeHAA BCeX XaPaKTePHCTHK, MPOX0IALIAX qepea rd-
Nep6ofHIecKHe OCOGEHHOCTH.

[lycts D = 2, a peryasphoe HaYaibHOe YCJIOBHe TpaHCBepCaJdbHO MHO-
roo6pa3uio, COCTABIEHHOMY H3 BCEX XaPaKTePHCTHK, HPOXOJAIINX depes
runepGolnieckde oCoGhle TOYKH CBETOBOH I'HIepHoBepXHOCTH. PaccMo-
TPHM KaKyIO-HHOYJb XapaKTepHCTHKY, HAYMHAIOMYIOCA Ha HallleM Hadalb-
HOM YCJIOBHH H 3aKaHYHBAIOIIYIOCH B FrHNepOOIAIeckoli 0CO6eHHOCTH CBeTO-
BO#l runeprnoBepxuocTH. [Ipoomkenne HadalbHOIO YCIOBHSA BAOID Xapak-
TEePHCTHK, JOCTATOTHO GIMIKHX K PACCMaTPHBAEMOH, ABIAETCS JeXKAHJPO-
BEIM NMOAMHOr00Gpa3neM, KOTOpoe B OKPECTHOCTH €€ KoHNa MPHBOLHTCA,
KaK Hoka3aHo B §8.4, x NapaMeTpHYeckold HOpMalbHOH (opMe

=A% py=AB, ¢ =-B ¢ =-24BhA? z=-A2B%/2.

Kpome Toro, ypaBHeHHA XapaKTepHCTHK Ha ILIOCKOCTH MapaMeTpoB A
# B 3anuceBaloTcs B BHJE

AB = const,

npuiéM B = 0 — ypaBHeHHe Hallled 3aKaHIABalolllelicA B JaHHOH 0COGeHHO-
CTH XapakTepHCTHKe, a A = 0 — HaunHalollekica B Hed. [uddeoMopduam,,
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NPHBOJAILIAH K yKa3aHHOR HOpPMaJibHOH GopMe JeXaH IPOBO NOAMHOT 006 pa-
3He, coxpaHfeT yXe HMelollkecs B HallleM PacHODAXKEeHAH HOpMaJbHhe Ghop-
MEl KOHTAKTHOH CTPYKTYPH H CBETOBOH I'HNepHOBepXHOCTH.

Ilapagokcanbabie XapaKTEepHCTHKH. XapaKkTepHCTHKa, TIaJKo
npoJoKalolad Ty, KOTOpafd 3aKaH1HBAETCA B JaHHOH THIEp6OIHIecKOl
0COGeHHOCTH, Ha3hIBaeTCA napadoxcaabrot. PaccMaTpuBaeMoe Jexxan 1po-
BO HOoAMHOT0O0Gpa3de H ero napafoKCalbHad XapaKTePACTHKA JOKAIbLHO Je-
KaT B Pa3HBIX JaCTAX CBETOBOH MHIEPIOBEPXHOCTH — HX pa3felfeT Ho-
BEPXHOCTH rANepbonnIeckux ocobennocTel. [lapagokcaibHbie XapaKTepH-
CTHKH OPOEKTHPYIOTCA B NapaJOKCAJbHEIE JNy9H.

Oco6ernocTr Goabmmx ¢poHTOB. IlycTh B HETEpecylOWeM Hac CIy-
wae D = 2 peryaaproe mavaibioe ycaoBue L! TpamcBepcaabio MHOIO-
06pa3Hio, COCTaBIEHHOMY H3 BCEX XapPaKTEepHCTHK, NPOXOAAIAX Jepe3 TH-
nepGolnieckde ocoOGeHHOCTH CBeTOBOH I'HIleplOBEepXHOCTH. PaccMorpuM
KaKylo-HHGY b XapaKTepPHCTHKY, HadMBalomylocs Ha L! u 3akanvupalomry-
loci B TOYKe M mpenoMileHHsA, OTPaKeHUd HWIAH NCEBJOOTPAXKEHHA XapPaK-
TepucTHk. OGo3naquM vepes I? OpoJjolketle HaTaJLHOTO YCIOBHA BIONb
XapaKTepUCTHK, JOCTaTOYHO GIH3KAX K PACCMaTpPHBaEMOH.

Teopema 1. I[Ipu nodzodsuwsem 6vi6ope eaadnuz xoopdunam (T,y) na npo-
cmpancmee-epemenu Goavuot gpowm m(L?) 6 oxpecmuocmu mouxu x (M)
3anucsiéaemca 6 napamempuvecxoti Popme

zy=+A*+bAB+ B2 +.. .,
T2 =bA%®+2ABIn A2 + ...,
y=1A4%/2+bA3B + A2B? 4+ A’B%In A% +.. .,

2de mnozomouus 0603naNaOm wieNb boaee 6bicoxod cmenenu (cmenend
wiena A*B? (In A%)* pasna i + 7).

Kpome mozo, snaxu “~” u nepaeencmeo b > 0 umerom mecmo npu
npesoMAcHUY Tapaxmepucmurx 6 mouxe M, snaxu “4+” u nepasencmeo
b > 2 — npu uz ompaxcenuu, a 3naxu “+” u nepasencmeo 2 > b > 0

~— npu ur nceédoomparxceruy.
Pasencmeo b = 0 cnpasediuéo mozda u moavxo moada, xozda dea
Hanpasaenus Tapaxmepucmux 6 mowke M npoexmupypomes 6 odno.

3ameuanne. IIpn b # 0 B 3aBECHEMOCTH OT THNA NMOBeJeHHA XapaKTepH-
cTEK B Toike M Goabumod ¢port 7(L?) mmeer B Touke 7(M) oamy w3
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0coGeHHOCTeH, NOKa3aHHKIX Ha, puc. 133. TaMm xe H306paiKeHhl KapTHHE
PaccesHHA JydeH, a NapajOKCalbHbE JyYH 0603HATEHE TOTKAME.

a 6 B

Puc. 133. Oco6entoctu 60abmoro ¢pporTa u paccesHHe Xyder OpH
nperomietun (a), orpaxernuu (6) u HCeBAOOTpaXeHMH (8) xapaxrepucTux

HokasaTeascTBo Teopemm 1. IlpuBesém JeXaHPOBO HOAMHOT006Da-
sue L? B okpecrnocTE Toukm M k HapaMeTpHIeCKOH HOpMaibHOH (opMe
(cm. §8.4)

=A% p3=AB, q=-B? g3=-24BhA? 7= ~A?B%/9

BuddeoMoppazMOM, COXpaHAIOIAM CBETOBYIO I'HNepHOBEPXHOCTH p1q)+
+p% = 0 u xonTaxTHYIO CTPYKTYpY dz = (pdq — qdp)/2. YrBepxienue-
TeOopeMHl cllef[yeT Tellepb U3 JoKalanHOW HIKe JeMMH 1. C eé nomompio
OpHBeJEHHbIE B 1. 8.5.2 GOPMYIH 03BOAAIOT HelmoCpeCTBEHHO OPOBEPHTH
BCe yTBepX leHHA TeopeMbl B KoopxuHaTaX. HampuMep, aBnoe ypasHenme
dq1 = =%dp; + b dp; runepnnockoctn Ty N , Kacalolllelics B Touke M rhmep-
nopepxsocTH N*, BMecTe ¢ ABHHIME ypaBHeHHAMH MuOroo6pasmit T4, A3
H Hg, BIeYET HYXHEe HepaBeHCTBa. TeopeMa 1 fokasaHa.

Jlemma 1. Jexcandposo npoexmuposanue m : PT*RI*2 5 RI+2 g ox-
pecmnocmu mouxu M moxcem 6uimb npusedeno X HOPMEALHOU dopue
T (pyq,2) = (2,y), 2de

Ty = Ep+bpr—-q+...,
T9 bpl—q2+...,
¥y = p%1/24pze/2-z+...

ub >0, a unozomouus 0603nauarm waens 6oaee ebicoxot cmeneny, ecau
noaodcums degp; =degpy = 1 udegz = 2.
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IIpusedenue ocywecmeasemes 6bi60pom N0OTOIAUUT 24a0KUT K£0OPIU-
nam (z,y) s npocmpancmse-speneny u dugPeomopPusmom PT*R1*2 co-
TPAHMIOWUM KOKTMAKIINYIO CIPYKMYPY, CEEMOSYI0 2UNEPTIOSEPTHOCTL U
YHCE UMEIOWYIOCR 6 HAUWEM PACTIOPAICEHUL HOPMAILHYIO HOPMY AEHCARIPO-
60 NOdmMno2006pasus L2.

Jas gokazarenbcTBa deMMEI 1 HaM MOHaZOGHTCA JeMMa 2.

Jlemma 2.  ITaockocme kerdr, xacamesvnas 6 mouxe M x caowo npoex-
muposanus T, 6 Koopdunamaz (p, q, z) 3a0aEMca YpasHeH UMY

dgy = adp;+bdpy, 2de a # 0,
dgs = bdp+ cdp'zz\
dz = 0.

HdoxasareancTBo aemMbl 2. [lepBoe ypaBienne — 3T0 ypaBHeHHe T'H-
nepniaockocTd Tps N, coaepxxaeii nI0cKocTb ker dr. Ero MoxHo 3anucaTh
B HY>KHOM BHJE, TaK Kax ranepniockoctb Tps N Kacaerca noBepxuoctn H2,
ypaBHeHHe KOTOPOH — p; = pp = q1 = 0, H TPaHCBepCalibHO NOBEPXHOCTH
H )74 Hg, ypaBHeHHA KOTOPHIX — p; = p2 = 0 u pg = ¢q; = 0 cooTBet-
CTBEHHO.

Tpe6yeMblii BHL BTOPOTO ypaBHEHHA HOXYYaeTCA, eCAH yIecTh 4TO
(P1,p2) — 7NOKaIbHBIE KOODIHHATH B Clioe, NpoXogdllleM depes M. [eii-
CTBHTeIbHO, (p1, P2, g2, #) — JAOKaiabELE KOOpAHHATH Ha N4 B cuny nmepsoro
YPaBHEeHHS, & PACCMaTPHBaeMHH CIOH H MoBepxHoCTh H 2 TpaHcBepcaibHO
nepecekaloTca B N4, CoBnajenne e Kodh@EIHeHTOB, 0603HATIEHHKX Te-
pes b, caegyer m3 o6pameHHs B HyJb Ha cloiX n auddepernnnana dp A dg
KOHTaKTHOH (OPMHI.

TpeTbe ypaBHeHHe — 3TO ypaBHeHHEe KOHTaKTHOH NJOCKOCTH B TOY-
ke M, Toxe cogepxamee ker dr. JleMma 2 moxaszana.

HdoxasaTenbcTso JemMsl 1. Jlexanaposo noagMuoroo6pasne L? 3a1aéT-
cf ypaBHEeHHAMHA

P1‘11+P3=0; ‘12+2P2111P1=0’ 2+p%/2=0,

KOTOpBIe BHITEKAIOT H3 ero NapaMeTpHIECKOH HOpMAJbHOH GOpPMEL.
BeKToprIe HOJAA C HPOM3BOJAINAMH (DYHKNHAME p1qy + p3 = 0 ®
z+pj / 2 = ) coxpaHAIOT KOHTAKTHYIO CTPYKTYPY, CBETOBYIO FHIepHOBepX-
HOCTb H JeXXaHIPOBO IoJMHOrooGpasne L2 JlelicTBya HMH Ha IJIOCKOCTh
kerdr, xacaTeabHy0 B Touke M K ClOI0 7, MOXHO AOGHTBLCH PaBEHCTB
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a = =1, ¢ = 0 B eé ypaBHeHHAX, NONyIeHHHX B JeMMe 2. YcloBHe xe b > 0
HMOCTHI3aeTCA ONHOBPEeMeHHOH CMEHOH 3HAaKOB ¥ pg H ¢o. -

OcTanoch ToAbKO BEIGPATH COOTBETCTBYIOMIHE KOOP AXHATHI (z,y) Bopo-
CTpaHCTBe-BpeMeHH. JleMMa 1 gokaszama.

IlepecTpoMKE MrHOBeHHBIX (GpoOHTOB. Ilpernoroxum Telephb, 9TO
CBETOBad IHNEPNOBEPXHOCTD ONpeLeldfeTcd BapHANHOHHBIM HPHHIHIOM, a
peryisptoe HadaibHoe ycaosre L! Tpancepcanbuo MHOTr006pa3HIo, COCTO-
AlileMy H3 XapaKTePHCTHK, OPOXOJAIINX depe3 rAnepboindecKHe ocobeH-
HOCTH CBeTOBOM rhmeprnoBepxiocTH. CHOBa pacCMOTPHM KaKy1o-Huby b
XapaKTepHCTHKY, HadHHaloluyloca Ha L! n sakamympaomyiocs B Touke M
NpeJOMIeHHs, OTPaXKeHUs HIH NCeBAOOTpPaKeHUA XapakTepHcTHK. O6o-
3HATEM 4epes L’ MpOJOIKeHHe HaYATLEOTO YCAOBHS BJOAb XapaKTepH-
CTHK, JOCTaTOYHO GAM3IKHMX K paccMaTpuBaeMol. IlpHBeaéHHais HHXKe Te-
opeMa 2 ONHKCHIBAET NEpPeCTPOHKH MTHOBEHHHX (PPOHTOB B OKPeCTHOCTH
ToukH 7(M) HpH HEKOTOPHIX AONONHHTETbHHIX YCIOBHAX peryJaapHOCTH,
HaKJaJbIBaeMBIX Ha TOUYKYy M.

A HMeHHO, B IPOCTPaHCTBe-BPeMeHH JOKATbHO Ol peJeleHa Ia, IKad mo-
BepxHocTh 7 (H?) — mpoeknus HEKOTOPOH OKpecTHOCTH TO4YKA M Ha mo-
BEPXHOCTH rnep6oiniecKuX ocoGennocTel. (JTo creyeT H3 YCI0BHA MOI-
HOTHl paHra, HaKIaJbIBAEMOTO Ha TOYKH HpPeJOMIEHHS, OTPaXKeHHAA H ICeB-
RooTpaxkenns XapakTepucTHK.) CaMa e TO9ka M SBIAETCH NIpHJIONKeH-
HHIM B ToUKe 7(M) B KacalouMcs 6oabioro dponTa 7 (L?) KoHTakTHHM
2/eMeHTOM NPOCTPAHCTBa-BpeMeHH

wdt+kdr =0,

Ha KOTOPOM BHIJeleHO HallpaBJeHHe, KacaTelbHOe K H30XpoHe, I pOXo JAlliel
depes Touky m(M). (B caMoM Jene, Halua H30XpOHa TPAHCBEPCAIBHA pac-
CMaTPHBAEMOMY KOHTAaKTHOMY dJIeMeHTy, MOCKOAbKY k # 0 Ha cBeTOBOM
THIepNOBepXHOCTH.) DTO HalpaBleHHe KacaeTCid Tak)Ke H MIHOBEHHOIO
($poHTa B MOMeHT HepecTpoiikn. TpeGyercs, 9TO6H OHO GELIO TpaHCBep-
canbHo moBepxHocTH 7 (H?), a caM KOHTakTHHIA 3neMerT M 6RUI TpaHCBEp-
caJjleH OCH BpeMeHH. KpoMe Toro, HalpaBleHUs XapaKTepHCTHK, HPOXOAA-
IHX Yepe3 TOYKY M, JoIXKHE IPOEKTHPOBATLCA B Pa3IHIHLIe HalpaBIeHAN
IPOCTPAHCTBa-BPEMEHH.

Teopema 2. Touxa M ne moocem 6vimb mouxoti ncesdoompadicenus za-
paxmepucmux. B 3asucumocmu dce om mozo, A6AREMCA AU OHG MOYKOY UL
NPEAOMACHUR UAlL OMPAHCEHUR, 6 oxpecmuocmu mouxy 7 (M) meHo6ennbIt
dponm ucnuimeisaem odny u3 nepecmpoex, onucanusiz 6 n. 8.5.1.
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MU NpuNYyunaxy

Hoxasareascrpo. TeopeMa 2 crexyer u3 TeopeMn 1.
1) JIy1n # GpoHTH Ha NIOCKOCTH HapaMeTpoB (A, B) npeacranasiorcsa
B BH[e

AB = const (ayun),
T(A, B) = const (¢ppoHTH),

TAe T — orpanuvesne CIBUHYTOTO BpeMenn £(2,y) — t(0) Ha napaMeTpusa-
IHIO 60NbIIOro PPOHTa, ACHMITOTHKA KOTOPO# JaéTcs TeopeMoi 1. Cupa-
BeJIABO aCEMITOTHYIECKOE pas3JoKeHHe

7(A, B) = 1(£A% + bAB+ B?) + 85(bA% +24B1n A>) + ..., rge f=t,(0).

Ecau B BapnanuontnoM mpuunuie mioTrocth T KHHeTHYecKoi SHEpruu
NON0KATEILHO ONpefielleHa, a MIOTHOCTL U NOTeHNHAJbHON SHEpPrHH Heo-
TpPALATEILHO onpejelieHa, TO Ayid TpaHCBepCalbHB H30XPOHaM H, Clefo-
BaTelbHO, He KacaloTcs ¢ponTos. IloaTomy

dr/0A 81/dB

TJ/B TQ =2(+51 A% + b5 A2 + 263AB - /1B +... £ 0
npu (A, B) # 0.

ITO HepaBeHCTBO CIPaBeIHBO TOALKO TOrjAa, KOrjga

+6} + 182 + B2 < 0.

B vacrrocrn, nceBgooTpaxkerne xapakTepHCTHK B Touke M HEBO3MOMKHO.

2) MrHoBeHHH# ()POHT B MOMEHT nepecTpoiKH MpeicTaBIieT coboi
CevenHe GOXBLIOTO (PPOHTa H3OXPOHOH t(z,y) = t(0), Ha kKoTopol 3a Ko-
OPIHMHATH MOXHO NPHHATL T) B y. B caMoM jgene, Ha KOHTaKTHOM aie-
MenTe dy = (), IpUIOXEHHOM B TOYKe 7(M), paccMaTpuBaeMas H30XpOHA
t(z,y) = t(0) Beicexaer wanpanienne 8dz = 0. Ilo JCAOBHIO TeopeMEl OHO
TpaHCBepcaibHO NoBepxHocTH 7(H?2), xacaTelbHas MIOCKOCTD K KOTOpOH
3ajaérca ypaBhenHeM dz; = 0 (caefyeT u3 TeMMul 1). HooTomy B # 0.

Kpome Toro, u3 IByx nocieguux mepaBeHCTB BHTeKaeT, 94To 1 # 0 u
y = £y + b £0.

Hamn MruoBeHsbIE GpOHT 3a1aéTca ypaBHeHHEM

T(4,B) =0

§8.5. Bruympennee pacceanue ayued ¥ 60an068HIT PPormos KA naocxocmu 315

H COCTOHT H3 [JByX BeTBel, aCHMITOTHKH KOTOPHX Ha MIOCKOCTH (4, B)
YAOBIETBODAIOT YpABHEHHIO

vA*+26,ABIn A® + 5, B? = 0,
KOTopoe MoJy9aeTcd H3 HPelbylllelro OTGpPachHBaHHEM HECYIleCTBeHHEIX

q1eHoB. Ha onuolt BeTBH

A
~—2—Z§;——IHA2 apa A — 0,

a Ha IPYToH —

~_ b B
2B, In B2

¥ nA’~InB? npu B —0.

Teneps u3 TeopeMul 1 BHTekaeT, 1TO Ha mepBoil BeTBH

2 2 4 2 2
~ 42 o) A N(_v_) i A0
v EAD H yE S (2ﬁ2) Ina2 " \28y) I(Fay) ™A
a Ha BTOPOH —
2 4 2 2
B w g (L) B (L)
283/ In B2 282/ lnz

WTax, MTHOBeHHHIR (POHT B MOMEHT NepecTPORKH COCTOHT H3 JIBYX Ka-
CRIOIIKXCA NOLYBETBeH, UMEIOIHX Pa3iudHble KPABABHE B TOYKE KacaHHA
¥ YKa3aHHBIE B TeOpeMe aCHMITOTHKH.

npa B — 0.

3) YTo6Hl HCCAeLOBATH pacCesHHe Ay4iei, 3aMeTHM, 9TO Ha H30XpOHe,
npoxoXsllledi Yepe3 Touky n(M), €1 B To ABAAIOTCH JOKANLHLIME KOOP LH-
HaTaMH. [lefCTBHTeNbHO, KOHTAKTHLIA d1eMenT dy = 0, NpAIOKEHHHH B
Toike 7(M), TpaHcBepcaien OCH BpeMeHH IO YCIOBHIO TEOpEeMHL.

OToxgecTBEM Teneph Haury H3OXPOHY C DH3HIECKHM HPOCTPaHCTBOM
W BBeléM Ha HEM KOODJHHATH ) W Z2. Toraa mo TeopeMe 1, KapTHHa
pacHpocTpaHeHus JAydel

AB = const

B (pH3HIECKOM NPOCTPAHCTBE ONHCHIBAETCA AaCHAMOTOTHIECKAMH (OPMY-
JaMu

1 =%A*+6AB+B*+... u zy=bA>+24ABIA%+...,

H3 KOTOPHIX H ClelyeT aCAMOTOTHYecKad popMylia 1A paccedHHA Jydel.



316 Taaea 8. TpancGopmuayuu soan, onpedencnnviz 8aPUYUOHKBIMY NPURYUNAKY

4) Kaycraka onkchBaeTcs ypaBHeHHeM

le/aA le/aB

=4In A*(+A% - BY) - 20bA+2B)? +... =0,
922/9A 9z,/0B n A% ) =~ 20bA+2B)"+

OTKyAa CeJyeT, 1TO OHa GHIBaeT TOABKO IPH OTPaXKeHHH HIH HCeBJ00Tpa~
XeHHH XapaKTePHCTHK, a aCHMITOTHKHA €€ BeTBell Ha IJIOCKOCTH NapaMe-
TPOB B 2TOM CIy4a€ TaKOBHL:

B~+A opn A > 0.

OHH [al0OT acHEMOTOTHYECKHe GOpMyIH IJA BeTBell KayCTHKH B KOOp-
BUHATaX T) B T. A HMeHHO,

oy~ (b+2)A%, 23~242InA? mpr A—0 uw B~ A4,
Ty~ —(b—-2)A%, z9~-242InA% nps A—0 u B~ —A.
Uckmiovas A, noryvaeM, 910 7, ~ (b/2 — sgnz2)za/ In |z5| mpE z9 — 0.

ACHMITOTHYECKO® ypaBHeHHe KayCTHKH Telephb CleIyeT H3 HepaBeHCTBa
b > 2. Teopema 2 gokasana.

JIaTepaTypa

(1
(2

(3]

(4]

5]

(6]
(7]

(8]

[9]
(10]

(11]

(12]
(13]

(14]

(15]

(16]
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Apuouas s B. U Hopmamaue dopmu bymxmmit s6msu BHPOXI€HHHX KpH-
THIECKHX To4eK, rpymmu Beina Ay, Dk, Ex u narpamxesn ocoGemmocrn. Pynx-
YuoM. Gnaaua u ezo npua. 1972, 6 (4), 3-25.

ApHoas g B. U. Kpurmieckne rouxu ¢pysxmmi na MHOT006pa3n| ¢ KpaeM,
npocrrie rpymst JIu By, Cx, Fy ¥ ocobenBoctd 3BomoT. Yenezu Mam. nayx 1978,
33 (5), 91-105.

Jdamxo O.B. Knaccupuxamms Kpurudeckux TodeK yHKpmni Ha MHoroo6pa-
3UM C OCO6HIM KpaeM. Pynxyuon. anaaus u e2o npua. 1983, 17 (3), 28-36.

Mep6ax O. II. Ocobennocrn ceMefcTBa 3BOILBEHT B OKPECTHOCTH TOYKH
Heperi6a Kpusod m rpymna Hs, Hopoxjénfian oTpaxeHaamn. Dynxyuon. anaius
u ezo npua. 1983, 17 (4), 70-72.

Mep6ax O.II. H; B 3agade 06 o6xofe npenarcreua. Ycnezu mam. nayx
1984, 39 (4), 114.

ApHoap g B. H. OcoberHocTH B BapHAIMOHHOM MCHACICHEM. Ycnezu mam.
nayx 1984, 39 (5), 256.

Fmepenmrans A. B. Ocobue rarpamxessn MHOroo6pasua H ¥X IarparXeBhl
orobpaxenus. Cospenennbie npobiensi mamesmamuxy. Hosetwue docmumcenus.
(Mrorn mayxm u rexn.). T. 33. M.: BHHUTHU AH CCCP, 1988, 55-112.

IIanaromosa O. A. IlpoekTHpoBaHMA ruafKHX nosepxuocred. Tp. Cemu-
napa ux. Ilemposcxozo 1984, 10, 135-149.

Hilbert D. Ueber die vollen Invariantensysteme. Math. Ann. 1893, 42, 313~
373.

F'mperraas A B. MrOroo6pasma MHOrOWIEHOB, HMEIOIMY KOpeHb duKcu-
POBaHHOM KOKPaTHOCTH, H 0606meHHoe ypaBHeHHe HuoToHa. Pynxyuon. anaaus
% ezo npua. 1982, 16 (1), 13-18.

F'mperranpr A B. Jlarpanxesu MHOroo6passi ¢ 0COGEHHOCTAMH M He-
IpuBoAUMHE sl2-Mofysa. Yenezu mam. nayx 1983, 38 (6), 109-110.

Apunoasrg B H.

Teopma KaTactpop. 3-e mag., gom. M.: Hayka, 1990.
126 c. )

Apaoas g B. U, Tusernraaxs A. B. CuMnrexTuueckas reome-
TpuA. Coepemennvie npobacust mameMamuxy. DyndaHenmaibHble HANPABACRUS.

(Mrorn mayxu u texm.). T. 4. M.: BUHIUTH AH CCCP, 1985, 5-139.

Weinstein A. Lectures on symplectic manifolds. Providence: Amer. Math.
Soc., 1977. 48 p. (Regional conference series in mathematics; 29).

Martinet J. Surlessingularités des formes différentielles. Ann. Inst. Fourier
(Grenoble) 1970, 20 (1), 95-178.



316 Taaea 8. Tpancopmayuu 604, onpedesCHHbIT 6GPUGHUONNBIMG NPURYUNAMY

4) KaycTika onAcHBaeTCs ypaBHeHHEM

8z,/0A 8z,/9B

=41n A*(£A% - B%) - 2(bA+2B)% +...=0
Bzz/aA 69:2/0B . ( ) ( + ) +

¥

OTKYAa cleXyeT, 1TO oHa GLIBAET TOJLKO NPH OTPaKeHHH HIH ICeBIOOTPa-~
JXEeHHH XapaKTePHCTHK, & aCAMITOTHKH eé BeTBeH Ha ILIOCKOCTH MapaMe-
TPOB B 3TOM CIy4ae TaKOBHI:

B~ +A npr A — 0.

OnE AatoT acEMOTOTHYecKHe (GOPMYJIHl JIf BeTBell KayCTHKH B KOOp-
JHHATaX Ty H To. A HMEHHO,

zy~ (b+2)A%, 2,~24%InA> mpg A—0 ® B~ A,
Ty~ —(b—2)A% z9~-242InA? ups A—0 uw B~ —A.
Uckaovas A, nonyvaeM, 4to 71 ~ (b/2 — sgn z3)za/In|z3| npm z9 — 0.

AcmMnTOTHYeCKOe ypaBHeHHe KayCTHKH Telepb ClefyeT H3 HepaBeHCTBa
b > 2. Teopema 2 gokxaszana.
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(1

(2]

(3]
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(6]
(7]

(8]

(9]
(10]

[11]
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[15]

(16]
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